13. Let V be a vector space over a field of characteristic not equal to two. Sec 1K Q13

(a) Let u and v be distinct vectors in V. Prove that {u,v} is linearly
independent if and only if {u + v, u — v} is linearly independent.

(b) Let u, v, and w be distinct vectors in V. Prove that {u,v,w} is
linearly independent if and only if {u + v, u + w, v+ w} is linearly
independent.
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29. (a) Prove that if Wy and W, are finite-dimensional subspaces of a <5, | 619\7

vector space V, then the subspace Wy + Wy, is finite-dimensional,
and dlm(Wl + Wg) = dlm(Wl) + dlm(Wg) — d1m(W1 N W2) Hint:
Start with a basis {uy,us,...,ux} for Wy N Wy and extend this
set to a basis {uy,us, ..., U, v1, V2, ... 0y} for Wy and to a basis
{ui,ug,. .. ug, wy,we,... wy} for Wa.

(b) Let W; and W5 be finite-dimensional subspaces of a vector space
V, and let V = W; + W5. Deduce that V is the direct sum of W;
and Ws if and only if dim(V) = dim(W;) + dim(Ws2).
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34. (a) Prove that if W; is any subspace of a finite-dimensional vector Sec. I.é &Zé[f
space V, then there exists a subspace W5 of V such that V =

W1 & Ws. dved cum

(b) Let V= R? and W; = {(a1,0): a; € R}. Give examples of two
different subspaces Wy and W} such that V. = W; & Wy and V =
Wi & Wi
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31. Let W be a subspace of a vector space V over a field F. For any v € V Se C 2) d E\
the set {v}+W = {v+w: w € W} is called the coset of W containing

v. It is customary to denote this coset by v + W rather than {v} + W. a Mﬂ'b\ ’t
(a) Prove that v + W is a subspace of V if and only if v € W. o ﬁ)m
(b) Prove that v; + W = vy + W if and only if v; — vy € W.

Addition and scalar multiplication by scalars of F' can be defined in the
collection S = {v + W: v € V} of all cosets of W as follows:

(V1 + W) + (v2 + W) = (v1 +v2) + W
for all v1,v2 € V and
a(v+W) =av+W

forallv e Vand a € F.

(¢) Prove that the preceding operations are well defined; that is, show
that if v; + W = v} + W and vy + W = v5 + W, then

(v1 +W) + (v + W) = (v] + W) + (v3 + W)
and
a(vy + W) = a(v] + W)

for all a € F.
(d) Prove that the set S is a vector space with the operations defined in

(c). This vector space is called the quotient space of V modulo
W and is denoted by V/W.
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