Tutorial 6 MATH4010 Functional Analysis 2022-10-20 Thursday

Remark. Please be kindly reminded that there is no tutorial this week. We include this note only
for the completeness.

Recall

Projection and decomposition in Banach spaces

Let X be a Banach space. A bounded linear operator P: X — X is called a projection if P> = P
(idempotent). For each projection P there is a decomposition X = Im(P) & Ker(P). A closed
subspace M is called complemented if there exists a closed subspace N such that X = M & N.
e { a closed subspace M is complemented } <= { 3 projection P with Im(P) = M }.

e Any subspace of finite dimension is complemented.

e ¢( is not complemented in £°°, nor a dual space of any normed space.

o Let Q: X — X™ @: X* — X*™* be the canonical mappings and Q*: X — X* be the
adjoint operator of @), that is

PR@

Then Q*@ = Ix+, where [x+ denotes the identity map on X*. Hence P := @Q* is a projection
on X***. This implies

X = Im(P) & Ker(P) = QX* @ (QX)" =~ X* ¢ X*.
In particular, we have (£*°)* = (' @& ¢y by letting X = ¢.

e Suppose norms are considered on the direct sum and denote X =Y ¢, Zif X =Y & Z and
lz|l = llyl| + ||z]| for c =y + 2,y €Y,z € Z. Then

(Eoo)* = Doy Cé'

Main content

Proposition 1. Let X,Y be Banach spaces and T': X — Y be a bounded linear operator. Then
Im T is closed in'Y if and only if there exists C < oo such that d(z,KerT) < C||Tx| forxz € X.

Proof. Let m: X — X/ KerT be the natural projection, that is,

X —L 5 ImTcy

[ =7

X/KerT
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Define T: X/KerT — ImT canonically by T(rz) := Tz for 7z € X/KerT and some z € X.
Then T is well defined and injective.

( = ) Since X,Y are Banach spaces and Im T is closed, then X/ KerT and Im T are both
Banach spaces. The Open Mapping Theorem implies that T~! is continuous, thus bounded.
Hence d(x,KerT) = ||rx|| < || T || Tz].

(<) Since |[T~Y(Tz)|| = ||rz|| = d(x,Ker T) < C||T||, then T is continuous. This implies
that Im 7" is complete since X/ Ker T is complete. Hence Im T is closed in Y. O

Proposition 2. Let M be a closed subspace of a normed space X. Then X is complete if and
only if M and X/M are both complete.

Proof. Let t: M — X be the natural inclusion and 7: X — X /M be the natural projection, that
is,
0 >y M —— X —— X/ M —— 0.

( =) The proof of this direction is standard and omitted.

(<= Let (z,) be a Cauchy sequence in X. Then (7z,) is a Cauchy sequence in X /M since
|7x,|| < ||z,||. By the completeness of X /M, there exists mx € X/M for some x € X such that
|m(x — x,)|| = ||7x — 72,|| — 0 as n — co. Hence there exists a sequence (m,,) in M such that

|xn — x —my,|| — 0.

This implies that (m,,) is a Cauchy sequence since (x,,) is Cauchy sequence. By the completeness
of M, there exists m € M such that

|lm — m,|| — 0.
Hence

|lzn — (z+m)|| = |lzn — 2 —mp +my —m| < ||z, — 2 —my|| + ||mn, —m] — 0

. Rl
as n — 0o, which means z,, — x4+ m as n — oo. O

Remark. A property P is called a three-space property if P satisfies a relationship like above.
Recall that reflexitivity and separability are three-space properties.

Corollary 3. Let X,Y be Banach spaces and T, K € B(X,Y). If ImT is closed and ITm K is
finite dimensional, then Im(T + K) is closed.

Proof. Write Z = Im(T' + K) = ImT + Im K. Then Z is a normed space. Since Im7T is
closed in the Banach space Y, we have Im7T is complete, thus closed in Z. It follows from
dim(Z/ImT) < dimIm K < oo that Z/ImT is complete. Applying Proposition 2 to

0 —— ImT —— 7 —"— Z/ImT —— 0

shows that Z = Im(7T 4 K) is complete, thus closed in Y. O



