Definitions. Two linear operators T and U on a finite-dimensional vector
space V are called simultaneously diagonalizable if there exists an ordered
basis 3 for V such that both [T]g and [U]g are diagonal matrices. Similarly,
A, B € My, x,(F) are called simultaneously diagonalizable if there exists
an invertible matrix Q € M, «,,(F) such that both Q=*AQ and Q~*BQ are
diagonal matrices.
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17. (a) Prove that if T and U are simultaneously diagonalizable linear
operators on a finite-dimensional vector space V, then the matrices
[T]s and [U]g are simultaneously diagonalizable for any ordered

basis (.
(b) Prove that if A and B are simultaneously diagonalizable matrices,
then L4 and L are simultaneously diagonalizable linear operators.
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18. (a) Prove that if T and U are simultaneously diagonalizable operators
then T and U commute (i.e., TU = UT).

(b) Show that if A and B are simultaneously diagonalizable matrices
then A and B commute.

The converses of (a) and (b) are established in Exercise 25 of Section 5.4
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15. Use the Cayley—Hamilton theorem (Theorem 5.23) to prove its corol-
lary for matrices. Warning: If f(t) = det(A — tI) is the characteristic
polynomial of A, it is tempting to “prove” that f(A) = O by saying
“f(A) = det(A — AI) = det(O) = 0.” But this argument is nonsense.

Why?
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16. Let T be a linear operator on a finite-dimensional vector space V.

(a) Prove that if the characteristic polynomial of T splits, then so
does the characteristic polynomial of the restriction of T to any
T-invariant subspace of V.

(b) Deduce that if the characteristic polynomial of T splits, then any
nontrivial T-invariant subspace of V contains an eigenvector of T.
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20. Let T be a linear operator on a vector space V, and suppose that V is
a T-cyclic subspace of itself. Prove that if U is a linear operator on V,
then UT = TU if and only if U = ¢(T) for some polynomial g(t). Hint:
Suppose that V is generated by v. Choose g(t) according to Exercise 13

220

so that ¢(T)(v) = U(v).

Vo T- c&b\c eubﬁm @F %Jcsebﬁz

< Ay st 7(wxc {«UO,T@,
PE. UT =TY
Sico M:V’7V,

%
Lot

U = GV + 4, Tw) + -+ &, 1)
Jeo = et at+ oy B

We shao et U Zg (T
MMJx<ee%umw%~ﬁa o UL Tlus) :—3a3<3ﬁmg

30 W) = 4CD W)

20 ULPe) = hels T (u)
=T Yok (¥,
= PUb)

=

A Oﬂm with 3((/) o

So

= /13 OZC“D (Vo)
ot j(;’{>s TSCUJB
=q6m ( Pwn)

iw, 1), }
U=9CT)

T

25

U (1N & \/:«FMM , T(%>,~§)

for sme Go- Upy

Y3 zo



SeC i/tf» (}17

Definition. Let T be a linear operator on a vector space V, and let W
be a T-invariant subspace of V. Define T: V/W — V/W by

Tw+W)=T(w)+W for any v+ W € V/W.

27. (a) Prove that T is well defined. That is, show that T(v + W) =
T(v' + W) whenever v +W = v’ + W.
(b) Prove that T is a linear operator on V/W.
(c) Let n: V — V/W be the linear transformation defined in Exer-
cise 40 of Section 2.1 by n(v) = v + W. Show that the diagram of
Figure 5.6 commutes; that is, prove that nT = Tx. (This exercise
does not require the assumption that V is finite-dimensional.)

V;V

nl ln
V/W — v/W
Figure 5.6
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