THE CHINESE UNIVERSITY OF HONG KONG
Department of Mathematics
MATH3310 2022-2023
Homework Assignment 2 Suggested Solution

1. Solve the following PDE using Spectral Method:
u(x,t) = uge(z,t), (x,t) € (0,1) x (0, 00)

uw(0,t) = u(l,¢t), te€]0,00)
u(z,0) = f(z), =e€]l0,1]

where

f—2e—1), ifzel0l]
f(@) = {07 i

else

Solution:
Let u(x,t) = X (z)T'(t).
Putting in differential equation,
X// T/

X T A, A constant.

Suppose A < 0. Solving X" (z) = AX(x), and putting boundary conditions, we have

X(z) = a, ifA=0
| ay cos (2mnz) + agsin (2mna), vV—A = 2wn,  if A <0

Then:

B, ifA=0
T(t) = —4r?n?t s
Be , ifA<O0

Therefore:

ulx,t) = Ag + Y _ (A, cos (2mna) + By, sin (2mna))e 1™ "

n=1

Putting initial condition and comparing Fourier Coefficients with f(z), we have:

1
o= o
1
A= g (VY
1 n

2. Recall the definitions of discrete and inverse discrete Fourier Transform from the lecture notes:
Given: fo, f1,--., fn—1 € C, the discrete Fourier transform is defined as

n—1
1 _j20kn
Ck} = — E fje n
n <
Jj=0

for k=0,1,2,...,n — 1. And the inverse discrete Fourier Transform:

n—1

Z—2jk7r
f] = E cpe n

k=0

for 5=0,1,2,...,n—1.
Check that the inverse discrete Fourier Transform does recover the discrete Fourier Transform.



Solution: By direct substitution, for fixed j

n—1 n—1n—1
;2 1 2tk 2jkn
E cpe' — E E fieTt et
n
k=0 k=0

t=0
1 n—1 n—1
. i2E7 (j—t)
= fi) e
t=0 k=0
3. Let f = {fi}}= and g = {gl}l o be two sequences of points in C' that are periodic. Define
convolution by
n—1
(f*9)i =Y frgi-r
k=0

Prove that for k =0,...,n—1 -
(f = g)(k) = nf(k)j(k)
where f = DFT(f).

Solution: ) )
— Rty 2jkm
(Fra)h) =~ ( fagi- d> exp (257

n
7=0
n—1 n—1
1 2jkm
_EZ Zgﬂ exp(—z - )
d=0 7=0
1l A ( 2dk7r) ( 2(j — d)k;7r>
=— Z gj—dexp | —i exp | —i
n n n
d=0 7=0
1 2dkn 2(j — d)kr
== faexp (—z ) Zgj dexp <—2 - )
d=0 7=0
n—1
1 2dkm 27k
=n ndz_%fdexp<—z - > Zgﬂ%xp(—z - )
= nf(k)§(k)

4. In addition to 1D DFT, we can also see an example that is 2D DFT. Consider this alternative
definition for the DFT on N x N images:

=
z

Z > Flh e

=0

Z\H

f(m,n) = DFT(f)(m,n) =

[}
~

(a) Show that the inverse DFT (iDFT) is defined by

— m+gn
f(p,q) = iDFT(f) Z Z Jo-Bminn

m=0 n=0

(b) Determine the matrix U used to calculate the DFT of an N x N image, i.e. f=UfU.
(¢) Show that U is unitary (that is, UU* = U*U = I, where U* is the conjugate transpose of U).

Solution:



1 a pm+qn
—2mi
N f(m,’ﬂ)@
m=0 n=0
1 N—-1N-1 1 N—-1N-1
_ 4 Z = Z Z fk l)ezmw o 2mi BT
- )
N m=0 n=0 N k=0 =0
1 N—-1N—-1N-1N-1 ey (—a)
o 27”%

m(k— p)+n(l q)

When k = p and | = ¢, we have f(k,1)e?™ = f(p,q) for any m,n.

When k # p,
i (k=p)+n(-q) (-g) N (k—p)
.m(k—p)+n(l—q .n(l—q .m(k—p
fle, )™ % =N flk, D™ N =0,
m=0 m=0
Similarly, when [ # p,
= (k=p)tn(i—q) (-p) N (-q)
.m(k—p)+n(l—gq -m(k—p s n(l—q
g f(k, l)ez’” N =2 E fk, 1)627”’ N =0.
n=0 m=0
Therefore, we have
] NoiN-d N-1N-1
E ¢ 727mpm+q" § §
N f m ’ﬂ - 2 f pv b, q )
m=0 n=0 m=0 n=0

(b) Let u, s be the entry at (r+1)-th row and (s+1)-th column of the matrix U, here 0 < r,s <
N — 1. Then from f = U fU we can easily get

omi- LS
Ur,s = —F—=¢€ TN

VN

(c) Let uy,,, be the entry at (m+1)-th row and (n+1)-th column of the matrix U*, here 0 <

m,n < N — 1. Then

1 . mn
* o —2my- B2
um,n = Up,m = ——==¢€ N

VN
Then it is easy to verify that UU* = U*U =1

5. Consider the differential equation:

d*u du
(%) am—s + b% = f(z) for x € (0, 27),

where a,b > 0. Assume v and f are periodically extended to R. Divide the interval [0, 27] into n
equal portions and let z; = 2% for 7=0,1,2,....n — 1.

Let u = (u(xo),u(z1), ..., w(wn_1))T and £ = (f(z0), f(x1), -y f(xn_1))T.

Let Dy and D5 be two n x n matrices, which are defined in such a way that:

(Diu),; = w(wj42) — u(z;—2)

u(xj4) — 2u(z)) + u(w;— 4)
P (Dyu); = —+

and 1652

for 7=0,1,2,....n — 1.
(a) Explain why the differential equation (**) can be discretized as:

(***)  aDou+bDju=H{.

In other words, explain why D; and D, approximate % and % respectively.



(b) Prove that e*® := (etF®0 eihz1 eih#n—1)T i an eigenvector of both D; and D, for k =
0,1,2,...,n — 1. What are their corresponding eigenvalues? Please explain your answer with
details.

; 1
(c) Show that {e**}7_ forms a basis for C™.
—_ N A
(d) Let u= Y"1} ape™™ and £ = Y277, fre™®, where dy, fi € C. If u satisfies (***), show that

) in(2k
(@X2 + bAy )iy = fi, where Ay = ZW

for k=0,1,2,...,n — 1. Please explain your answer with details.
Solution:
(a) By Taylor’s expansion, we get
u(wj+2) = u(;) + 20’ (z;) + o(2h)
w(wj—2) = u(x;) — 2hu' (x;) + o(2h)

so we deduce that

/ w(@jy2) — u(wj—2)
u(z;) = o(1
(x;) =2 o)
Then we can say that when we choose n is sufficiently large (or h is sufficiently small), Dju
can approximate u’, or D; can approximate %.

Similarly,
/ 16 2 " 2
u(xja) = u(zy) + 4hu'(z;) + —~5 u’(x;) + o(h®)
16h2
u(zj-a) = ulz) — 4ha' (z5) + ——u"(z5) + o(h?)
o)

w(zjpa) — 2u(x;) + u(z)—g)
+ 1672 +0(1)

Then we can say that when we choose n is sufficiently large (or h is sufficiently small), Dou

u(x5) =

can approximate u”, or Dy can approximate %“2
(b) By the structure of Dju, it can be verified that
—_— ikxjyo _ ikxj_o
T e e
(D1, =

So it suffices to show that ) )
6zk:vj+2 _ ezkmj_Q
4h6ikiE]‘
. . . . . . . . H
is independent of the index j, and this value is exactly the eigenvalue of D; corresponding e***.

ethtjve _ gikzj o eik~(xj+2h) _ eik~($j—2h)

4h6ikxj - 4h6’ik‘3¢j
ei2kh _ ei~(—2kh)
- ah
_isin(2kh)
- 2n
So e** is the eigenvector of D; corresponding the eigenvalue % for k=0,1,....,n —1.
Similarly,
eikIj+4 _ 2eikwj + eik?wj74 elk(wJ+4h) _ 2ei]€-$j + eik'(wj —4h)
16h2ethe; B 16h2eke;
irdkh _ 9 4 ci-(—4kh)
- 1652
_ cos(4kh) — 1
B 8h2



ikx for

So €** is the eigenvector of Dy corresponding the eigenvalue (iSh‘Q(,QLkh))2 = COS(;‘Z’;)‘l

k=0,1,...n—1.
(c) Since e’** are the eigenvectors of D; corresponding the distinct eigenvalues, we get that they
are linearly independent. So the set contains n linearly independent vectors forms a basis.
(d) By (b) we get Dye™ ™ = A\pe't® Doet*® = (\)2e?*®
SO

|
A

|
A

n

— —
aDou +bDyu = aDy( )  1e™™) + D1 () ape™®)

n

k=0 k=0
n—1 — n—1 -
=a ) ()%are™ + Y Apiipe™
k=0 k=0

1 —
(a(Xe)? + bAg) e

n

(]

k=0
=f
n—1 R T
— ke'L xr
k=0

—_—
Since {e””}z;ol is a basis, comparing the coefficients leads to the result that we want to prove.



