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3. Sec. 1.7: Q7

Prove the following generalization of the replacement theorem. Let 3
be a basis for a vector space V, and let S be a linearly independent
subset of V. There exists a subset S; of 3 such that S U S is a basis

for V.
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4. (Extension to Sec. 2.1: Q18) Please find ALL linear transformations T : R? — R?
such that N(T) = R(T).
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22. Let cg,cq,...,c, be distinct scalars from an infinite field F'. Define
T: Pn(F) — Fn+1 by T(f) = (f(bu),jf(bl>7 e ,f(pn>). Prove that T is

an isomorphism. ‘ o
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25. Let V be a nonzero vector space over a field F, and suppose that S is
a basis for V. (By the corollary to Theorem 1.13 (p. 60) in Section 1.7,
every vector space has a basis). Let C(S, F) denote the vector space of
all functions f € F(S, F) such that f(s) =0 for all but a finite number

of vectors in S. (See Exercise 14 of Section 1.3.) Let W: C(S,F) — V
be the function defined by

V(= D> fl9)s.

s€S,f(s)#0

Prove that W is an isomorphism. Thus every nonzero vector space can
be viewed as a space of functions.
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