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Recall

Independence of n random variables

Forn > 2, let X4, .

CDF) of Xy,..., X, is

F(al,...,(zn) ::P{Xlgal,...,Xngan},

.., X, be n random variables. The joint cumulative distribution function (joint

Yai,...,a, € R.

o Xi,..., X, are joint continuous if there exists f: R™ — [0, 00) such that

for all “measur

e Xy,..., X, are

P{XleAl,..

P{(Xl,...,Xn)EC}:/~--/Cf(x1,...,xn)dxl---dxn

able” sets C' C R".

independent if

which is equivalently characterized by the joint CDF

F<a1a"'7an) = FXl(a’l)“'FXn(an)7

.,XHEAn}:P{XleAl}"'P{XneAn}, \V/Al,...

,A, CR,

Yai,...,a, € R.

Example 1 (Pairwise independence =4 independence). Let X ~ Bern(

Suppose that X, Y are independent. Define Z = {

Then the joint PMF of X,Y, 7 is

Hence

and

1 fX4Y
0 ifX=Y.

%1 (z,y,2) =(0,0,0)
%1 (:E,y,Z) = (0’171)

p(r,y,2) =91 (z,4,2)=(1,0,1)
i (ZE,y,Z) - (17 170)
0 otherwise.

px,y(a,b) = px z(a,b) = pyz(a,b) =

a=1

a=20
otherwise.

1 (a,0)=(0
i (ab)=(0
i (@b)=(1
% (a,b) = (1
0 otherwise.

1
2

) and Y ~ Bern(3).
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Thus X, Y, Z are pairwise independent. However, since

1

1 .
p(oa 07 0) = Z while pX(O)pY(())pZ(O) = §7

we have X,Y, Z are NOT independent.

Example 2. Let X,Y be random variables with joint PDF

8ry ,0<y<z<l
flz,y) = .
0 , otherwise

Are X and Y independent? (Please take a quick answer in mind before computations)

Solution. By formula, if ¢ (0,1), then fx(z) =0 and if z € (0, 1), then

fx(z) = /_OO flx,y)dy = /I Srydy = 4z

0

Similarly, if y ¢ (0,1), then fy(y) =0 and if y € (0,1), then
00 1 1
fr(y) = / [l y)de = / 8xydy = 4y (ﬂﬂy) = dy(1 —y?) = 4y — 4°.
e v

Hence f(z,y) # fx(z)fy(y), thus X and Y are not independent. ]

Convolution formula for sum of independent random variables

Let X,Y be independent random variables. Then

if X, Y joint continuous: fxiy = fx * fy, that isVz € R, fxiy(2) = ffooo fx(z—=v)fy(y)dy.
if X,V discrete: Px+y = px *py, that is Vz € R, pxiv(2) = X, px(2 — y)py(y).

In particular,

z 0<2z<1
e If XY ~U(0,1) independent, then fy,y(z) =<2—2 1<2z<2
0 otherwise.

o If X ~ N(uy,0%), Y ~ N(us,03) independent, then X +Y ~ N(u; + po, 02 + 03). Combining
with the previous result, we have for a,b,c € R, aX + bY + ¢ ~ N(au; + bus + ¢, a*o + b%03).

o If X ~ Poisson(A),Y ~ Poisson()2) independent, then X + Y ~ Poisson(A; + Az).

Example 3. For m,n € Nand 0 < p <1, let X ~ Bin(n,p) and Y ~ Bin(m, p) be independent.
Then X +Y ~ Bin(n + m,p).
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Proof. Let z € {0,...,n+ m}. With convention (Z) = 0 if £ > n and by the independence,

px+v(2) = px * py(2)

> (z ! y>pz‘y(1 —p)" Y (Zj)py(l —p)"

where the third equality is by > 77, (ny) (’;) = ("™"). When z ¢ {0,...,n + m}, we have

px+v(z) =0. Hence X +Y ~ Bin(n+ m,p). O
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