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Q1.(i) Let (x,) be a sequence in M and x be the weak limit of (x,). Sup-
pose x ¢ M. Since M is a norm-closed subspace of X, there is f € X*
such that f(M) = 0 and f(z) # 0. But since x is the weak limit of (z,),
f(z) =limy, 00 f(x,) = 0. It is a contradiction. Therefore, x € M.

(i) Consider X = ¢y and (e,). Notice that ¢ = ¢'. Hence for any f € ¢

(denote f = (f1, fa, s frns--r)), Z;L.Ozl |fnl = I fller < oo. Hence f(e,) = fr, =0

as n — oo. Therefore, (e,,) is weakly convergent but not convergent in cg.

(iii) Let (x,) € X be weakly convergent to z € X. Let dimX = m and
{e1,...,em} be a base of X. Then there exist {a, (i)} and {a(i)} such that
Ty =D an(i)e; forn =1,2,..and z = )" | a(i)e;. And let {e],...,ef} C
X* be defined as e (e;) = d;; for 4, j = 1,...,m. Since (x,,) is weakly convergent
to x,

an (i) = el (zn) = ef(x) = ai) as n — oo for each i = 1,2, ..., m.

Hence
(e IIZ(an(i) —a(i))ei] < Z |an (1) — a(@)|[|e:]| — 0.

Therefore, (z,) is norm convergent to x.

Q2. (i) We claim that T is unbounded. In fact, we take e, = (0,0, ...,0,1,0,...) (k-
th entry is 1, others are 0), then er € coo and |lex|loc = 1. Notice that
ITex||so = k for each k = 1,2, ... Hence T is unbounded.

(i) T~ y(k) = $y(k) for y € coo, k = 1,2, ... Then

_ 1
1Ty oo = max{E|y(k)| ck=1,2,..} <max{|y(k)|: k=1,2,..} = ||y]lco-
Hence T~! is bounded. We claim that |77 = 1. In fact, we take yo =
(1,0, ...)(the first entry is 1, others are 0). Then ||yo|lo = 1 and || T yolloo = 1.

Therefore, |77 = 1.

Q3.(i) Let dim Z = n and {ey, ..., e, } be a base of Z. Then for any x € Z, there
exist {o; }7; such that z = Y7 | a;e;. Since Z is of finite dimension, all norms



are equivalent. Hence, there eixsts a constant ¢ such that Y. | || < ¢|z|.
Therefore, for any linear map 7 on Z,

n n
Tzl = 1Y ciTeill < Y el | Teql| < (max [[Te;)ell.
=1 i=1 -

Therefore, T is bounded.

(ii)Suppose T is bounded, then T is continuous. Hence for any sequence (x,) C
ker T' such that x,, — x, we have Tx = lim, .o Tx, = 0. Hence x € kerT.
Therefore, ker T is closed.

Now assume that kerT is closed. Then X/kerT becomes a normed space.
Also, it is known that there is a linear injection T : X/kerT — Y such that
T=To 7, where m : X — X/ ker T is the natural projection. Since dimY < oo
and T is injective, dim(X/ker T)) < oo. This implies that 7" is bounded by (i).
Hence T is bounded because T =T o 7 and 7 is bounded.



