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1. Show that

n

lzll = sup [z®(1)] (1)

k—o t€10,1]
is a norm on C™[0, 1].
Proof. Recall that for any function x € C"[0,1], we have for each 1 < k < n, ¥ exists and is

continuous. It follows from the continuity of z(*), the compactness of [0,1], and the finiteness
of the summation that ||z| < oco.

Next we check || - || is indeed a norm.
(i) By definition, ||-|| is non-negative. If [|x|| = 0, then sup;cp ) [(¢)| < ||z = 0, thus x = 0
on [0, 1].

(ii) For any a € K and z € C"[0, 1],

loc] = Z sup o ®(t)] = Ia\z sup. B ()] = lo[lz]].

k—0 t€10; k—o €00,

(iii) For any z,y € C™[0, 1], by the triangle inequality of | - | in K and the definition of sup,

lz +yll = Z sup |2(9(t) +y ™ (1)

—p t€[0,1]
<> sup (™)) + M (1))
=0 t€[0,1]
<Y sup [P (1)) + sup [y¥ (1)
i—o t€[0,1] te[0,1]
= Z sup [ |+Z sup y® @) = llzll + llyll.
k—o t€10,1] Lo t€10,1

]

2. Let K be a compact topological space. Prove that the spaces C'(K') with sup-norm and C"[0, 1]
with the norm defined in (1) are Banach spaces.

Proof. Denote the sup-norm on C(K) by || - ||oo and the norm defined in (1) by || - ||
similar arguments in the previous question || - || and || - | are norms. It suffices to check the
completeness of the norms.

(a) Let (x,)22, be any Cauchy sequence in C'(K).

We first find the candidate of the limit. Take any point ¢ € K. By the definition of
Cauchy sequence, for any € > 0, when m,n € N large enough, we have

| (t) — @ (8)] < sup |z (s) — zn(s)| < e (2)

seK



Hence (z,(t))s2, is a Cauchy sequence in K. By the completeness of K, there exists
x(t) = lim, o z,(t) for any t € K. Define a function z: K — K by assigning x(t) to
each point t € K. Letting m — oo in (2), we have sup,cx |2(t) — z(t)| < ¢ when n large
enough.

Next we check z € C(K). Take any t € K. For any ¢ > 0. Let N be large enough
such that sup,x |2(s) —xn(s)| < €/3. On the other hand, by the continuity of xy, there
exists an neighborhood O of ¢ such that for all s € O, |xy(t) — 2n(s)| < e/3. Hence for
all s € O,

() — x(s)| < |2(t) — an ()] + |on () — 2n(s)| + 2w (s) — 2(s)] < % + % n % — .

Hence 2 € C(K) by the arbitrariness of . Together we have x,, —— z € C(K) asn — oo

Let (z;)2, be any Cauchy sequence in C™[0, 1]. Since for any i, j € N,
1 1
i = o0 < Nl — il and Jlaf” — 25" oo < llas = 1,

1) Nl

by (a), there exist z € C[0, 1] such that z; —— x and y; € C[0, 1] such that x;” — y;
(1)

as ¢ — 00. By the uniform convergence of (z; )2, and the convergence of (z;)°,, we have
) = gy, (see e.g. MATH2060). Similarly for k = 2,...,n, we find 3, = lim;_ xl(k) €
C[0,1] in || - |lso. Then sequentially apply the uniform convergence to conclude z¥) = y.
Hence x € C"[0,1]. Since n is finite, write yo = z,

Jion o= = Jim 37 =l = 3 tim =l = 0.

Thus z, I, 2 e C™0,1] as n — oo.

— THE END —



