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Review

• Continuous v.v
. × : 7- a non-negative function f on IR

such that

p{ ✗ c- B } = / find × ,
V

"

measurable
"

B
set BEEF b)

,

where
"

measurable
"

sets include all intervals
and countable unions / intersecting of intervals .

In particular, P{a≤✗ ≤ b } = fabfcxidx .

and fcxldx = 1 .

We call f the Pdf of × .

• E- [XI = [% xfcxidx .



Prop : Let × be a cts v.v. with density f.

Let 9 : kR→kR .

Then
is

E- [ 91×11 = fgcxifcxidx .

- is

we prove the above prop only in the case
that G ≥o ,

Lem
.

Let Y be a non- negative cts ru .

Then

E-[YI = § P { Y > y } dy .

Proof of the proposition : By the above tern,
is

E[ 91×11 = % P{ 91×1 > is } dy . dy

write B : = { ✗ ER : gcx) > y }
.

Then

p{ 91×1 > y } = P{ ✗ c- B } = Spg fan dx=f fcxldx .

{x : gcx, >y}
Hence

E- [ 91×11 =[ J fcxidx dy

= fg¢¥"
"" " }

fcxidx) dy{ gal >y }



( where 4-
{ g. *, > y }

: = hail

=

{
± if gas > y

yo otherwise

( Fubini ) °

f?= ↳ ( Aga , >g) fan dY)d×
= [F fan #

{ ga, > , }ᵈY)ᵈ×
= [Staff!"'±dytfg%◦dY)d×
= f! fan 904 ᵈ×

.

Def:( Variance) Let ✗ be acts v.v
. with density f.

✓(X) = E- ( (X-MH
,

where µ=E[ XI
.

• V(×)= 5%- µ)-fcxidx
- is

= [jiifandx - µ!



Pf . VCX)= [% (x2- 2xµ+µ4 fcxidx

= £5 xsfcxidx - 2M [% xfcxidx
+tiff fcxidx

= f) xsfcxidx - 2µ . µ + µ
'

= [jxfcxidx - µ?

§ 5.3 . Uniform distributions ,

Def . Acts ✗ is said to be uniformly distributed
on [ a ,bt if it has a density

fan = { bta it ✗ c- [a ,b ]

0 otherwise

fail a

|.×÷



We call ✗ is a Uhif . r- V on [aibt
,
or say

× has a unif distribution on [a. b ]
.

Example's : Calculate EEXI and VEX )

for a unit v.v.
X on [ a, b1 .

Solution :

EEX] = [? oofcxidx
= fab × 'Fad×
= ¥÷1ab=±%
= Atf .

f.Fx- fcxidx = fab ×
-

¥aᵈ✗



b.3- a
}

= f.☒
= ¥9b-11

Hence

V4) = a4ab¥ _ (atb)
'

4-

= 9¥ .

• Def . ( cumulative distribution function ) .
Let × be acts v.v with density f.
We define

Fx (b) = P { ✗ ≤ b }
= [by fcxidx .



Prop .

If f is cts at b , then

f-✗
"

(b) = f- (b)
.

Pf .
Notice that for UEIR , u -1-0 ,

fb -14fxlb.tn#-xb)=-isfcxidx-uf--sbfxdx
= g- fbtu

b fend ×

since f- is cts at b, so

f-(x ) - fcb ) is close to 0

when × is close to bb
,

hence as u→o
, fbbtufcxidx → fcb!

the .



Example 3
.

Let X be a unif v.v over 10,11 .

Find the density of ×?

Solution : b) =P { ≤ b)

P{-rb≤ ✗≤ v5 }
,
it b > ◦

⇐ {
◦

otherwise

=
/ 1 if b > %

,

\ Fb if.to ≤ 1
,

0 if bso
.



Taking derivative we obtain

if bt-LO.ttg-
*
(b) =[%b otherwise

-

ME


