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Dual space of [”(1 < p < o0)

Dual space. Let X be a normed space. Then the set of bounded linear functionals on X
constitutes a normed space with norm defined by

11 = sup X0 — o ),
x#£0 H-’BH |lz||=1

which is called the dual space of X and denoted by X*.

An isomorphism of a normed space X onto a normed space Y is a bijective linear operator T :
X — Y which preserves the norm, that is, for all z € X,

ITz]ly = ]l x-

Our first theorem shows that the dual space of (P is isomorphic with [?. We express this by saying
that the dual space of I? is [9.

Theorem. The dual space of [P is the space [?, where p,q are Holder conjugates, i.e., ({?)* =
19,1 < p < oo.

Proof: Step 1. (I?)* C (9. Construct an injective operator
T:(P) =17 st. TS|l <[]
Let f € (IP)*. For any = € [P, there exists a unique sequence of real numbers z;, such that

T = Z xpey, where (eg) is the Schauder basis of (P. Then,
k=1

f)=> anf(ex)

since f is continuous.

Denote f(ex) by bx and we can define an injective linear operator 7' by T'f = (bx) = (f(ex)). It
suffices to show that (bg) € 19.

Indeed, Vn € N, we can construct a sequence z" = (z}) as

bl
|bL|’ if by #0 and k <n,

n
$k - Lk
0, otherwise.

Then it is clear that 2™ € [P because it has finite nonzero terms and

Flamy = apbe =Y |bel".
k=1 k=1



By the boundedness of f, we have

Sl

D bl? = [f @) < Wl e = 1] ( \:CZ\p>

k=1 k=1

( |bk‘q) < |I£l-
k=

(b < [L1I-

k=1

Therefore,

3
Q=

[y

Let n — oo and we have (by) € 17 with

Step 2. 17 C (I?)*. To show that T is surjective and verify ||Tfj. = || f]|-

For an arbitrary sequence (by) € 1%, it can be checked that the mapping

f(z) = Zxkbk, Vo = (zg) € 1P

k=1

is a bounded linear operator on [P.

In fact,

|f ()] =

o0
E Zbg
k=1

which implies that f € (I*)* and || f]| < ||(bx)]|ss-

o0
< Jakbil < Nl (0x) o,
k=1

Theorem. The dual space of ! is the space [*.
Theorem. The dual space of ¢ and ¢y are both the space [*.
The dual space of [* is NOT [*.

Proof. To be supplemented some time later.

Example. For z = (z,,) € 2, let f(x) = Z %, then f € (1*)*.
n=1

Proof. f can be expressed as f(z) = Z brzy with
k=1

Then f € (I?)* and

e}

11 = 1Bl = (z %) -

m=1

= [I11 <Z \bk\(q”p)

=

= [I11

(

n

> 1ol

k=1

)

B =



Theorem. Suppose (€2, A, ) is a o-finite measure space, 1 < p < oo. Then VF € (LP(2))* can
be written as

F(f) = / fodu, fel17()

where g € L) is uniquely determined by F' and [|[F|| = ||g|/z«. In the sense of isomorphism,
(LP())" = L(€).

1

Example.Let F(f) = / f(z*)dz, f € L?0,1],0 < a < 2. Then F € L?[0,1]*.
0

Proof. By the substitution z* = ¢, we have

1—

" dt.

F = [ rw- g

1—a

Define ¢g(t) = t—a It can be checked that g € L?[0,1]. Therefore, F' € L?[0,1]* and
a

1
1 1 2(1—a 2 1
||F||—r|gHLz_-(/ 12 )dt) 1
@ \Jo a(2 —a)




