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§ 4.4
.

The dual space of Paul , sepsis .

Ket Isps w .
Take E > I such that

f- t Ig =L .

Let Ge titch . Define Ag : L'In → LR by

Agtf) = J f g dm
,
t ft Eau!

By the Hilder inequality
flfgldiu EH ftp.llgllg

.

so

Hence Ag is well-defined , and it is a bounded

linear functional on L'
'

flu ) .

H Agh = sup lllgcfsf g sup 11811£ . Http
f- that fed'm
llfllp - I Hfllp -_ I

= 118ha
.



Define
µ,

"

= { bold linear - functionals on Lpfm }
.

Fact : k Agh = 11911g ,
t gettin

.

To prove the equality ,

we need to show I fetch,
with Hf Hp to such that

lllglfll = Http . 119ha
.

.

Now we take

f- = ight? g = /
o if g#o

µHg if gatto

Notice that

f Ifl " dm = f 19¥" " du =) Igt' du Cb

Elena f ELP
,

'

Http = (f I gleam )
""
= Hgh:-b

.



Agh = f off dm
= f g . Igf? g dm = flgitdiu
= 11811! = 11811g

.

- 119147 '

= 11811g . 11811 :b ( et -- elp)
= 11811g

.

- Hftlp
Hence 11%11 # 1181ha

.

and so

11%11=11811 ,
.

Remark : Let Io : Lotte) → L'
'

gu ,
"
be given

by

(g) = Ag
,

Sethu ,
Then § is norm preserving .

So



OI is injective . ( If I = locy )
,

then Qffx - y ) - o
.

⇒ 0=11/0 Cx-bill
= tix -Hq

⇒ x -- Y
. )

-1hm 4.17
.

Let Isps is .

Let A E L'In , "
.

Then I a unique
GE Ellul such that

A = Ng .

faena Eau 's item )



The proof of the above theorem depends on

the uniform convexity of Paul .

Def ( Unit . Convexity ) .

A normed vector space X
is said to

be uniform convex if Vos Est
,

F. O > o such that for x
,
y EX

11241=114117 and 11×-911 ZE ⇒ 11 FLIK ,.o
.

Example : IR
'
with the standard norm

is unit convex
.

¥



Example : Any Hilbert space ( including IR
"

on IR with the standard
norm )

is unit .
convex

.

Because 11 xtyfl
'

thx- ylp= 2/11×114119114

( check ( xty, xty> thx-y, x-y>
⇒fax , xstcy, y > ) )

Fhm 4.18 . Paul
, Kps Ko , is unit . convex

.

Prop 4.19 ( Clarkson 's inequality ) .

Let lapses , f , GE L'
'

gut .

Then

① If P 's z ,

we have

117¥14! t fl FIL ftp.stzfllfl/pPtH8llp )
.



② If PE ( 1,21 , then

Hftgllpt It f- 811,7 Ez ( Hftlpt 11814." )
"

where ptttq =L .

Clarkson inequality ⇒ Paul is uniform
.

mm

• f. GERM
,
HfHp=H8Hp=l .

If 1022,

11¥41'd 11 S ftp.s f. 2=1
So if Hf - 811ps E , then

HEH, s f - ⇐f)
"
Psi - o

for some O > o
.



If PE ( 1,2) , then

Hf -1811pct -1 Hf -811pct E 2. ( z )
'-1=29

If Hf - 811ps E ,
then

Hftsllps ( z' - ee )
#

s 2ft - o)
for some O > o

.

ay

-MAIL.larksoisinegualityinthecasepzz.SI/lp"
t Il fill! E tzfhfllptllsllp ) ,

f f , g C- Paul
.

It is enough to prove



H X
, YE IR

,

1×-41
"
+ I l

"
e Edm " + pl " )

clearly the above inequality holds if x=y=o .

or one of them is zero

of g
To show the general case when X

, y to and lxlzlyi.gs txt )

dividing HIP to the both sides of the inequality
and letting 2- = 4¥ , we have

( III)
"
t ( t JP E I fit EP ) , for oszel

To prove the above inequality, let

get = ( HEY't (¥ ) " - Elite '' )
.

Then Glo ) = 2.(E)
P
- t so

gli ) = o

so to show that GG) fo on ( o, 11
,

it is enough to show that G'Cz) Zo on (0,11



Taking derivative to g gives

gtz ) =p ( HI )
"
. E - pl )

"

't - tpz '
' "

= If K¥1
"
- (⇒
"
- z
" )

Notice that III. = 'II + z

But @+ y)
""

Z x
"
t y

" "

( since p- ish)
for all X , y Zo

.

( equivalent to ft z)
""
z it z
" )

Henle G'Cz ) Zo ou [0,11 and we are done
.



-1hm 2. so
.

Let X be a Uhif . convex Banach space.
Let X , be a closed subspace of X .

~
linear

Let x. E XIX, . Then I a unique 2-EX ,

such that

11 Xo - 2- H = if { 11 Xo - YH : Ye Xi }

÷:

Proof : Write

D= infftlxo -SH : YE XI }
.

We can choose ( Yn ) ! , C X , such that



this 11 bn- xoll - d .

We claim that d¥o
.
otherwise Yn → Xo as this

But since @ n ) E X , and X , is closed
,

so Xo E X ,
,

which leads to a contraction as Ko ¢ XI
.

Notice that

hims:p. Hi'iiontiiIx÷nH ez

and

t.im#.HIiIxon+IiIxorll=hi.mmi:EH'
+
'm It

= In,imm→ . Ill YntYm - xo H ( notice bntfmex .)
Z f- . d = 2



Hence we obtain

d. mine.H÷Ix÷i+¥xonH=i. .

By the unit. conuexty of X , we have

him. . Hi'ii÷oni7ix*H=o
which limp lies

d. inn . H " - Ym 11=0 ,
ice .

h.im. . H Yn - Ym H - o
so ( yn) mi is a Cauchy sequence in X

.

Hence I 2- C- X such that yn → Z as us is

since Lyn) CK , and X ,
is closed

,
2- C- Xi

.



Now

11 z - xoll = this. It bn - Holl = d .

Suppose I another Z' EX ,
so that

112
'
-Xo H - d .

Notice that HZ - Z 'll - E so . By the unit convexity
of X

HEE +
Z' Hse

H- H

⇒ HEI - x. Hsd
which is impossible , since Z EX ,

so

112¥
'

- Koll Zd .

the



Lemma A : Let A : X. → IR be a linear

functional on a vector space X .

Suppose A Goo ) ¥0 for some Ko E X
.

Then it xe X
,

x - . xo E Ker A
,

where her A = { ye X : Ay - o }
.

Pf .

A ( x - IIIT, xo )
= Ax - AG )
⇒

' A (Xo )

= O

H



Lemma B . Let A
,
A , : X.→ IR

be linearly functionals on a vector

space X . Suppose A Eo
,
and

kerf Ai ) a herd .

Then I CE IR such that

Ap = all .

Pf . Since Ato
,
I Xo EX such that

1) (Ko ) ¥0 .

By Lemma A , any vector xe X

is a linear combination of Xo and

an element in Kera
.

Aiko )
Let c= -

A(Xo )
'

set g= A , - CA .



Then gfxo) = Aiko) - Chao )
= A , (Xo ) -

Aiko )
¥,

' Alto)

=D

and gcy)=o for ye Kern

( behera ⇒ ye her (a)
Hence

got ago ) - CNN ) )
But x= g¥¥, ax. 1- Y for some beker

Hence
g = gcxo ) -1941

= 0

⇒ g - o ⇒ A ,
- ch

.

pg,



EY Let lapsus . Let AE Paul '
,
then I getting

such that A = Ag .

pfof-hm4.my :

If A E L'
'

du)
'
with 11=0

.

Then we can take G- o .

Next assume A thou ) "
,
Ato

.

Hence I fit Paul such that

Alf , ) to .

Notice that

Kern = { f- ELEM : Af - o }
is a closed linear subspace of Ecu ) .
Since L'

'

gut is unif . convex, by Thin 4.19 ,
7- a unique hot Kera such that

11 ho - f , Hp = inf { H f - f , Hp : feher ( Al )



This implies that for any f- c- Kera)
,

fit = It hot tf - fill !
= J t hot tf - f-if Polly

gets minimized at t-- o
.

Claim : Q : IR → IR is differentiable
over IR with

Cf
' =) I hot tf - fit hottf -fi ) of

DM
.

Exer
. Prove the above claim .

Hint : ① ftp.ktbtttt-latbt/*fatbtI.bbV-a,bElR.,V-tElR
.

② Use the Dominated convergence -1hm .



Now since f is diff on IR
and Cf takes the minimum at t - o

.

This implies

G.
"

(o ) = 0

But plot - J Iho - fit ho - fi ) - f dm
= f g f d µ = O

.

Next we define

g = Iho - fit
"? Cho - fi )

.

Then

5191
'
dm =/ 1.ho - f , M

- " '
am

= f l h . - f , l
P
du s w



So GE L'
'

flu) .

Since hot f , ( H ho -fill, so)
we have 11811g to .

Recall that

f g f dm =o tfEkern
.

Hence

her A E Ker Ag
since Ato

, by Lemma B,
I C such that



Ag = CA

Hence A = f Ag = Atg
.

the


