
Real Analysis 20 - og - 11 .

Chapter I . Integration on measure spaces .

§ " Measurable spaces and measurable functions .

Let X ¥0 .

Let P× be the power set of X , i.e .

I = { Y : Ye X }
.

Def. (o- algebra) the Px is called a O- algebra on X if

cis * EM
;

Cii ) If AEM ,
then Ace M ( Ac : = XIA )

(iii ) If AKEN
,
fish

,
then LIAR EM .

Remark : lit - Ciii ) imply that

• 0 E M
.

• If An EM
,
Kal, then I

,
AR EM

.

( using NEAR = ( E , Ani )
'

)
Hence a o- algebra is closed under countable union

,
intersection

and complement .



Example : . Dx

• 10 , x }

Example : Let S e Px
.

Define
jyfs ) = n all o- algebras on X containing S

.

we call Mfs ) the smallest r- algebra containing s .

( or the o- algebra generated by S )
.

Example : Let X be a topological space .
.

Let f3× be the o- algebra on X generated by
the class of open sets in X .

We call §x the Borel r- algebra on X
.

Def . A pair ( X, M) is said to be a measurabtespaa
if M is a r- algebra on X

.

( EJ #IY it )

Def .- A function fi X → IR is said to be measuring
if f-

'

(G) EM
,
t open G- e IR .



Remark : Equivalently , f is measurable if

f-
'

(a, b) EM
,
t a, be IR

,
as b

.

( Using the fact that every open set in IR is

the countable union of finite open intervals )

prop 't . 't
. f : X→ IR is measurable iff one of following
properties holds :

① f-
"

(a , b) EM ,
t a, b EIR

,
as b

.

② f-
'

(a. b) EM, ht at IR
.

③ f-
'
[ a , b) EM, t at IR

④ f-
' '

f- is , a) EM, t at IR
⑤ f-

'

f- is , AI EM
,
t at IR

.

Pf . Wwf
,
we prove

f is measurable ⇐ ③ holds
.

clearly
,

"

⇒
"

holds
.

Now to prove
"

⇐
"

, suppose ② holds
.

We want to prove ① holds
.



Notice that

f-
''

[ a. is ) = §
,

f
' '

( a-T , 4.EM .

So

f-
'

( a , b) = f'
'

(a. b)If
"

[ b. O ) EM
me

.

Prop 2
. Let CE : IR → IR be continuous

.

Let fi X.→ IR be measurable .

Then of :X → IR is measurable
.

Pf . f open G in LR
, by continuity ,

E-
'

CG ) is open in LR
.

So @ of )
- '

CGI = f-
'

( E''Cfi) EM .

IIA
.

Remark : The assumption of ' IR→ IR can be relaxed to

§ : V → IR where V is open and V > range (ft
.



Prop 1.3 ( is All measurable functions on X
form a vector space .

di ) If f- is measurable
,
then so are

f- , Ifl , ft , f- .

( fit, = f fun if fapo
0 otherwise

fix ) = {
- fan if falco
° otherwise

. )

(Iii) If f, gave measurable then f - g is measurable
.

Civ ) If f , g are measurable and geo then

Hg is measurable
.

Pf . ( is It suffices to prove that if f, g are measurable,
then so is ft 8 .

(f-195
'

(a. w ) =¥¥;#
sign gift,ol)

C- M
.

( ii )
.

Let Ioan -_ x? By prop 1.2 ,
of of is measurable

But § of = f
'

,

and we are done .



Ciii )
fg = # ( (ft g) ' - ( f - g))

.

Civ ) since Gto , range (8) E RYO}
,

set § : Ryo 's → IR by ICH -

- tx , which is Cts

So by Prop 1.2, Eog = gt is measurable
.

Then by Ciii)
, GI = f. gt is measurable

.

hit

prop 1.4.
Let fr , keel, be measurable

.

Then the following are also measurable :

spy!,fk , tiff
,

fr
, lift, .fr , lift.fr .

Pf . Let g= sup fr
feel

°

g-
'

(a. co) = ÷
,
fiifa , o )

.

EM
.

( GG) > a ⇐ I k such that from > a )
.

Hence G is measurable
.



The proof for the measurerability of inhf fr is similar
.

III. fr = In! ( gutta fi ) r

him.fr = ship ( Iif fi ) r

ITH
.

§ 1.2 Extended real numbers
.

Set IIT = LRU { to, - o )
,
and call it

the extended real number system .

HI can be viewed as the linage of the function

loan = tank, XE f - ¥
, ¥1

.

÷:

set tan f-E) = - is , tan ( IL ) - to .



Topological structure of III :

Ee ITT is open iff FIE ) is open in EE, ¥1

By the above def
,
E e pi is open iff E is

the countable union of intervals of the form
E- is , a )

,
Ca , b )

, (a, to] .

Def : A function f : X → HI is said to be measurable

if
f-

'

Cat Em for any open G- in pi
.

Facts : fi X → E is measurable

iff f
'
( a , b) , f-

'

Hoy ,
f-

'

G-H EM
.

Prop i3, Prop 1.4 also hold for B - valued functions .



81.3
.

Measure spaces .

Let ( X , M) be a measurable space .

Def . A measure fu on ( X, M) is a function
from M to [ o

,
to 1 such that

cis te ( O ) = o

Cii ) ( countable additivity )

µ( Ui
,
An ) = ¥

,
µ( An )

,
provided

An EM atedyjont .
mutuallysimple facts .

• ( finite additivity)
tenth An ) = IF HAN) if An EM are disjoint

.

• If AEB
,

then MB) - HCA) th (BIA )
.

( B = A UCBIA ) !
Hence HLA ) E µ( B) .



• ( countable sub - additivity)
Let An EM

,
NZ ! then

tent
,
An ) e Em

,
µ( An )

.

Justification : Let B
,
= Al

,

Bz = AHA ,

'

B'I= Any ( Aiu " - u Ah- i)
-
-
- -

Then Bi
,
Bs
,

. . . are mutually disjoint , En EM

Bn E Ah
,

moreover

y b

U Bn = U An
.

b.=/
h=1

Hence µ( n An ) = te ( Ui
,
Bn )

= IT
,
µ ( Bn )

E FI
,
than )

.



Def . The triple ( X , M, µ) is called a meaningful

Prop 1.5 . Let ( X, M, µ) be a measure space .

(is If Antti, fish, is increasing in the sense

A , E As E . . .

then felt
,
Ar) = him µ( Ah )

k→b
.

Cii ) If An EM
,
kzl

,
is decreasing in the sense

A , 0 Az O ' ' . 0 An 2 . .
.

and assume µ(Ai ) so
,
then

µ( I
,

An ) = him µ( Ant
k→ is

.

Pf . Let us first prove cis .

Write B ,
=At

[ \ \ 7

Bn = An) ( Al U - - - U Ah- i)
c - i .



Then Bi
,

'Bs
,

- - i

,
are mutually disjoint,

Moreover

⇐ Bn = ⇐ An

⇐ Bn = ⇐ An ( check it )
.

Hence

µ An)=µ( tf Bn )
= EI µ( Bn )
= king. EE

,
MBM

= him. teck ,
Bn )

= things tune ,

An )
= things µ( An) ( since An

is litres

increasing)



Now we prove (2) .

Notice that

A ,
J Az 2 . . .

.

So

AHA ,
E AitAz E ' " e Ail An E - - .

Hence by Cl )

HC E
,

# fan ) ) = thing
.
HANAN

.

"

µ
-fall 17 ,

Ant ) - him. thatt .

Since µ( Ai) so ,

so HAD = µ ( Ail Ant ) th ( 17 An)
Hence till An) = HCAI ) - H( All Any



similarly

µ fan ) = HLA) - M( Allan)
.

Plugging the above two equations into
④

,
we obtain the desired

identity .

Remark : The assumption µ( Ai ) so
can not be dropped in Prop 1.5 .
Here is a counterexample :

Let µ= hit on IR
.

Let An = ( n , to ) , ht , 2, i - .

Then An W

However 17
,

An = of



But

o - µ( If An ) * this. Man) ⇒ is .

§ 1.4
. Integration on measure spaces .

Basically we define integration in 3 steps .

g) Integration of non- negative simple functions
a-

(a) Integration of non- negative measurable
functions

,

(3) Integration . of measurable functions
.

Let ( X , M , te ) be a measure space .

Def . ( simple functions ) .
A simple function on X is a

measurable real function which only
take finite many values .



It has a standard form
N

six, = I djxg.CM ,

j= ,

where 2 , a 2. a . . - Cdm and

Ej = { x : Sak dj } EM .

Yeah : = {
it if xf E

o otherwise
.

Remark : In general, any function
N
'

sext = E Pj XEJCXIJT

( where Ej EM ,)
is a simple function .



-1hm 1.6
.
Let f :X → II be a non- negative

III -valued measurable function .

Then

⇒ a sequence ( Snh! of non- negative
simple functions such that

(1) Sn E Shh
,

t h ZI
,

← I f = lim Sn
n →y

°

Pf . Let us construct a sequence of functions
9h

,
fast

,
from [901 → [ o

,
is) by

Pran =/ in if xet-n.fi
"

,
for j=o

,
I
,

- in

,
2k. K - t

k otherwise

• In k



Then 9kW ) T x
,
for any xzo .

Take 5k¥ Gaffes )
,
k=I , 2. . . .

It is readily checked that Sk are simple .
and Spex )) f- Cx ) . Dk

.


