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1. Let p ∈ (0, 1). Define

`p :=

{
(xk)∞k=1 ∈ C :

∞∑
k=1

|xk|p <∞

}
.

For x = (xk)∞k=1 and y = (yk)∞k=1 in `p, define the metric d by

d(x, y) =
∞∑
k=1

|xk − yk|p.

Then (`p, d) is a metric vector space. Let (bk)∞k=1 be a bounded sequence in C. Show that

f(x) =
∞∑
k=1

bkxk for x = (xk)∞k=1 ∈ `p

is a continuous linear functional on the metric vector space (`p, d).

Proof. We begin with a useful fact about convex (concave) functions. Since φ(x) = xp, 0 <
p < 1 is concave on [0,+∞) and φ(0) ≥ 0, then for xy = 0, φ(x + y) ≤ φ(x) + φ(y) and for
x, y > 0,

φ(x) = φ

(
x

x+ y
· (x+ y) +

y

x+ y
· 0
)
≥ x

x+ y
φ(x+ y) +

y

x+ y
φ(0) ≥ x

x+ y
φ(x+ y);

φ(y) = φ

(
y

x+ y
· (x+ y) +

x

x+ y
· 0
)
≥ y

x+ y
φ(x+ y) +

x

x+ y
φ(0) ≥ y

x+ y
φ(x+ y).

Combining the above inequalities gives φ(x+ y) ≤ φ(x) + φ(y) for x, y ≥ 0 (subadditivity).

Then for (xk)∞k=1 ∈ C,

n∑
k=1

|xk| =

(
n∑

k=1

|xk|

)p·(1/p)

≤ (
n∑

k=1

|xk|p)1/p,

where the last inequality is by the subadditivity of xp. Letting n→∞, by monotoneness and
continuity we have

∞∑
k=1

|xk| ≤ (
∞∑
k=1

|xk|p)1/p. (1)

Next we prove f is a continuous linear functional. Denote b = (bk)∞k=1. Then ‖b‖∞ <∞.

(i) (well-defined) Let x = (xk)∞k=1 ∈ `p. Then
∑∞

k=1 |xk|p < ∞, thus
∑∞

k=1 |xk| < ∞ by (1).
Hence

|f(x)| =

∣∣∣∣∣
∞∑
k=1

bkxk

∣∣∣∣∣ ≤
∞∑
k=1

|bkxk| ≤ ‖b‖∞
∞∑
k=1

|xk| <∞.

(ii) (linear) For α ∈ C and x = (xk)∞k=1, y = (yk)∞k=1 ∈ `p,

f(αx+ y) =
∞∑
k=1

bk(αxk + yk) = α
∞∑
k=1

bkxk +
∞∑
k=1

bkyk = αf(x) + f(y).
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(iii) (continuous) For any x = (xk)∞k=1, y = (yk)∞k=1 ∈ `p,

|f(x)− f(y)| =

∣∣∣∣∣
∞∑
k=1

bk(xk − yk)

∣∣∣∣∣
≤

∞∑
k=1

|bk||xk − yk|

≤ ‖b‖∞
∞∑
k=1

|xk − yk|

≤ ‖b‖∞d(x, y)1/p,

where the last inequality follows from (1). Hence f is continuous at x.

2. Let C[0, 1] be the vector space of continuous functions on [0, 1]. Define δ(x) = x(0) for
x ∈ C[0, 1].

(a) Show that δ is a bounded linear functional if C[0, 1] is endowed with the sup-norm. Find
the norm of δ.

(b) Show that δ is an unbounded linear functional if C[0, 1] is endowed with the norm

‖x‖ =

∫ 1

0

|x(t)|dt.

Proof. For α ∈ C and x, y ∈ C[0, 1], we have

δ(αx+ y) = (αx+ y)(0) = αx(0) + y(0) = αδ(x) + δ(y).

Then δ is linear.

(a) For any x ∈ C[0, 1], we have |δ(x)| = |x(0)| ≤ ‖x‖∞, thus ‖δ‖ ≤ 1.

Let x0 ≡ 1 on [0, 1]. Then x0 ∈ C[0, 1] and ‖x0‖∞ = 1. It follows from |δ(x0)| = |x0(0)| = 1
that ‖δ‖ ≥ 1. Together we have ‖δ‖ = 1.

(b) For n ∈ N, define

xn(t) =

{
n− n2t/2 t ∈ [0, 2/n];

0 t ∈ (2/n, 1].

Then xn ∈ C[0, 1] and ‖xn‖ =
∫ 1

0
|xn(t)|dt = 1. It follows from |δ(xn)| = |xn(0)| = n that

‖δ‖ ≥ n. Letting n→∞, we have δ is unbounded.

— THE END —
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