
Sec 1 .5 Q 13

shows how field nthene vechr spaetinarindependene

{ Let r be a reetorspaceoverfield ,then thecharacteristicoftt
charc ) = 2GH 2= H= 0 ⇒ nomuttipliativeinvereyhere . .

Ca) srmilartU ( b)

( b) =→ (if { u , v ,w} lin .
ind

.

∅
Consider the

eqn
: acuto) + b ( utw) t Clotw) = 0 foraibicot

By rearrangement ,wehaveatb )utatc ofbtcw=

sina { u ,
v

,
w} is lin .

ind
.

.we hawe a +b= atc = b+c = o

Besides
,
charCF)42 induwesthet 2 t0 and 当 exists in F

so a=
atb + ( atc ) - < b+c )

2

=

0≈ 0similwyb- cfGhesoayore shtion a =b = c0 ,

-

Thus {ua ,utw ,vtw }hn nd .

ECGnsidentheeqn . aut but cw =o
.

a ,

b
,
CEt

Itanberewrittenasa 吃 n
ta 些u) w+ bec∝ ( v+ω) =→

sinee {utb ,utw ,vtw } lin . ind .
,theeqnhas a unique .

solution a+bƩ =

a+些 = +∝ = 0

s0 atba= Ʃ+ at∝= 0 , b= C = 0

Thus{ u , v
,

w }is lin .

ind
-
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This question shows tle relation between diret sum and dimension

Ca) w , wz are finile -dim ubsopaes of V .

Thusw .
n
W 2isalsoa finite-dimsubspace of V

.

y of bsis, weanfindβ= { u .
i

3ik
,

a basisforwinnstence

Then we extend fo to be

= {ui}
iβ

,

R

0 { vj }
j=
im ,

a basis for w ,

β2 = { ui} U { w ,

a basisforwssei

If β : = P , U β2 = { ui} 0 { uj },
"

o

{ w isabasisforwitw
,

Then dim ( w , +wz ) =k+m + pdim (
w
) + dim ( w )-dimtwinws

Thus the qres tionredueesto stow ⻓

DsinceWitweBCandwitwsis a vector spare .

Thus spanc β ) CW .
+W=

2) Vx ε W ,
+W2 , ≡ x.GW .

,LEW= St x=x ,+xz

sinee β . is a basis for W , ≡ a
,

. .ak . b

, bmE F st

x. = Ʃaiui+Ʃ
,

,

“

bjvj

similarhy .

≡ Ci - Ckididp EF st
xz = ☆ ciui + diwe

k
Thm x= x . +xa = Ʃaitci)ui + }"bjojtdewe
ie xE span( β ) and W

,
+w= c span (β)



3) Considen the eqn
.

Ʃ aiui
,

R
+ bjojt.Cie = 0

By moving all terms with we to theright ,
we heve .

k
: =Ʃ aiui

,
+bjgy=- ( .Ce型 )

FW
,

GWa

o Y ε w. n W =span ( β o )

, addKEA st y =Ʃ diui
,

k

0 = yy awiuw= - f ) =≤diuitave
Sina B2 = { ui} ,

R

o { we}, is lin. ind .

a has a unique solutiondi =Ce= o ti , l

Thus y
= 0

,

which implies zaiui + Ʃbjij =0
Thus ai= bj= 0 Vi ,j . by lin . ind

. of β ,

Therefore .has auniqueslutin ai= bj = Ce= o ti ,j . l .

o β= { ui} U { rj} o { wi} 的 lin -
ind

。

等 D . 2 .
3sabasi 's forwitrnduepenut

( b) V= W . ④
W
2 Thenw. nw : =90 } ,anddimcwinwi ) =0

sine V= W . + W:
, by Ca) we have

dim ( v ) = dim ( w . ) + dim ( w2 ) - dim ( w , nw= )

= dim ( w . ) + dim ( W2 )

EI sina V= W . tWI
, by Ca) we have

dim ( v ) = dim ( w . ) + dim ( w2 ) - dim ( w , nw2 )

Andwe also hove dim ( v ) = dim ( w . ) + dim ( W2 )

Tlereforedim(W
. Λ

W
. ) = 0ie

W
. nW2 = { }

'

Thus V= W
,
④ W

=



⼀
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dirct sum

,

ayeristene ofbasis, we canchouseabasis{ ui },forw
=

Then extend it to β= { ui} ,

↑
o { 05 } ,

n

,
a basis for v .

lot Br = { 05 } ,

"

define W == spanc β -
)

We daim that V = W
.
④ W2

DVWE W
.
NW

2
.

, 雪 a ,
ap
. b

,bnE # st

m

w = Ʃ aiui
,

k

=Ʃ bjvj
,

k
0 = w - w = Ʃ aiui

-

Ʃbjoj化七

Sinee β is a basis for V ,

thus it' slin . ind
.

Theheasauniquesohitiondi=
bj =0tix

Thereforew= s and .W
, nwz = { }

2) V= span c { u .
… ua v…om} )

= span
c { u. -uk } ) +span c { v

… rm} )

= W
. + Wz

pleaseslowbyyourelf .

( b) Anmystraightlinepassingthoiugh the origin
other than thex - axisis a subspae W

2

st R= W
,
④ W2
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Qwotient space .

ca ) vewis a subspaeofr
THen TE v + W Iie . IWEWst δ= 0 + w

v = -WEW since Wis asubspae
(IfVEW .

Fx ε vtW
, aYEW st x= vty

sina v
. Y
EW and N is a ambspace. ,

x = v+Y ε W ie v+Wcw

Kx ε W . x = v + x + c - v )

y = xt c-v) c-
W sineW is a cubspce .

,Tuaytw st x= vty ε v+W ie WCvtW

In oncdusion
.

W = vtW if NEW ,
thus vtWis a subspace .


