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(a) Consider the subspace Z of X consisting of all elements © = arg where « is a scalar. On Z
we define a linear functional f by

f(x) = flaxo) = a.

f is bounded and has norm ||xo]|~! because
|f(@)] = |f(amo)| = laf = [|lzol| [l

By Hahn-Banach theorem, f has a linear extension f from Z to X, with norm ||zo||~*. We
can see that

f(wo) = f(xo) = 1.

(b) Let g : K — X be defined by g(a) = axg. Let T = go f. Then T is linear and

Txo = g(f(x0)) = 9(1) = 2o = [T = L.

On the other hand, it can be seen that ||g|| = ||lzo|| and ||T]| < |lg|[||f]| = 1. Therefore,
T[] = 1.

Choose y € X \ Z and we have Ty = f(y)zo € Z = Ty # y = T is not identity.

2. For y € I?, we have

[ Mo (y)ll2 = (le(k‘)y(kHZ) < iupll’(k?ﬂ (Z Iy(k?)|2> = [|2[loollyll2-
k=1 €N k=1

Hence || M, | < ||z|ls- Let (ex) be the Schauder basis for [2. Clearly, M,(ex) = x(k)ey, for k € N,
Then we have

N
N

[Me|| = sup [|Mz(y)ll2 = sup [[My(ex)|l2 = sup |z(k)| = ||z]/oo-
llyll=1 keN keN

It follows that || M.|| = ||z||co-

3.
HTfm:[ /jf(t)dt‘ da:s/ab/:\fwdtda:=/ab/tbrf<t>\dxdt
b

b
=/ (b—t)lf(t)ldtﬁ/(b—a)lf(t)ldtZ(b—a)||f||1:||T|| <b-a.




b (b— a)n+1
Take f,(t) = (b —1t)",a < t < b and then ||f.]1 = / b—t)"dt = ————

(b—a)"™t — (b — x)"!
n+1

] and T f,(x) =

. Therefore,

B (b_a)nJrQ (b_a)n+2 B (b_a)nJrZ
1T fully = n+1 _(n+1)(n+2)_ n+2

It follows that

1Tl _ (04 1)(b—a)
AR nt2

Let n — oo and we have ||T'|| > b — a. As a conclusion, ||T|| =b— a.
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Example. Hahn-Banach theorem (extension for linear functions). Let X be a real vector space
and p a sublinear functional on X. Furthermore, let f be a linear functional which is defined on
a subspace Z of X and satisfies

f(z) <p(z), Voe Z

Then f has a linear extension ffrom Z to Z satistying

f(x) < p(x), Ve X.

We consider X = (R% || - ||2), Z = {(z,2z)|r € R} and the linear functional f : Z — R given by
f(z,2x) = x. Let P be the orthogonal projection onto Z:

x4+ 2y 2x+4y

Notice that
o) = = (@), (L0} = (). PLOY = (5.2) ) e 2

Then we have a Hahn-Banach extension of f given by

~ T+ 2y

[, y) = E

Example. To illustrate the Hahn-Banach theorem, consider a functional f on the Euclidean plane
Z = R? defined by f(r) = ay1@; + Qewe,z = (21,79). Then we have ||f||z = /a2 + a3. Tt has a
linear extension f to X = R? defined by

f(x) = a1z1 + aoxe, © = (21, 2, x3).
Also, given xy = (a,b,c) # (0,0,0), if we define

_awy + bry + cx3

X )
)= Errre

then we have ||g|| =1, g(zo) = ||xo]|-



Example. Show that for any sphere S(0,r) in a normed space X and any point zo € S(0,7) there
is a hyperplane Hj through z, such that the ball B(0,r) lies entirely in one of the two half planes
determined by Hj.

Solution. There exists f € X* such that f(zo) = ||zo||, ||f]| = 1. Define

Hy = {z|f(x) = r}.

Then we have 7o € Hy. Moreover, for any = € B(0,7), it follows that

|f(@)] < =] <7



