THE CHINESE UNIVERSITY OF HONG KONG
Department of Mathematics
MATH1010 University Mathematics 2022-2023 Term 1
Quiz 1 suggested solutions

1. (20 marks) Let {a,} be a sequence of positive real numbers, which is defined by

apr1 =V10+a, forn>1
ay = v 10

(a) Show that {a,} is bounded and increasing.
(b) Find the limit of {a,}.

Solution:

(a) First of all,
0<a =v10<10

Assume 0 < a,, < 10.

0 < apsy1 = V10 +a, <10+ 10 < 10.

By induction,

vn € Z",0<a, <10
Thus, {a,} is bounded.
Moreover,

o — A1 — 10—%—@—@20

Assume a,, — a,_; > 0.

Upg1 — ap = V10 + a, — \/10—|—an_1
B (10 + ap) — (10 + ap—1)

-~ VI0F an + 10 F ap o
Ap — Ap—1

_ >0
VIOt an + VIO F @y

By induction,
Vn € 27, sy — an >0

Hence, {a,} is increasing.
(b) Let A= lim a,,.

n—oo
A= lim a,yq = lim 10+ a, = , /10 + lim a, = V10+ A
n—oo n—oo n—oo
— A*—A-10=0

1+ v4l 1 —+/41
= A= +T or =—3 (< 0, rejected).
1+ v41

Hence, lim a, =
n—o0 2



2. (15 marks) For each of the given functions f(x), find its natural domain D, that
is, the largest subset of R on which f(z) is defined. Then state, without proof,
whether the function f : D — R is: both injective and surjective, injective
only, surjective only, or neither.

()

T Vi-z
fl@) = Ve =z

Solution:

(a)

Note that
lz]| —2>0 <= |z|>2 <= x>20rz < -2

So, we have D = (—o0, —2) U (2, 00)
With some consideration, it can be seen that f is surjective only.

Note that
4—zrx>0andvd—2#0 < 4>zxandx #4

So, we have D = (—o0,4)
With some consideration, it can be seen that f is injective only.

First of all,

f@) =V — s = Ve D @-1)
The domain will be given by
z(x+1)(x—1)>0

That is, D = [—1,0] U [1, c0).
With some consideration, it can be seen that f is neither injective nor surjec-
tive.

3. (25 marks) Evaluate, without using L’Hospital’s rule, the following limits.

sin 2x

(a) lim

(b)
()

Jim (Vo= V=)

) ($2+5$+4)x
lim [ &——————

a—oo \ 22 =3+ 7
(d)1'<k+k++ k)hk‘ iti tant
im -+« + ————|, where k is a positive constant.
n—oo \yVn2+1  /n?+2 vn?2+n P
n+1 1
(e) lim ’ (n+ Dz +n , where n is a positive integer.
r—1 (I — 1)2

T—a r — a

" —a"
(Fact: You may use without proof that lim ( ) =na""1)



Solution:

i S0 2x i sin 2z
i = lime* -
z—0 e — e~ % z—0 e2r — 1
sin 2x
= lim e*
x—0 2$. e?r—1
2x
I . sin 2z 1
= lime .
z—0 2% e?r—1

Vet Ve -
Vo + VetV - e

:}L{lo(\/x+ﬁ—\/x—\/5>
= xh_)rgo<\/x+\/_—\/x—\/5>
_ oy B VE) (V)

e bVt Ve — e

lim 2V

R R RV
2

lim = =
Tr—00

\/1+79;+\/1—\/—5
1

(c¢) By long division,

>_

x2+5x+4_ n 8r — 3
2 —3x+7 a2 -3x+7
Moreover,
22 —3x+7 8z — 3 (s~
s o (OB = Jim (”m)
, 8r —3 8% — 3x 8—3/z
lmzy ———=lim ———— = lim =
zsoo 22 —3x 47 2oz —3x+T7 2900l —3/x+T7/x?
Hence,

22 +5r+4
2 —3x+7

(1+

lim >
Tr—r00

8 —3
2 —3x+7

(

= lim
Tr—r00

)(

8x—3
x-
x2—3x+7

z2 —3z+7
8x—3

)



(d) Note that
1 1 1 n

+ o <
Vn?2+1 \/n2+2 Vvn24+n  Vn2+1
because vVn2 + 1 < v/n2 +i for i >
On the other hand, since

Vn24+n>vVn2+i for1<i<n

we have
n < 1 + 1 + n 1
ViZtn  VnZ+1l VnZ+2 vVn?+n
Thus,

n 1 n
— < <
vn?+n \;\/rﬂ—i—i DRV R

Notice that

1
lim —— = lim =1
n—>oo\/n —|—7’L n—o00 1+l
and
lim —— = lim ; =1
Si li ! =1, by th th h
ince lim ——— = = e squeeze theorem, we have
n—00 ,/n2_+_]_ n—>oo \/7’L +n Y !
lim i ! =1
n—00 Py /n2 +1
and so,
lim z": K =k
n—00 p N/TL2—|—7; ’
(e) Let
" —(n+ Dz +n
z(@” —=1) —n(z—1)
T @
z(z"=1)  n(z—1)
— rx—1 r—1
z—1
(@ a4 a4 1) —
N r—1
@4 4 2)—n
N r—1
@ -D+E ! =D+ @ -+ (- 1)
N z—1
(2" =1) (@' =1 (@ =1)  (z—1)

- r—1 + r—1 Tt r—1 + r—1




Using the provided fact,

limf(x):n+(n—1)+(n—2)+~'+2+1:M.

rz—1

4. (20 marks) Given that the function

r71 forax > 1
flz)=<0b forz =1

cosx forxz <1

is continuous over R. Find, without using L’Hospital’s rule, the values of a and b,
where a,b € R.

Solution:

First of all, we have

lim f(z) = lim cosz = cos 1.
r—1- z—1—

and
a
lim f(z) = lim x>t
r—1t f( ) z—1+ :

= lim (14 y)% by letting y =z — 1
y—07+

Z—00

) 1 z a
= <hm (1+—> )
2Z—00 z

= ¢e“

1\* 1
= lim (1 + —) by letting z = —
z Y

Since f is continuous at x = 1, we have

lim f(z) = f(1) = lim f(z) = cosl=b=¢"

z—1— z—1t
Hence, a = In(cos1) and b = cos 1

5. (20 marks) For all x € R, define

22 cos i for >0
flz) = z?
0 for <0

(a) Find f'(z) for x # 0.
(b) Is f(x) differentiable at x = 07 Explain your claim.
(c) Is f'(x) differentiable at = 07 Explain your claim.



Solution:

(b) First of all, for any h # 0,

<K

0<

4
h? cos (ﬁ)

lim 0= lim A2 =0

h—0t+ h—0t

By squeeze theorem,

4
li 2 — || =
i e (55)] =0
and thus,
4
2 _
hhjél+h cos (ﬁ) 0
So,
. f(O+h)— f(0) . 0-0
/ — — _—
L) = hh_)rgf h B hlirg{ h 0,
_ f(0+h)—f(0)
! — 1
BY0) =l
= lim h?’cos(%)
h—0+t h
= lim A2 —
17 costiz)
=0

Therefore, we have Lf'(0) = 0 = Rf’(0). So, f is differentiable at 0 and
7(0) =o.
(c) By part (a),

z—0t z—0+t

Let a, = ,/ﬁ, bn:,/%, n € Z*. Then, JL%an:JLr&bn:O, but

4 4
lim 8sin | — | =8 # —8 = lim 8sin [ —
n—oo (I% n—oo b%

By sequential criterion,

4 4
lim f'(z) = lim <3x2 cos — + 8sin —2>
T T

z—07F 2

lim &sin (i) DNE

4
By part (b), lim 3z? cos — = 0. Therefore, lim f'(x) DNE.
z—0t X xz—07F

Hence, f'(x) is not continuous at 0 and thus, not differentiable at 0.



