
Real Analysis 20 - 12-04

§ 5.2 Radon - Ni Kody on Them

Def ( Absolute continuity ) .

Let µ be a measure on ( X
, M) .

Let d be a measure / signed measure on ( X,M) .
We say that d is awbs.gtgw.r.tk if

EGM
, µ (E) = o ⇒ ME ) = o .

We write dss µ .

Wurm

Def . • Say that d is concentrated on AEM
mum

if NE) = DfE AA) t EEN .

• Say that d ,
t da if I disjoint A, BEN

Wurm

such that d
,
is concentrated on A

,

he is concentrated on B
.



Prop 5.3
.

Let µ be a measure on (X, M)
Let d.

,
da be measuresI signed measures on (x,M)

.

Then the following hold :
ca) d is concentrated on A EM

⇒ lat is concentrated on AEM

(b) d , t.dz ⇒ tail t t.dz/

cc ) d ,
t µ , dat µ ⇒ d, -1daL µ

Ld ) diss µ , Ark µ ⇒ ditda k fl .

les ass µ ⇒ IN Ss fl

Cf ) diss µ , dat µ ⇒ d, Liz

(G) dss µ ,
at µ ⇒ d - o

.

Pf of CGI : since at µ
,
I disjoint A, BEN

for which d is concentrated on A
,
µ is concentrated

on B
.

Hence V EE M
,



DfE ) = ME A A) .

In the mean time
,

then A) = fl (ENA AB) = 0 .

Since dss µ ,
d (EAA ) = 0

Hence d Kd (EAA ) - o . The

-1hm 5.5 ( Lebesgue decomposition )
Let µ be a O- finite measure on ( X,M)

.

Let d be a signed measure on ( X , Ml .
Then I a unique decomposition

D= tact As

such that Aac Ss µ and As I µ .

-1hm 5.6 ( Radon - Niko dym Thm ) .

Under the same assumptions in Them 5.5
.

Suppose that dss µ .



Then I a unique he lifts such that

NEK JE h dm
,
HEEM

.

Pf of Thin 5.5 & Thm 5.6 .

Step 1 .
We first consider the case when
both µ and d are finite measures

.

Let p = Mt d .

Then p is a finite
measure

. Next we introduce A : Pcp ) → IR by

① Not ) = fold d , t felled .

By Cauchy - Schwartz inequality ,

I NOI - I fol dat
s (fol ' da )

"
( f 't da )

K

E ( fol'd p )
" dfx)

%



= 11411% ,
. dfx,
"

Hence A E Hp)
.

Hence I GE Elp) such that

A (4) = flog dp , t 0EL4p)
.

= fol DX

Taking of = YEE in e ) gives

A ( XE ) = f XE Gdp = f.⇐ gdp
= f XE da = DfE ) .

That is
,

NE ) = SE Gdp
,

tf EE M

Soos.pt#fEGdP=dpfET, EI , HEEM .

This implies Is gone 1 for p - one x .



Suppose on the contrary that I Eso such that

either ① g > Its on a se
- TC

with PCC ) so .

or
② go - E on a set

If ① holds
,

I with PC so
,

plz, fo g
d P Z HE leading to a contradiction

If ⑥ holds

⇒ f, gdp g - E ,
a contradiction

Now by redefining g on a null set

we may assume

O e -ga ) E I
,

ht ace X
.

Then we define
A = { x : Glx ) E [ o , it },
B = { x : gcxs = l J .



Define for EEM ,

Aac ( E) = MENA )

as (E) = ME AB )
.

By definition , dae is concentrated on A

ds is concentrated on B
.

Recall that

folded = folgdp
,
toe Ltp)

= folgddtfogdlu

We have

③ Solli - g) da - flog dm .

4-eaknj to -_ XB in ③ gives

↳ I - g dd = Jpg dm



Hence o = Nfb) .

Recall that ds is concentrated on B
,

but µ is concentrated on XIB

So As 1- µ .

Next we prove Rack µ .

To see this
, taking of = HE Gt ft ' ' 't G

"

) in

gives

fxefitgtn.to" ) ft- g) da-fxefitgtu.to")gdµ

KHS - (FA tf, ) XE (Hgtv . -1g
" ) G- g) da

= fan ⇐
ft Gt . . - t g

"
) (I-g) da

= SANE I - g
""
da

→ fan da = ALENA) -- dadEI
as n→ is

.



(RHD =# + SB ) HE fitgtu -1878 dm
M¥0 fan, g. tIg die

→ SANE Ig dm as -n→w

=f⇐ Ig dm ( since HB) - o )

theme
dade, = SE Ig dm

,
ht EEN

.

set h= Ig .
Then

Aac CE) = SE hdfl
which implies is > dac(X) =f× '

h dm
,

Hence he L'T te) and
da Seh dm ⇒ hack fl .



Step 2 . Assume µ is finite
,

d is a signed measure
.

Define
at = I ( at IN )

,

d- = If IN - d ) .

Then from the property that

INE ) I E HICE)
,
EE M

we see that
at
,
d- are two finite measures on 4,14

.

Moreover D= d
'
- d-

.

We call the above decomposition the John decomposition
of d .

By step 't ,
at = dat + is
d- = dat t is

where daises µ , dat safe , dst
,
dit ft .



Heme
rent- d-
= (dat - dai) t ( T's - is )

Now
date - ai safe ,

Ast -dit te
.

Step 3 .
Now consider the case that

µ is o- finite and d is a signed
measure

.

Let { Xj }
,

be a partition of X such that

µ( Xj ) so .

write
µj= thx

;

Aj = TIX
;

( i.e . Mj (E) = µ( En Xj ) , dj (E) = djfnxj ) )
.



Then fly. are finite measures on ( X
,
M)

dj are signed measures on ( X
,
m)

.

Then dj = diacid!

dat's. µ;
dj t Nj

Then I hjEL4Mj ) sit

dat = SE hjdtlj
,
j=I
,

. . .

.

Finally let

b

dae -Eda!
j=I

as = Eid!
Then Jack fu and dst µ

dad't) - SE hdte ,



where

h = ¥
,
hj Xxj .

Step 4 .
( Uniqueness of the Leb

. decomposition)
µ- o- finite measure

d - a signed measure
.

Suppose
D= d , t da

= dy t 14

such that di
,
ds K fl

Az
, da t µ .

Notice that d
,
- d, Ss µ

But di - dy = da - da t µ



By 181 of Prop 5.3 ,
di -D= 0

Hence deeds
,
112=114

. PA

(Uniqueness part in R -N Thm
.

Suppose as µ and I hi
,
he Ellul

such that

ALEK SE hi dm = FE had M
, VEEN

Hence

↳ hi- hzdlu - o
,
t EEN

.

We need to show that hi- heo a.e
.

then

If not , I Eso such that either

h , - ha > E on a set B of positive
measure

or h , - has - E on a set B of positive meas
.



Jpg hi -had M Z E MLB) so

leading a contradictor'

%

Prop 5.7 . Let µ be a signed measure on (X
,
M)

.

Let ful denote the total variation of µ .

Then the following hold :

① 7- HE LYIN) such that 1h 1=1. for Hel - one .

and

MEK SE h dllul
.

③ I disjoint A
,
B EM such that

µ+CEI= MENA )
,
TEEM

µ
-

(E) = - NCE AB ) ,
t E EM

,

where fit = If Hettie) , ti -- { ( Hel - H .



③ If µ = d ,
- da for two measures di

,
Rz

then di Z Mt
,
da Z fi

.

Pf
.

Since INES LE HICE), teh tht .

By the Radon- Nikodym Thin ,

7- he hit ( INI ) such that

HEH JE h d IMI
,

TEEM
.

First we prove that 1h14 1 for Hel - are .

If not , then 7- E > o such that

either h > Its on a set IE with hut so

or ha - fits) on a set E with IMEI > o
.

Whoa
, suppose the first case occurs

.

µ(E) = Seh d ful CE) Z Cte ) INI CE)
> O

,

which is impossible , because I MEH SIMILE) ,



Next we show that 1h13 I for Hel - a. e .

For os rel
, define

Ar = { x : that - r } .

Then if { Ej } is a partition of An,
then

I NCE'll / fg. h d Hel /
£ Sq. tht d IMI
E SE
;
r d Hel

E r . Hut (Ej ) .

Hence

ETI ME,'ll E r . EI tutti )
= r . Hell Ar )



Taking supremum over { Ej } gives

Hell Ar ) E r - hull Art

⇒ pull Arr ) - o .

So

IMI { x : this I }
= Hut ( E,

Ayn ) E EI hull Ayn )
= O

.

Hence 1h 1st hut - one .

So 1h17 tout - a.e .

This completes the proof of ① .



Next set

A- = { xi han = I }
D= { x : half - I } .

Then

MENA) = f⇐
,#

h d hut

= Sena I d IMI
= ful ( En Al

,
①

µ(Eh B) = feng h d IM

= SE HI d INI
=
- ful ( En B ) ③

From this , we can check that

lute MIA and pi- help



Indeed HYE) = If INCE) t NCE) )
= If HellenA) t IMICEAB) t then A) t then B))
= If IMKENA) t then A ) )
= HCE AA) .

Similarly µzE) = - then B) .

③
. Suppose

fit = di
- d2

,
where di

,
hate

measures
.

We need to show that

d , > µ
-1

Azz pi .

Notice by ②, I A , B disjoint ,
such that

HYE ) = then A)
µ
-

CE) = - NCE RBI .



So

pice ) = NCE n A)
=D , (E n A) - Arlen A)

E d , (En A)

f di CEI .

picE) = - NCE n B )

= DIE n B) - di CE n B)

E da ( En B)
E Az (El .

The


