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Review
.

• Moment generating function of a v.v
. ×

.

Mxlt) = E- [ et
"
]

,
tf LR

.

• If ✗ and Y are independent .

14×+411-1=14×11-1 Myltl
• If Mlxlt ) = My (t ) < is for all t in f- a, a) for some

a> 0
,
then X and Y have the same distribution

.

Chap .

8 Limiting Thms
.

§ 8. I

Q : Let Xi
,
K
,

- -

; Xn,
' -

. be
=

a sequence of independent , identically
distributed ( IID) v.v.

's
.

What can one say about
the limiting behavior of

Xi+""+n×n_ as n→o ?



§ 8.2 . Two basic inequalities .

Prop .
A f. Markov inequality )
Let × be a non-negative v.v. Then for any a > o,

p{ × ≥ a } ≤ EEa .

Pf . Define a new v.v. I such that

I = {
1 if × ≥ a

0 if sa .

Since X ≥o
,
we have

I ≤ ¥
Hence E[II ≤ E- [¥1 = EEXI/a .

But E- [It = 1- P{1=1 } to P{I=o }
= p{ 1=1}

=p { X ≥ a }
.



Hence

p{ × ≥a } ≤ EEXI/a
. 1☒

Prop? ( Chebyshev 's inequality)
Let X be a nu

.

with finite mean µ

and variance
.

Then V E > 0
,

p{ 1km1 ≥ e } ≤ ¥ .

Pf . Let Y= 1km1 ? Applying Markov inequality
to Y

,
we have

p{ 1×-4 ≥sJ=p{ Y ≥ ai}

≤ E[¥ = E[l¥=É
.

l☒.



Exer
.
3
.

Let ✗ be a non-negative v.v. with mean 60

and variance 25
.

lil Estimate P{ × > 75 }
.

Ei) Estimate P { 40 ≤ ✗ ≤ 60} .

Solution
.

I ;) By the Markov inequality,
p{ × > 75} ≤ EE¥-=És= } .

Iii) Notice that µ= 50
'

and 82=25
.

P{ 40 ≤ ✗ ≤ Go } =p { Ix - µ / ≤ to }

= 1- p{ 1×-14>10 } .

By the Chebyshev inequality ,

p{ 1×-14 > in } ≤ %¥= ¥. = 0.25
.

Hence p{ 40 ≤✗ ≤ Go } = 1- p{ 1×-141 > to}

≥ I - 0.25 = 0.75 .



Prop 4 . Let ✗ be a v.v
.

with a finite mean µ .

Suppose var (✗ 1=0 .
Then

p{X=m } = 1
.

is

Proof . P{ ✗ ⇒ µ } =p / ¥ ,
1×-14 ≥& }

(countable sub-addititivy )

≤

Ep{ Ix - v1 ≥ 'ñ }
bit

( Chebyshev )
≤ £ %!=◦k=1

Hence p{X≠µ}=o .

This
proves p{x=µ } = 1- p{ ✗⇒ µ } =L . ☒



-1hm 5
. ( The weak law of large numbers)

Let Xi, X2,
"

; Xn,
" - be an independent and identically distributed

ru's
, having a finite mean .

Then for any { > 0,

p{ / kᵗ";×n_ _ µ / ≥ s } → o as n→•
.

Pf , We prove the
thin under an additional assumption

that Var ( Ki ) = : < w
.

E- [ k+"+nI1 = 4- ¥ ,
E- [ XRI

= µ .

Var (×i"+nI ) = ¥ Var / ✗ it - " + kn )

= ¥ . ¥
,
Karl Xr )

( since Xi,
":X n

= In? = In .

are independent



Applying the Chebyshev inequality to K-n×n,
we obtain

p{ / "¥ _ µ / ≥e} ≤ H×;→)
= n÷
→ o as h→w

.

EH




