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16. Let V and W be vector spaces such that dim(V) = dim(W), and let
T:V — W be linear. Show that there exist ordered bases § and ~ for
V and W, respectively, such that [T]g is a diagonal matrix.
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16. Let V be a finite-dimensional vector space, and let T: V — V be linear.

(a) If rank(T) = rank(T?), prove that R(T) N N(T) = {0}. Deduce
that V= R(T) & N(T) (see the exercises of Section 1.3).
(b) Prove that V = R(T*) @ N(T*) for some positive integer k.

() P@ ol - WVM% Thin e e

anMg (T =dim(v) = yonk (T) = dim — mwrk (T ng CT?)
bmie N e N e have #huk WD) «mﬂ
Nw7ﬁr amg. ¥ ERCD ANLT) 3 we | stous Tw
b TWZ T Tw) =T =0, e wce ND)

Qe NCT) = N, e bove  v= [lw) =0

Thwy,  RCDONCT) = fo

Beyides,  diml QD) = dimC RO e (1) = olim (RD AW
= dmcy) ¢
Ty ROAND =V 50 J= LT DALT)

) froep mre RO © RO
s vyl (T7) 2 Yok CT™)
Yark(D 2yl (T 2 o zZvank(TH 5 - - =0
Sincl yak(D < 00, +hen aw%t fmﬂ@ <o shwe an he ehict
S e st R ocuch thot k(T = k(TR ofor g
oo k) = aankCT™ = vark( ()
By () e lwmo V= RO @B NCTR



4. e 25 B

12. Let V, W, and Z be vector spaces, and let T: V —- W and U: W — Z
be linear.

(a) Prove that if UT is one-to-one, then T is one-to-one. Must U also

be one-to-one?
(b) Prove that if UT is onto, then U is onto. Must T also be onto?
(c) Prove that if U and T are one-to-one and onto, then UT is also.
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