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Review
.

• Joint distribution of two v.v
.

's

• Independence of two v.v. 's .

Let ✗ and Y be two nu . 's . The joint cumulative distribution

function (CDF ) of X and Y is defined as

Fla , b) = p { ✗ ≤a, Y≤ b }
,
a. BE IR .

Def . We say that X and Y are infect if

p{ XEA , YEB } =P { ✗ c-A } p{ Ye B}
for all A

,
B e LR

.

Theoretically ,

one can prove that

X and Y are independent ⇔ Fla , b) = Fxlatylb )
V-a.BE IR .



• Moreover
,
when X

, Y are both discrete ,

X
, Y are independent ⇔ plx, 9) = 1¥ a) Pylos) , it × , y c- IR .

• When X and Y are jointly cts ,

X and Y are independent ⇔ fix , g) = fxcxify (2)
b- ×

, y c- IR .

§ 6.3 Sums of independent v.v. 's .

Question : Let X
,
Y be independent v.v. 's .

How to calculate the distribution of ✗+ Y?

Suppose X , Y are jointly cts and independent . Then

the density of ✗+ Y is given by

f- +y (a)
= fx * fysa ,

:=f; f×( a-y) fyly) dy



Example 1 .

Let X , Y be independent, both Uhif . dist .
on [0,11

.

Calculate the density of ✗+ Y
.

Solution : Let at IR.
.

Then

fxty (a) = fx * fy (a)

= [% f×(a-g) fycsldy
= [± f×(a- y) dy (since fy (g)= {

' if HE:D

◦ otherwise )
Letting E- a-9

gaa
,
f-✗G) dZ

=

If ◦ < a ≤ I
,

s!, f-✗aide = f? 1 de = a .

If Is as 2,

fxcz-idz-fa.FI dt = 2- a.

If a>2 or as 0
,

fa! fxczidt = 0
.



Hence

fx+y (a) = {
a if ◦ < a≤ I

2- a if is a ≤ 2

0 otherwise
.

☒

Example 2 . Let X
, Y be independent normal ru 's

with parameters (0,1 ) and ( 0 , E)
.

Find out the distribution of ✗+ Y .

Solution : Recall that

f×⇔= ¥, e-
¥

,

✗ c- IR

fyos ) = ¥, e-
¥

,
YEIR .



Henle for at IR ,

f×*fy(a) = [?

fxla-ylfycndy-fa-yj-fiir.net#je-E-ay=aFofje-la-gaa-
- E-

ay
.

""""

+÷.=É÷I+÷⇒-( a- g)
2

282

( verify it )
Henie

f*yH=¥•é¥±¥-⇔?¥idy
( letting z= rEYj¥÷i_ )
=¥i¥e-÷*f ! e-⇐ on.



( using the fact [ ! e- ᵗ%dz ⇒ )
=¥ñ±i e-

¥-5
a

Hence XTY is a normal v.v
.

with parameters
(0,02+1) •

Remark : In general , if X , Y are independent,
normal riv

,

's with parameters
( th , ri ) , and ( Ha , oil, then

✗+ Y has a normal distribution

with parameters ( Hitter , sit 024
.


