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Continuous Market Models

Question (a)

We consider a continuous time market, where the interest rate r = 0, and

the risky asset S = (S¢)o<t<T1 follows the Balck-Scholes model with initial
value S = 1, drift i and volatility o > 0 (without any dividend), so that

St = Soexp (pn — 0°/2)t + o By
dSt = JSidt 4 o S+dBr  —~ (%)

Solve the following questions: <., ¢B .

(a) A self-financing portfolio is given by (x, ¢), where x represents the
initial wealth of the portfolio, and ¢; represents the number of risky asset
in the portfolio at time t. Let I'I),_f’qb be the wealth process of the portfolio,
write down the dynamic of M*%in t € [0, T] in form of

drn? = @t B.dB;.
Find o« and (.
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Continuous Market Models

Question (b)

(b) There exists a unique risky-neutral probability Q, together with a
Brownian motion BQ under the probability measure Q. Give the
expression of Sy as a function of (t, BL).

5} (€
(s = rStdpt TRy = TSR
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Continuous Market Models
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Question (c)

(c) We first consider a derivative option with payoff g(St) = S% at
maturity T.
(i) Compute the value

vo=EYs3. =g e /g5 |S- T
. = e'fwﬁrm ")’)/1\62 OcA A s Q.
E°rs; 1 = 90 s esp2(WE)Tt wip) ]

_ ng‘iy ”@ C ewﬁ«r 1
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Continuous Market Models

'J

W) = o' i)czef/) (07(7'4))7 > -7 Ulbx)
(ii) Let v(t,x) := x?expa?(T — t), compute O;v,0xv and 02 v. Check
that v satisfies the equation

8tV(t X) + ;O’ X282 V(t X) =0, _LV(T,X) :X2.
x U(0) = 2 €¥P (T(T-D) V(T 2)= Xleep( TLID)
Ul
4
Jex VA, x) — ?/@117( (T -4>) e

Jg Ut ‘2’ 2o e UC 7= g2 VA ¢ vh) = O
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Continuous Market Models
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Question (c)

(iii) Remember that S; is a function of (t, By), apply the Ito formula on
v(t,St) to deduce that $1= Soepl (k_%z) 4 ¢ 25

T
52 = VO —|—/ ¢td5t7 where ¢t L= 8XV(t,X).
0

\
Then deduce th?t/\/o is the (no-arbitrage) price of the derivatim@
g(ST) = 5%—

QUU-S1) = 04U (1S )+ e VIA-52 JolSE + 5 2exV£-54)
:’UKJL“CP(WZ 1)) ot UQSfd%;

—

y
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Continuous Market Models

Question (d)
(d) We now consider another option with (path-dependent) payoff

ey

(i) Remember that S; is a function of (t, B;), apply the Ito formula to
deduce that

T T
S =S5+ / 25:dS; + o* / SZdt.
0 0

Sy = Seewp( (r-5) 4+ 0\&?
= epp(- % N 2]
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Continuous Market Models

%2: éf -(-f X97, J¥% ‘(‘Ulf Srclt
Question (d)

(ii) From the above, one obtai

S|

.
2/ S2dt = S5 — S —/ 25:dS;.
0 0

Deduce the replication cost and replication strategy of the derivative
option fOT S2dt. (Hint: Use the above replication strategy for the option

g(5t)=S%.)
s repueate the opfion with peystt (T sydt .
[Le- \y4 €coTl ATy = E@E {Jguld’” Se

éo TT:fngvfbdA'
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