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1. Show that vectors (e,,), where e, is the sequence whose n-th term is 1 and all other terms are
zero,

€1 = (1,0,0,...),
= (0,1,0,...),

form a Schauder basis in 7 for every p € [1,+00) and in the spaces ¢y and cg.

Proof. Let x = (x(i)):2; be a sequence in R or C. For every n € N, define s, = >, z(i)e;.
Then s, € cyy C (1SP<>® C ¢, for all n € N. Note that z — s, = (0,...,0,z(n+1),...).

Convergence of the series

(a) If z € P, 1 < p < oo, then (302, |2(i)[P)V/P = ||z||, < co. For every e > 0, there
exists N € N such that for any n > N, (320, |z(i)|P)/? < e, thus

[ = sullp = le I <e.

i=n+1

Hence s,, converges to z in || - ||, i.e., = limy, o0 S, = > o0 z(1)€; in .
(b) If x € coy or ¢, then for every ¢ > 0, there exists N € N such that for any n > N,
SUP;>,4q |2(7)] < €, thus

[ = snllec = sup |z(i)] <e.
i>n+1

Hence s,, converges to = in ||+ ||s, 1., £ = lim, o0 S = > o0y 2(2)€; in cop OF co.

Uniqueness of the expansion
Let (a(i))32; be a sequence of scalars such that > .o, a(i)e; = 0 € #,1 < p < oo or
Coo O cp. It sufﬁces prove that a(i) =0 for all + € N.
Suppose on the contrary that there exists ny € N such that a(ng) # 0. Let || - || denote
|-l O || |lp- Since ||-|l, > ||-|/oo, we have ||-|| > ||-|l. By the convergence of > "% a(i)e;
in || - ||, there exists N > ng such that || 2%, a(i)e;|| < [a(no)|/2. Tt follows from the
triangle inequality that

O—HZ 6z|>HZ ezI—HZ iei

i=N+1
|04(”0)|
> || Z i)eilloo — B
> Ja(ng)] - 1220 -
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which is a contradiction. Hence «(n) = 0 for all n € N.



2. Let X = {z € C[0,1]: #(0) = 0} with the sup-norm, and let f be a linear functional on X
defined by

Show that || f|| = 1.

Proof. Since | f(z)| = ‘folx(t)dt‘ < [Ha(t)]dt < 2o, we have ||| < 1.

For any € > 0 small, define

t
- ift €[0,¢],
z(t) =1 €
1 ifte(e1].
Then z. € X with [|z.|le = 1 and |f(z.)] = |f01 z(t)dt| = 1 —¢/2. Hence ||f]| > 1 —¢/2.
Letting € — 0, we have || f|| > 1, thus || f|| = 1. O
— THE END —



