2022 Fall Real Analysis I 1

Suggested Solution 9

(1) Consider LP(R") with the Lebesgue measure, 0 < p < co. Show that [|f +g||, < [If[,+lgl,
holds Vf, g implies that p > 1. Hint: For 0 < p < 1, 2P + ¢y? > (z + y)P.

Solution. Recall that in fact we have, for x,y > 0,

P +yP > (z+y)P, 0<p<l,
Wy = (@) p=1,

P +yP < (z+y)P, 1<p<oo.

Pick any a,b > 0 and define f,g € LP(R") by

a, x€[0,1]",

0, otherwise.

and
b, x€[2,3",

0, otherwise.

Simple calculations show that [|f|, = a, [lgll, = b and ||f +g|, = (e + b)1/P. Now the
hypothesis implies a? + b > (a + b)P. Hence, p > 1.

1 1
(2) Consider LP(u), 0 <p < 1. Then -+ -=1, ¢ <O.
qQ D

(a) Prove that || fg||; > ”pr ”qu'

(b) f1,f2 = 0. |lf +gll, = [[f1l, + llgll,-

(c) d(f,9) d:ef||f — gl|;, defines a metric on LP(y).

Solution.

(a) Assume that g > 0 everywhere first. Applying Holder’s inequality with conjugate
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-1 ~ 1 D
exponents p=—and g = —— = ~L, we have
p l-p p-1

115171 = (1o Plgl 7]
< H!fgll/pHﬁH|g|—1/pHg
= IIfQII}“"H|g|—1/(5—1>H<ﬁfl>/ﬁ

-t o

IPI” < sl lg=ro=n |7

-1
= fglly Ngl?ll; ™%, or
_1 .
I£1L, < 1fglly lgll; ", that is

Ifglly = [1£11, gl -

For a general g > 0, apply the result to g. = g + ¢ first and then let g. tend to g.

(b) Without loss of generality, we can assume || f + g||,, # 0. Using part (a), we have

I+ ally = [+ 9 a
= /f(f+g)p1du+/g(f+g)p1du

D 1_%
> (15l + ol ([i7-+0)7 ) an)

=(IF1l, + llgll,) If +glly~" . so

1f +all, = 171, + llgll, -
(c) The fact that for z,y > 0 and 0 < p < 1,

(+y)P <aP+yP

/ 4 gPdu< / 1P du+ / lgl? di.
def

Hence, d(f,g) = ||f — glI}, defines a metric on LP(u).

implies

(3) Let X be a metric space consisting of infinitely many elements and p a Borel measure on
X such that p(B) > 0 on any metric ball (i.e. B = {x: d(x,x9) < p} for some zy € X and
p > 0. Show that L>°(u) is non-separable.



2022 Fall Real Analysis 1 3

Suggestion: Find disjoint balls B, (z;) and consider xp, (q,)-
J

Solution. To find such a sequence of disjoint balls B, (z;). Let S := {y1,¥2,...} be a
countably infinite subset of X.

If S has no limit point in S, then we take z; := y; and define {r;} inductively as follows.
After defining r1,...,7y—_1, we pick ry > 0 to be such that B (zy,4ry) NS = {zn} and

rN <rny—1. If &€ B(xzy,rn)N B(x;,1;) for some i < N, then
d(zn,zi) < d(zn, &) +d(§xi) Sryv+ri <21y

whence xy € B (x;,4r;), which is a contradiction.
Else if S has a limit point Y € S, then we define {(x;,7;)} inductively as follows. After

defining (x1,71),..., (tN—1,7N-1), we pick zxy € S and ry > 0 to be such that:
dry <d(zn,Y) <d(z,Y) —2r; forall i < N
rny < TnN-—1

If ¢ € B(xn,rNn) N B (x;,r;) for some ¢ < N, then

which is a contradiction.

Finally, consider {fozl AnXB, (a;) ° (a1,as,...,) € {0, 1}N}.

Show that L'(u) = L°°(p) provided (X,9, i) is o-finite, i.e., 3X;, u(X;) < oo, such that
X =UX;.
Hint: First assume pu(X) < oo. Show that 3g € L(u), Vg > 1, such that

Afz/fgdu, VfeL”, p> L.

Next show that g € L>°(u) by proving the set {z : |g(x)| > M + ¢} has measure zero Ve > 0.
Here M = ||A]].

Solution.

Step 1. p(X) < oo.

In this case, Holder’s inequality implies that a continuous linear functional A on
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Step 2.

L'(X) has a restriction to LP(X) which is again continuous since

AFL<AIIF L < IATn(GOY )11, (1)

for all p > 1. By the proof for p > 1 in the lecture notes, we have the existence of
a unique v, € LY(X) such that Af = /vpf dp for all f € LP(X). Moreover, since
L"(X) C LP(X) for r > p (by Holder’s inequality) the uniqueness of v, implies that
vp s, in fact, independent of p, i.e. this function (which we now call v) is in every
L"(X)-space for 1 < r < oc.

If we now pick some conjugate exponents ¢ and p with p > 1 and choose f = |v|97%v

in (1), we obtain

J1uldu=a1
1/p
< A] p(x)V ( J du)

= A n(OM olld 7t

and hence [jv]|, < |A]| p(X)1/9 for all ¢ < co. We claim that v € L®(X); in
fact [|v]|,, < ||Al]. Suppose that u({z € X : |v(z)| > |[A|| +€}) = M > 0.
Then [jv]|, > (|A]l + €)M, which exceeds ||A| u(X)'/4 if ¢ is big enough. Thus
v e L®(X) and Af = /vfdu for all f € LP(X) for any p > 1. If f € LY(X)

is given, then /\vHﬂd,u < o0. Replacing f by f* = I X{a:|f(x)| <k}, We note that
|f¥| < |f| and f¥(z) — f(z) pointwise as k — oo; hence, by dominated convergence,

k= fin LY(X) and vf* — vf in L'(X). Thus
Af = lim AfF = hm,/kawizl/vfdM
k—o00 k—o00

n(X) = oo.
The previous conclusion can be extended to the case that pu(X) = oo but X is

o-finite. Then
x=Jx
j=1

with p(X;) finite and with X; N X} empty whenever j # k. Any L'(X) function f
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can be written as

flz)= ij(x)

where f; = x;f and x; is the characteristic function of X;. f; + Af; is then an
element of L'(X;)’, and hence there is a function v; € L®(X;) such that Af; =
/ v fjdp = / vj f dp. The important point is that each v; is bounded in L*°(X})
b;(jthe same ||A)ﬁ] Moreover, the function v, defined on all of X by v(z) = v;(z) for
x € Xj, is clearly measurable and bounded by ||A|. Thus, we have Af = / vfdu
by the countable additivity of the measure p. *

If there exist v,w € L*>(X) such that

A= [ofdu= [ wrdn vrerx,
then
/(v—w)fdu:(), Vf e LY(X).
X

Suppose, on the contrary, that (v —w) > 0 on some A C M with 0 < p(A4) < oo.
By taking f = xa one arrives at a contradiction. Thus, given A € L'(X) there

corresponds a unique v € L*(X).

(5) (a) For 1 <p<oo, [fl,,llgll, < R, prove that
11 = lgbl dus < 20R7 111 = g1,

(b) Deduce that the map f + |f|P from LP(u) to L' () is continuous.
Hint: Try [a? —y?| < pla — y|(aP~" +yP).

Solution.

(a) Notice that |zP —yP| < p|z—y|(2P~ 4+yP~!), which follows form the mean value theorem

applying to h(z) = aP. Then it follows easily from Hoélder’s inequality that
S = lgbl dus < 20R7 1 11 = g1,

(b) This is a direct consequence of (a).

(6) Optional. Let M be the collection of all sets £ in the unit interval [0, 1] such that either £

or its complement is at most countable. Let © be the counting measure on this o-algebra
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M. If g(x) = = for 0 < z < 1, show that g is not 9M-measurable, although the mapping

£ af@) = [ Fadu

makes sense for every f € L'(u) and defines a bounded linear functional on L!(y). Thus
(L')* # L™ in this situation.

Solution. ¢ is not M-measurable because ¢ (i, i) = <i, i) ¢ 9. The functional
Af =Y zf(x) is clearly linear. To see that it is bounded, if f € L'(x), then f is non-zero

on an at most countable set {z;} and by integrability,

> 1f(@i)] < oo
i—1

Thus Af is well defined as ¢ is a bounded function. Hence the operator is bounded.

Optional. Let L* = L*(m), where m is Lebesgue measure on I = [0, 1]. Show that there
is a bounded linear functional A # 0 on L* that is 0 on C(I), and therefore there is no

g € L'(m) that satisfies Af = /fg dm for every f € L>. Thus (L>)* # L.
I

Solution. Method 1. For any x € I take A, f = g(z4)—g(x_) for all f such that f = g a.e.
for some function g such that the two one-sided limits g(z4) and g(z_) both exist. Then
|Az — Ay|| > 1 for o # y. With reference to the question, we can just take x = 1/2.
Method 2. Consider x;, 1€ L>*\ C(I), as C(I) is closed subspace in L*°, by consequence
of Hahn-Banach Theorem (thm 3.11 in p.38 of lecture notes on functional analysis.), there
is non-zero bounded linear functional A on L* which is zero on C(I).

If there is g € L'(m) that satisfies Af = /fg dm for every f € L,
I

Af:/lfgdm:0,Vf€C(I):>g:0.

we have A = 0 which is impossible.

Prove Brezis-Lieb lemma for 0 < p < 1.

Hint: Use |a + b|P < |a|P + |b? in this range.

Solution. Taking g, = f, — f as a and f as b,

Hf+9n|p - |gn|p| <|fP,
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(10)

(11)

or,

=[P <1f +gul” = lgn < ISP

we have

2P <1f + gnl” = lgnl” = fIP <0

which implies

f 4 gul? = lgul? = [fP| < 21 fI7,

and result follows from Lebesgue dominated convergence theorem.

Let fn, f € LP(n), 0 <p < o0, fn — f a.e., [|full, = [Ifll,- Show that || f, — f|, — 0.

Solution. Using the Brezis-Lieb lemma for 0 < p < oo, we have

1= 1= [ 1= 17
< [ a1 = AP =117 dit [ (18P =101
< [ M= 10 = sl = 1) s+ (1505 - 151)

—0

as n — oo.

Suppose p is a positive measure on X, u(X) < oo, fn € LY(p) for n =1,2,3,..., fu(z) —
f(x) a.e., and there exists p > 1 and C' < oo such that / | fu|P du < C for all n. Prove that
X

i [ 1f = fuldu =0

n—oo

Hint: {f,} is uniformly integrable.

Solution. By Vitali’s convergence Theorem, it suffices to prove that {f,} is uniformly

integrable. Let q be conjugate to p. By Holder inequality,

/E Faldin < [l {u(E)} o

Cr {u(E)},

IN

for any measurable E. Now the result follows easily.

We have the following version of Vitali’s convergence theorem. Let {f,} C LP(u), 1 <p <
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oo. Then f,, — f in LP-norm if and only if

(i) {fn} converges to f in measure,
(i1) {|fn|P} is uniformly integrable, and

(iii) Ve > 0, there exists a measurable F, u(FE) < oo, such that / | fnlP dp < e, ¥n.
X\E

I found this statement from PlanetMath. Prove or disprove it.

Solution. Let ¢ > 0. By (iii), there exists a set E of finite measure (WLOG assume positive

/E|fn|p<s.

Since {f,} converges to f in measure, there is a subsequence {f,,} which converges to f

measure) such that

pointwisely a.e.. By Fatou’s Lemma,

éyf|p<g.

By (ii), there exists 6 > 0 such that whenever u(A) < 9,

1
[0l <
A

WLOG, by choosing a smaller §, we may assume further whenever pu(A) < §

1
/|f|p<5”
A

because there is a subsequence {fy,} which converges to f pointwisely a.e. and we can
apply Fatou’s Lemma, By (i), there exists N € N such that for all n > N

€

= ()

e € B: |(fa - () y<s.

‘p
Now, for n > N, define A,, = {x € E: |(f,— f)(x)|P > ﬁE)} and B, = F'\ A,, and we have

Jitn=tr= [Ata=sr+ [ 18 s

<@er [ A=t [ 1= g¥

p
<2”5+</A |fn|1’+/A |f!”) e

< Pe 4 Wete= (2P 4 1)e.
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(12)

(14)

This completes the proof.
Let {x,} be bounded in some normed space X. Suppose for Y dense in X', Az, — Az,
VA € Y for some z. Deduce that x,, — x.

Solution. Since {z,} is bounded, there exists M > 0 such that ||z,| < M. Write M; =
max{M, ||z }.

Given € > 0 and A € X', choose A1 € Y such that ||[A — Aq] < 3% and choose N large
1

such that |Az, — Az| < g Then

|Azy, — Az| = |[Axy, — A1y | + A2, — Arz| + | A1z — Ax]

Consider f,,(z) = n*/Px(nz) in LP(R). Then f, — 0 for p > 1 but not for p = 1. Here
X = X][0,1]
Solution. For 1 < p < o0, let ¢ be the conjugate exponent and let g € LI(R). By Hélder’s

inequality and Lebesgue’s dominated convergence theorem,

1

/angdx = /Onnl/pg(x) dx
< (/Oi(nl/p)p da:) ’ </0;|g(x)|q dm) '
<(/ x[o,i]\gwdx);

— 0

as n — oo. Hence, f, — 0.

For p =1, take g = 1 in L>°(R). Then

1
/fngd:v:n/n der = 1.
R 0

Hence, f, A 0.

Let {f,} be bounded in LP(u), 1 < p < oo. Prove that if f,, — f a.e., then f,, — f. Is this

result still true when p = 17
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(15)

Solution. It suffices to show that for any g € L(u),

/(fnf)gd,uAOausn%oo.

By Prop 4.14 the density theorem, we may consider the case where g is a simple function
with finite support. Let E be a finite measure set such that g = 0 outside £ and M > 0 be
bound of g. By a previous problem, {f,, f} is uniformly integrable, for all ¢ > 0,36 > 0,
s.t. for any A measurable s.t u(A) <4,

/ |h|dp < e,h = f, or f.
A

By Egorov’s Theorem, there is a measurable B s.t u(E\ B) < 6 and f,, converges uniformly
to f on B. Hence

’/(fn—f)gdu‘ = ’/E(fn—f)gd,u‘
= ‘/E\B(fn—f)gdu‘-I-‘/B(fn—f)gd,u

A

2Me + ‘ /B(fn - f)gdu‘
< (2M +1)e, for large n .

An alternate approach is, using the LP-boundedness, a subsequence of f,, weakly converges
to some g € LP(u). Then a convex combination of this subsequence converges strongly
to g. Hence it has a subsequence converges pointwisely to g. On the other hand, the
whole sequence converges pointwisely to f. So g = f. We have shown that every weakly
convergent subsequence of { f,} must converge pointwisely to f. Now, suppose that f, does

not converge weakly to f. There are p > 0 and g € L4, such that

‘/fnkgdu—/fgdu' >p, Vng

for some subsequence f, . But we can find a subsequence from this subsequence which

converges weakly to f, contradiction holds.

For p=1, the result is false by the last problem.

The construction of Cantor diagonal sequence. Let f, be a sequence of real-valued functions

defined on some set and {z}} a subset of this set. Suppose that there is some M such that
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| fn(zk)| < M for all n, k. Show that there is a subsequence {f,, } satisfying lim; oo fn, (7x)

exists for each xj.

Solution. Let A = {z;},j > 1. Since { f,,(z1)} is a bounded sequence, we can extract a sub-
sequence {fl} such that {f!(x1)} is convergent. Next, as {f}(x2)} is bounded, it has a sub-

sequence {f2} such that {f2(z2)} is convergent. Keep doing in this way, we obtain sequences

{f3} satisfying (i) {71} is a subsequence of {f3} and (ii) {f3(z1)}, {fa(x2)}, -, {fi(z;)}

are convergent. Then the diagonal sequence {g,}, g, = f, for all n > 1, is a subsequence

of {fn} which converges at every z;.



