Tutorial 5 MATH4010 Functional Analysis 2022-10-13 Thursday

Recall

Fundamental theorems

Open Mapping Theorem Let X,Y be Banach spaces and T' € B(X,Y’) be surjective. Then T
is a open mapping.

e If T € B(X,Y) is a bijection, then T! is bounded.

e Denote the image of an operator A by Im(A). Let T, K € B(X,Y). Then
{ Im(T) is closed and dimIm(K) < o0 } = { Im(T + K) is closed }. However, if we
weaken dim Im(K) < oo to Im(K) being closed, then “ =" may not hold.

Closed Graph Theorem Let X,Y be Banach spaces and T': X — Y be a linear operator. Then
{ T is bounded } <= { T has closed graph }.

e A general approach to prove the boundedness of a linear map T: X — Y: Suppose
x, > x € X and T,z =y €Y. If we can check T'z = y, then T is continuous.

Uniform Boundedness Theorem Let X be a Banach space and Y be a normed space. Let (T})er
be a family of bounded linear operators from X to Y. Suppose for all z € X, we have
sup;¢;||Ti(2)]| < oo. Then sup;|| T3 < oc.

o Let (7,)%°, € B(X,Y). Suppose lim,,_,o, T,,(z) exists in Y for all z € X. Then there exists
T € B(X,Y) such that T(z) = lim,,_,o, T(z) for all x € X and ||T| < liminf, |7,

e Weakly convergent sequences in normed spaces are bounded.

To prove the above theorems, it is essential to exploit the completeness of Banach spaces via
Baire Category Theorem.

Dual spaces of subspaces and quotient spaces

Let X,Y be Banach spaces and M be a closed subspace of X. For convenience we first introduce
a symmetric notation. For x € X and z* € X, denote

(x,x") = 2" (x).
Then let T € B(X,Y). The adjoint operator T*: Y* — X* is defined by
(x, T*y"y .= (Tx,y") Vy ' eY" VeeX (1)
with ||7*|| = ||T||. The canonical map Q: X — X** is defined by

(%, Qx) == (z,2") VeeX Va*eX" (2)

In what follows, we will investigate the relationships between dual spaces of subspaces and
quotient spaces. The overall strategy is to use (1) and (2) repeatedly whenever we can, and think
about the Hahn-Banach theorem(s) whenever we meet trouble.
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Proposition 1. { X is reflevive } <= { X* is reflexive }.

Proof. let Q: X — X* and @: X* — X** be the canonical maps, that is

— ) Let 25" € X***. Define xj; € X* by
0 0
(x,x5) == (Qu,z5™) VrelX. (3)

Since X is reflexive, for every £** € X* there is a unique x € X such that

™ = Qux, (4)
thus
(@™, Qap) = (w5, 2™) by (2)
= (25, Q) by (4)
= (2, z() by (2)
= (Qz,25™) by (3)
= (2", 257) by (4)

Hence @a:(ﬁ = x§** since x** is arbitrary in X**. Since the following argument style is more or less
the same, below we avoid indicating the reasons of most steps but only point out the essential
steps.

( < ) Suppose otherwise that QX C X**. Then by Hahn-Banach theorem (closure point
checking), there exists z§** € X*™** such that z{** # 0 and

(Qr,z5™) =0 forall x € X.

On the other hand, there exists zj; € X* such that @xé = ;™ since X* is reflexive. Then for all
reX

<ZL’,$S> = <CL’8, Ql’> = <QZL’, @‘T@ = <Q$7I3**> = 0.

ok ok

Hence z; = 0 since « is arbitrary. This implies 25" = @x(ﬁ = 0, which contradicts 5™ #0. [

Proposition 2. If X is reflexive, then X/M s reflexive.

Proof. By Proposition 1 X* is relexive. By Proposition 3 (X/M)* = M+ C X* is reflexive as a
closed subspace of X*. Hence X/M is reflexive by Proposition 1. m

— THE END OF MAIN CONTENT —
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Appendix

Recall the annihilator
M+ = {r* € X*: 2*(m)=0,Vm & M}.

Proposition 3. Let m*: (X/M)* — X* be the adjoint operator of the natural projection w: X —
X/M. Then 7* is an isometry, in particular,

M+ = 7*(X/M)*.
Proof. We focus on the following diagram.

X —" 5 X/M

X oMt & — (X/IM)*
It follows from (1) that
(x,m*y*) = (mx,y*) Vy € (X/M),VzelX.
Since mm = 0 € X/M for every m € M, we have for y* € (X/M)* and for m € M,
(m, y") = (wm,y") = (0,y") = 0.

Hence 7*(X/M)* C M* since m is arbitrary. On the other hand, for every z € M*, define
Yo € (X/M)" by
(rx,yy) == (x,z5) Vrxe X/M.

Then y;; is well defined since for every y € X with my = 7z, that is x —y € M, and so

(@, 20) = (y, 75) = (x —y,25) = 0

by x4 € M*. Hence
(&, 7"yp) = (m,y5) = (x, 75)
for all x € X, thus z, = 7*y;. Together we have 7*(X/M)* = M*.

The linearity of ©* is obvious. Let y* € (X/M)* such that (z,7*y*) = 0 for all x € X. Since
7 is surjective, for every y € X/M there exists x € X with 7z = y, then (y,y*) = (wz,y*) =
(x,m*y*) = 0. Hence y* = 0 since y is arbitrary in X /M. This implies 7* is injective.

Next we check ||7*y*|| = ||y*| for all y* € (X/M)*. Since ||7*|| = ||7|| < 1 (Hahn-Banach
is hidden here), we have ||7*y*|| < ||y*||. Hence it suffices to check |y*|| < ||[7*y*||. For every
me M,

[z, y")| = [m (e +m),y")| = [(z +m, 77y)| < l7y"[[||lz +m].

Taking infimum with respect to m € M gives |(rz,y*)| < ||[7*y*||||7z||, thus ||y*|| < ||[7*y*||. O
Proposition 4. Let7: X*/M+ — M* be the splitting of t*: X* — M* along the natural projection

7w X* — X*/M*, where * is the adjoint of the natural inclusion t: M — X. Then 7 is an
isometry, in particular,

M* =7(X* /M™Y.
3



Tutorial 5 MATH4010 Functional Analysis 2022-10-13 Thursday

Proof. We focus on the following diagram.

r=*

M* ¢——— X~

Sk
b
Define 7: X*/M+ — M* by
(m,r(rz*)) = (m,z*) V7o' e X*/M*+ ¥Ym e M. (5)
Then 7 is well defined since for every y* € X* with 7y* = w2*, that is 2* — y* € M+, and so
(m, z%) = (m,y") = (m, 2" —y") =0

for all m € M.
The linearity of 7 is obvious. Let 7z* € X*/M~ such that (m,7rx*) = 0 for all m € M. Then

(m,x*) = (m,Tmz*) =0

for all m € M. Hence 2* € M+ and so mz* = 0 € X*/M*. This implies 7 is injective.

Let m* € M*. By Hahn-Banach theorem, there exists 2* € X* such that m* = /*z*. Then for
all m e M,

(m,rmx*) = (m,z*) = (um, 2") = (m, " x*) = (m,m").
This implies rmz* = m* since m is arbitrary. Hence the surjectivity of r is obtained.
Next we show |[Fra*|| = ||7z*| for all 7z* € X*/M=*. Since (5) is equivalent to
(m,rrx*y = (tm, z*) = (m,*z")
for all m € M and z* € X*, we have * = rm. Recall ||t*]| = ||t|| = 1. Then for z* € X and
y* € M-,
[rma|| = lrm(e” + vl = [l (" + vl < fla” + o7

Taking infimum with respect to y* € M+ gives ||[Frz*|| < ||72*||. On the other hand, by Hahn-
Banach theorem, for each 7(7mz*) € M* there exists y* € X* such that *y* = r(wz*) = *z* and

|y*|| = ||Fr2*|]. Then it follows from ty* = tx* that x* —y* € M+, and so mz* = 7y*. Hence

I = {lmy™[| < [ly*[| = [lrma™]].

Proposition 5. (M1)+ = /= M**.

Proof. (D) Let x}* € «**M**, then x}* = (**m}* for some m5* € M**. For every z* € M+ which
means *x* =0 ¢ M*,

(27, ag") = (2", mg") = (a*,mg") = (0,mg") = 0.

Hence z3* € (M*)* since z* € M* is arbitrary.
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(C) Let z3* € (M+)*. By Hahn-Banach theorem for each m* € M* there exists x* € X* with
t*z* = m*. Define m§* € M** by

(m*,mg*) = (¢, x5") for m* € M™ with m* = "2 for some z* € X*.
Then mg* is well defined since for y* € X* with (*y* = m* = *z*, that is 2* — y* € M+, and so
(@, ag") = (" ag") = (2" =y 25") = 0
by xf € (M+)+. Hence for z* € X*,
(@0 = (2t i) = (@ i),
This implies zg* = ™*mg* € ™M™, O

Corollary 6. (X/M)™ = X** [ M**.

Proof. By Proposition 3 and Proposition 4, we have, up to isometric isomorphisms, the following
holds
(X/M)™ = ((X/M)*)" = (M*)" = X*/(M*)*.

It follows from Proposition 5 that (M+)t = /**M** which completes the proof. In other words,
T X — (X/M)* = X* /i M** is the natural projection. O

Theorem 7. The rows of the following commutative diagram are short exact sequences.

sk

0 —— M*»* —— 5 X T (X/M)* — 0

o QJ( qf

T s X/M —— 0

*

(XM —— 0

r=u*

=}
AN

TSk

X*/MJ_

Proof. 1t follows from Corollary 6 that Im ¢** = ker 7**. Hence the middle node of the top row is
exact. On the other hand, the exactness at other nodes is easy to justify. O]

Proposition 8. { X is reflevive } <= { M & X/M are reflexive }

Proof. This follows from Theorem 7 with diagram chasing, especially the short five lemma. [



