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Review

• Joint CD F of X and Y :

Fla, b)=P { ✗ ≤ a , Y≤ b) , a
, BELR

.

• X and Y are said to be jointly cts if 7- f : IRL> [◦ is)
such that

p { ( X , Y ) c- C } = f- ix. yldxdy

for each "

measurable " set ce LR? In particular,
Ffa ,b) = [ is [ § fix , yldxdy

.

• when X and Y are jointly cts with density f ,

£¥ajb# = fca . b) if tf is cts at 6. b)
.



§ 6.2 Independent random variables
.

Recall that two events E and F are said to be independent
if p ( En F) = p (E) PCFI .

-

Let X and Y be two nu
.
's

.Def :

we say that
X and Y are independent if

p{ ✗ c- A
, YEB } =P { ✗ c- A } PIYEB }

,

for all A ,
Be KR

.

That is
,

the events { ✗c- A } and

{ YEB } are independent for all A. Be KR
.

REMICK X and Y are independent
⇔

Ffa , b) = f-✗(a) Fy (b)
,
V-a.be II.

The direction
"

⇒
"

is clear
.

The other direction
can be proved by using the three axioms of probability .



• Equivalent def of independence for v.v.
's

.

Lem1_
. Suppose X and Y are discrete

.

Then

✗ and Y are independent
⇔ pay ) = P×k) Pycy) (*)

Pf . Clearly ✗ and Y are independent
⇔ P{ ✗ c- A. YEB } =P { ✗c- A } . P{ Yet} }

.

Letting A- {× }
,

B-- { is } gives

pcx , y) = ↑:*:(× ) Py (y ) .

Now suppose 1*1 holds for all x , y
,

Then forgiven A. Be IR
.

P{ KEA , Ye B) = II pcx.is )
✗TAYEB

= I I 10×44 Py( b)
✗c-A YEB

= (EA xcxi) ( ¥ ,-1461 )
= P{ ✗c- A } P{ YEB }

. ☒



Lens
. If X and Y are jointly continuous .

then X and Y are independent
⇔ fix , y ) = f×Wfy( 91 .

Pf . X and Y are independent
⇔ F- (a. b) = Fx (a) Fy (b) ,

b- a. b EIR

⇒ ¥%%-=ᵈ¥¥•ᵈ¥hˢ
i.e f-( a. b) = fxsa) fy (b) .

* * )
.

Now if **1 holds , then

Fla , b) = [! [! f- ix. g) dxdy
= [Sb [
fx.CH/-y(isIdxdy=(f.nfycyidy) ¢ ! f-✗ and ×)
= Fy (b) - Fxlal

.

Hence X
, Y are independent . ☒



Example 3 : Suppose X and Y have a joint

density

fcx , g) = 24×9
, if ◦ < ✗< 1

,
◦ < 4<1,04+94

.

Determine whether ✗ and Y are independent .

Solution : We first calculate the marginal
densities 5×61

, fyG ) .
Notice that for osa< 1

,

f- (a.g) = { 24 ay , if 0s Yet - a ,
0 otherwise

.

So a) = [
°

feast dy
- is

=

fr
- a

24 ay dy
0

= 24A Y÷ / [
"

= Iza . ( ta) '



Similarly ,

fy( b) = [% f( × , b) dx

= g-
$

◦

24 * bdx

= 12 b ( 1- b)
2

if ◦ < bsl
.

Clearly f- (a. b) ≠ fx.la/fyCbI . Hence

×
, Y are not independent .

☒



A table is ruled with equidistant parallel lines a distance D 
apart. A needle of length L, where L D, is randomly thrown 
on the table. What is the probability that the needle will 
intersect one of the lines (the other possibility being that 
the needle will be completely contained in the strip 
between two lines)?

Example 4 . Buffon 's needle problem .

≤
.

Is

i:¥t
solution :

Let ✗ be the distance from the center of the
needle to the nearest parallel line .

Let 0 be the angle between the vehicle line

and the needle .



§ 6.3 Sums the needle intersects a panel line

Question :
⇔ × ≤ EL Caso

we
may assume that * is unif. dust on [9¥]

0 is uhif dist on [ 0 , ¥]
and ✗ and 0 are independent

Henie f-✗G) = ¥ for ◦ < ✗< ¥

f-
④
(o) = ¥ it ◦ < Oc ¥ .

Now

p{ ✗ ≤ E- coso }
= § fxcxif.o.co) dx do

{ ✗ ≤ { co > 0 }

= 5¥[
""

¥,
dxdo

0

= z¥-* . ☒.



§ 6.3 Sums of independent v.v. 's .

Question : Let X
,
Y be independent v.v. 's .

How to calculate the distribution of ✗+ Y?

1.thecasethatbothxand.Y.ua?p!ontinwws-KetX
,
Y have densities fxcx! f

Since X and Y are assumed to be independent,
X
,
Y have a joint density

f- a. g) = fx G) fyCH .

Now let at IR
,
then

F×+y (a) =P / ✗+ Y ≤ a }
= ff fcxiy ) dxdy
(×
,
g) ER?

x+y≤ a

= ff fxcx) fycyldxdy
(Ky)EIR? Xty ≤ a

= f?
"

fxcxifycsi daddy
= [? fycs.tk?j'fxcxidx)dy



= [I fycsifxla-y) dy
= : Fx # fy (a)
- Convolution

( For G. h : IR→ IR
,

we let

g*h (a) = [% g(a-g) has)dy )

f×+y(a) = dʰaF×+y (a)

= dda [? F×(a- b) fycyldy

= f) (d-dafx.ca-y ) ) fyosidy
= [% f×(a-ylfycsidy
= fx * fy (a) .


