6. Prove the following generalization of Theorem 1.9 (p. 44): Let S; and
Sy be subsets of a vector space V such that S; C Sy. If Sy is linearly
independent and S5 generates V, then there exists a basis § for V such
that S; C 8 C Sy. Hint: Apply the maximal principle to the family of

§ec.f'7 Qs

Leorn's Lemma_

all linearly independent subsets of S; that contain S, and proceed as Mot maik 7Y:Au‘rd,,,

in the proof of Theorem 1.13.

Theorem 1.9. If a vector space V is generated by a finite set S, then
some subset of S is a basis for V. Hence V has a finite basis.
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Definition. Let V be a vector space and W1 and Wy be subspaces of oL 2\‘ U\uf/
V such that V = W; @& W5. (Recall the definition of direct sum given in the
exercises of Section 1.3.) A function T:V — V is called the projection on

W; along W, if, for x = x1 + o with x1 € Wy and zo €
T(x) = ;.

24. Let T: R? — R2. Include figures for each of the following

W5, we have

parts.

(a) Find a formula for T(a,b), where T represents the projection on

the y-axis along the z-axis.

(b) Find a formula for T(a,b), where T represents the projection on

the y-axis along the line L = {(s,s): s € R}.
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35. Let V be a finite-dimensional vector space and T: V — V be linear. 6% 2,[ Q3

(a) Suppose that V. = R(T) + N(T). Prove that V = R(T) & N(T).
(b) Suggose that R(T) "N(T) = {0}. Prove that V = R(T) @ N(T). Wfﬂk’mh%t.

Be careful to say in each part where finite-dimensionality is used.
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