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Review
.

• Conditional distribution .

X
,
Y are jointly cts .

① fxlycxls) : = f¥⇒, if fyo.no
②
P{ ✗c- A / Y=y} : = JA f-

☒141×14 dk

• Distribution of functions of rims .

Setup : Xi
,

Xs are joint cts with density
f-
×
,,×z(

✗ " ✗4
.
Let Gi

,
92 : IR

≥

→ IR
.

Let Yi = GHi.kz ) , 42=94×1, XD .

Find out the joint distribution of Yi , Yz



-1hm
. Assumptions : ① xi.kz Can be solved

in terms of Yi, Yz .

③ 91,9, have cts partial derivatives
and

JJK:* := / 3%-9%1÷
. ÷.

= :÷:÷
.

- :÷:÷
.

⇔

Then Yi
,
% have a joint density

£4,4214k) = ×,(
✗
" xD . / Jai ,k)1?

Exert
. X

,

Y have joint density

f-a. g) = { ¥2 , if × > 1
,
y > I

◦ ,
otherwise

.

Let U=XY
,
V=X/Y

.

Find out the joint density

of V and V
.



Solution : Let 9,1×19) = XY and Gzlx,y)=x/y
.

Then
292 y

'
×

sexist / !÷÷ =/ ÷
,

- ¥1
=

-

¥

By the thin,

f-↳ ✓ (usu )
= fcxiy ) . / J(x, b) 1-

'

⇒

{
É•¥=¥y if × > i. is > ,

o otherwise
.

Notice that *Nut
(
run >±⇒v > tu

Y=NIv Nui > 1-⇒ ucu

U
,
V30

.

Also notice that ×
, y > I ⇔ U > 1

,
4- < v< U

.

if u> 1
, 4- < VanHenie fu,v(u,v)=SuÉv ,

I 0
,

otherwise
. ☒



Chap . 7
. Properties of expectations .

§ 7. 1 Introduction
.

Recall that in the discrete case

E [ X1 = I ✗ pan .

✗

In the cts case
,

E- [ Xt = [? xfcxidx
The expectation of ✗ is a weighted average

of the possible values of × .

Mmm



872 Expectation of functions of v.v .

's

and sums of ru's .

Prop 2 . Let g : 1132→ IR
.

a) If both X and Y are discrete with a

joint prob . mass function pcx , 9) , then

E [ 9 (X , Y ) ] = 2- I 96 , g) pay ]
× y

(2) If X , Y are jointly cts with a density

fix , y )
,

then

E- [ 9111,411 = [Fff gcxislfasyldxdy

Pf . Here we only prove under an additional

assumption that G ≥o .

Recall that for a non- negative nu.

Z
,



E- [ 2-1 = [ P { 2- at } dt .

Applying the above formula to G(X, Y)
,

we

obtain

E- [ 9111,411 = [ P{ 91k , Y ) > t } dt
=[( ff find dxdy) dt(x , y) : Gay)>

t.E-inif.IEµ
""

fcxisldt) dxdy
= [I [§ fans) gain dxdy .

Corollary :3 . E [ X-141 = EEXI + E [ 41
.

pf . Assume that X , Y are jointly cts with a density

fcx . 9) .



Then by Prop .

2
,

E- [✗+41 = %+b) fcx , g) dxdy
- b
-b

=- f.) [? xfcxisldxdy
+55
→ →

9£" 9) dxdy

= f.) ( f] xfcxisldy)d✗
+ [I / y.fcx.is/dx)dy

A

= × -5*1×1 dx + [
•
yfycyldy

= EEXI + E- [YI
. a-

By induction , we have the follow iig
n

E- [ X ,
-1 . " -1- Xn ] = E

,

E [kit
.



§ 7.4 Covariance
.

Recall the variance of a v.v. X is given by

Var (X ) = E- [ 4-147
,

where µ
-

- EEXI
.

It describes how far is × froinm its mean .

Def. ( Covariance)

Let X
,
Y be two v.v. 's

.

The covariance of ✗ and Y,
denoted by Cov (X

,
Y)
,

is defined by

Cov (X , 4) =E-LK-EExt.CY-EEHH.IN
particular, Cov (X , X ) = Var(X) .

Lem 4
.

Let X
,
Y be independent, and 8 , h : IR→ IR .

Then
E [ g(xj.h(YA = E[ 91×11 - E- [ h(YH

.

pf . We only prove it in the cts case .

E- [ g(X)h(411 = ? gas host fcx , g) dxdy



= I gcxihcylfxcxifylbldxdy

=§j gcxifxcxidx)fµhWfyWd)
= E. [ 9411 - E-[ HCYH

.

Corollary 5 . If X , Y are independent,
then Cov (X , Y) = 0

.

pf . When X
,
Y are independent, by Lem 4

,

cov(X,Y)=E[& -EEXI ) ( Y- EEYH )
= E- [4- E[x•E[ ( Y- EEYI )f
= 0



Remark : Cov (X , 4)⇒ doesnotm imply
that X

, Y are independent .

Example 6 . Let X
,
Y be two v.v. 's such that

① p{x=o } =p { ✗ = -1} =p { x=i } = I

② Y= {
◦ if ✗ to .

1 if 4--0 .
.

• A shortcut formula
Cov (× , 4) = E- [ XYI - Efx ] EFA

.

• E[XI = § - o -1¥ ' G) +547=0

p{* 4--01=1 ⇒ E- [xy] = ◦ • 1=0



Henie Cov (X , 41--0 .

But K
, Y are not independent .

P {8--0,4--0}=0

But p{ 4=01--5

p{y=o}=p{x≠o }
=p {* 1) + p{x= -1}
= %

Hence P{ 11=0,4--0 } ≠ p{ ✗= . } . p{Y=o}

Therefore , X and Y are not independent .


