MATH2040A Homework 1
Reference Solutions

1 Compulsory Part

1.2.8. In any vector space V', show that (a + b)(z + y) = ax + ay + bz + by for any z,y € V and any a,b € F.

Solution: By the axioms of vector space, we have
(a+d)(z+y)=alx+y)+bx+y)=ar+ay+br+by

which holds fo all x,y € V and a,b € F.

Note

VS8 and VS7 are used here.

1.2.13. Let V denote the set of ordered pairs of real numbers. If (aq,a2) and (b1, bs) are elements of V and ¢ € R, define
(a1,a2) + (b1,b2) = (a1 + b1,a2b2) and  c(a1,a2) = (cay,az)

Is V' a vector space over R with these operations? Justify your answer.

Solution: V is not a vector space as it violates VS8:

1-(1,3)+1-(1,3) =(1,3)+(1,3) = (2,9) # (2,3) =2-(1,3) = (1 +1) - (1, 3)

Note

There are other vector space axioms that (V,+, ) does not satisfy, but you only need to give one such example.

It is not a valid proof if you only show that (0,0) does not work as a zero vector: a vector with base set R? does not necessarily
have the same zero vector as R?. You would also have to argue that (0,0) is the only appropriate choice.

1.2.17. Let V = { (a1,a2) : a1,a2 € F }, where F is a field. Define addition of elements of V' coordinatewise, and for ¢ € F and
(a1,a2) € V, define
cay,az) = (a1,0)

Is V' a vector space over F with these operations? Justify your answer.

Solution: V' is not a vector space as it violates VS5: 1-(1,1) = (1,0) # (1,1)

Note

As F is a field, we have 0 # 1. For other cases (e.g. “0 # 27), the characteristic of the field may need to be considered.

1.2.18. Let V ={ (a1,a2) : ai,az € R }. For (a1,as), (b1,b2) € V and ¢ € R define
(a1,a2) + (b1,b2) = (a1 + 2b1,a2 + 3ba) and c¢(aq,az) = (cay, cas)

Is V' a vector space over R with these operations? Justify your answer.



Solution: V is not a vector space as it violates VS8:

1(1»1)+1(131):(171)+(171):(3a4)7£(272):2(1a1):(1+1)(Ll)

1.2.21. Let V and W be vector spaces over a field F. Let

Z={(v,w):veVandweW}

Prove that Z is a vector space over F with the operations

(v1,w1) + (va,wa) = (v1 + v2, w1 +w2) and (v, wr) = (cvy, cwy)

Solution: We verify all axioms one by one:

(VS1) Let @ = (21,22),y = (y1,92) € V. Then z +y = (z1,22) + (Y1, 42) = (21 + y1, 22 + y2) = (1 + 21,92 + 22) =
(Y1, y2) + (x1,22) =y + 2.

(VS2) Let x = (21,22),y = (Y1,¥2), 2 = (21,22) € V. Then (z +y) + 2 = ((x1,22) + (y1,92)) + (21, 22) = (21 +y1, 22 +
y2) + (21,22) = (1 +y1 + 21,2 + Y2 + 22) = (x1,22) + (Y1 + 21,2 + 22) = (@1, 22) + (Y1, y2) + (21, 22)) =z + (y + 2).

(VS3) Denote 0 = (0,0) € V with 0 € F being the zero element of F. We now show that 0 is a zero vector of V: for all
z=(r1,22) €V, x4+ 0= (x1,22) + (0,0) = (x1 + 0,22 + 0) = (21, 22) = .

(VS4) Let « = (x1,22) € V. Then z1,22 € F. As T is a field, there exist elements —z1, —z2 € F such that z1 + (—x1) =
x2 + (—x2) = 0 with 0 being the zero element of F. Then y = (—xz1,—22) € V and 2 + y = (21, 22) + (—x1, —22) =
($1 + (*.’ﬂl),.’bz + (*%2)) = (0,0) =0.

(VS5) Let x = (x1,22) € V. Then 1 - =1- (x1,22) = (1 - 21,1 x2) = (x1,22) = x.

(VS6) Let a,b € Fand « = (z1,22) € V. Then (ab)-x = (ab)-(x1,x2) = (ab-z1,ab-x2) = a-(bx1,bxs) = a-(b-(x1,22)) =
a-(b-z).

(VS7) Let a € F and = = (z1,22),y = (y1,y2) € V. Thena- (z+y) =a- ((x1,22) + (y1,%2)) = a - (x1 + y1, 22 + y2) =
(a(z1 +y1),a(x2 + y2)) = (ax1 + ay1, axe + ayz) = (axy, ax2) + (ay1,ay2) = a- (x1,22) +a- (y1,y2) =a-x+a-y.

(VS8) Let a,b € F and © = (z1,22) € V. Then (a+b) -z = (a+b) - (z1,22) = ((a+b)z1, (a+b)z2) = (az1 + bx1, ax2 +
bxrs) = (axy, axs) + (bxy,bxe) = a- (x1,22) +b- (x1,22) =a-z+b-x.

As every axiom is satisfied, V is a vector space over F with the operations defined.

1.3.10. Prove that Wy = { (a1, a2,...,a,) € F" : a; +az+ ...+ a, =0} is a subspace of F", but Wy = { (a1, as2,...,a,) € F" :
a1 +as+...+a, =1} is not.

(b)

Solution: We will use Theorem 1.3 from textbook.
(a) As the zero vector of F” is 0 = (0,0,...,0) and 0+ 0+ ... +0 = 0, we have that 0 € W.

Let ¢ = (z1,...,2n),y = (Y1,---,Yn) € Wi. Thenz1 + ...+ =y1+ ... 4y =0. So (1 +y1) + ... + (T + Yn) =
(x14+...+2n)+ (1 +...+ys) =04+0=0, and thus (z1 + y1,...,Zn + yn) € Wi.

Let x = (21,...,2n) € Wy and c € F. Then 21+ ...+ 2, =0. Socx; + ...+ cxy, =c(x1 +...+2,) =c-0=0. This
implies that ¢-x = (cx1,...,cx,) € Wi.

As z,y € Wy and ¢ € F are arbitrary, by Theorem 1.3 W is a subspace of F".

As for the zero vector 0 = (0,...,0), 04 ...+ 0 = 0 # 1, we have that 0 ¢ Wy. By Theorem 1.3, W5 is not a subspace
of F".

Note

Compare W, with Question 1.2.13, where you cannot simply take (0,0) € R? as the zero vector of V. This is because there
is a known vector space structure (the one on F") where W7 inherits its own structure from, but in Question 1.2.13 there is
no such structure (R? is only used as a base set and the structure proposed for V' does not depend on it).

This is also why we say “a subspace of a vector space”.




1.3.11. Is the set W = { f(z) € P(F) : f(x) =0or f(x) has degree n } a subspace of P(F) if n > 17 Justify your answer.

Solution: W is not a subspace of P(F) if n > 1.

By definition, ™ + 1,2" € P(F) are polynomials of degree n and so z" + 1,z,, € W, but 1 = (2™ + 1) — 2" is a polynomial
of degree 0 # n and 1 # 0. By the definition of subspaces (or Theorem 1.3), W is not a subspace of P(F).

1.3.17. Prove that a subset W of a vector space V is a subspace of V if and only if W # ), and, whenever a € F and x,y € W, then
areWandx+yeW.

Solution: Let W C V.
(a) Suppose W is a subspace of V. By Theorem 1.3, 0 € W, This implies that W = (.
Let a € F and z,y € W. By Theorem 1.3, ax € W and x +y € W.

(b) Suppose W # () and ax,z +y € W for all a € F and z,y € W. In view of Theorem 1.3, it remains to show that 0 € W.
As W # (), there exists some z € W. Then by assumption —z = (—1) -z € W, and so 0 = z + (—z) € W.

1.3.19. Let W7 and W5 be subspaces of a vector space V. Prove that W1 U W5 is a subspace of V if and only if W; C W5 or Wy C W7,

Solution:

(a) Suppose W7 U Wy is a subspace of V. It suffices to show that Wi € Wy implies Wo C W;. So we may assume further
that Wy € Ws. This implies that there exists some w;, € Wy \ Wha.

Let w € W5, Then w,w; € W1 UW,. As W1 UW, is a subspace of V, w+w; € W1 UW,, which implies that w+w; € Wy
or w—+ wy € Wa.

If w4+ wy € Wa, then w1 = (w+ wy) — w € Wy as Wa is a subspace of V. This contracts with the assumption, so we
must have w 4+ wy € Wi. Then w = (w 4+ wy) —w; € Wi as Wy is a subspace of V.

As w € Wy is arbitrary, we have Wy C Wy.

(b) Suppose W7 C Wy or Wy C W; hold. By symmetry we may assume that it is the case that W; C Ws. Then
W1 U Wy = W, which is a subspace of V.

1.3.22. Let F; and Fy be fields. A function g € F(Fy,Fq) is called an even function if g(—t) = g(t) for each ¢t € F; and is called an
odd function g(—t) = —g(t) for each ¢t € Fy. Prove that the set of all even functions in F(IFy,F3) and the set of all odd functions
in F(Fy,F2) are subspaces of F(Fy,Fs).

Solution: Let 0(t) € F(F1,F2) be the zero function from F; to F2 such that 0(¢) = 0 for all ¢ € Fy. Then for all ¢ € Fy,
0(—t) =0 =0(t) = —0(¢). This implies that 0(¢) is both even and odd.

(a) Let f,g € F(F1,F3) be even and ¢ € Fo. Then for all t € Fy, f(—t) = f(t) and g(—t) = g(¢t).

So for all t € Fy, (f+9)(=t) = f(=t) +9(—t) = f(t) + 9(t) = (f +9)(t) and (cf)(—t) = cf(=t) = cf(t) = (cf)(t), which
implies that f + ¢g and cf are even functions.

By Theorem 1.3, { f € F(F1,Fq) | f is even } is a subspace of F(IFy,Fs).

(b) Let f,g € F(F1,F2) be odd and ¢ € Fo. Then for all t € Fy, f(—t) = —f(¢) and g(—t) = —g(?).

So for all t € Fy, (f +9)(—t) = f(=t) +9(=t) = =f(t) —g(t) = =(f +9)(t) and (cf)(—t) = cf (=t) = —cf(t) = —(c/)(D),
which implies that f + g and c¢f are odd functions.

By Theorem 1.3, { f € F(F1,F2) | f is odd } is a subspace of F(F1,F5).

Note

See also Question 1.3.28.




2 Optional Part

1.2.1. Label the following statements as true or false.

(a) Every vector space contains a zero vector.

In P(F), only polynomials of the same degree may be added.

If f and g are polynomials of degree n, then f + ¢ is a polynomial of degree n.

Solution:
(a) True (b) False (c) False (d)False
(e) True (f) False (g) False (h) False
(i) True (j) True (k) True
1.2.14. Let V = { (a1,a2,...,a,) : a; € Cfori=1,2,...,n }; so V is a vector space over C. Is V a vector space over the field of

real numbers with the operations of coordinatewise addition and multiplication?

Solution: (V,+,) is a vector space over R. This can be verified by checking every vector space axioms. We shall omit the
detail proof here except pointing out the fact that R is a subfield of C and so all axioms regarding scalar multiplication with
C still hold for R.

1.2.15. Let V = { (a1,a9,...,a,) : a; € Rfori=1,2,...,n }; so V is a vector space over R. Is V a vector space over the field of
complex numbers with the operations of coordinatewise addition and multiplication?

Solution: (V,+,-) is not a vector over C: the scalar multiplication is not closed as¢ € C and (1,...,1) € V buti-(1,...,1) =

(iy...,i) ¢ V.

1.2.20. Let V be the set of sequences {a,} of real numbers. For {a,},{b,} € V and any real number ¢, define
{an} +{bn} ={an + by} and t{a,} = {ta,}

Prove that, with these operations, V is a vector space over R.

Solution: Similar to Question 1.2.21, We verify all axioms one by one:

o (VS1) Let x ={zn},y={yn} €V. Thenz+y={z,} +{vn} ={zn + vn} ={vn + =} = {vn} + {zn} =y + z.

o (VS2) Let ¢ = {xn},y = {yn},z = {za} € V. Then (z +y) + 2 = ({zn} + {yn}) + {20} = {zn +yn} + {20} =
{zn +yn + 20} ={xn} +{un + 2} = {za} + {vn} +{zn}) =2+ (y + 2).

e (VS3) Denote 0 = {0} € V. We now show that 0 is a zero vector of V: for all = {z,} € V, z +0 = {x,} + {0} =
{zn +0} ={a,} ==

o (VS4) Let . = {x,} € V. Then for y = {—ap},y € Vand z +y = {2n} + {—2n} = {20 + (—z,)} = {0} = 0.
o (VS5)Let e ={x,} €V. Thenl-z=1-{z,} ={1-2,} ={z,} = =.
e (VS6) Let a,b € R and z = {x,} € V. Then (ad) -z = (ab) - {zn} = {abzp} =a - {bz,} =a - (b-{z,}) =a- (b-z).




o (VST)Let ae Rand z = {z,},y ={yn} € V. Thena-(z+y) =a- {zn} +{yn}) =a - {xn + yn} = {a(zn + yn)} =
{axn+ayn}: {axn}+{ayn}:a'{xn}+a'{yn}:a'x+a'y'

e (VS8) Let a,b € Rand z = {z,} € V. Then (a+b) -z = (a+b) -{z,} = {(a+b)z,} = {az, + bz, } = {az,} +{bz,} =
a-{xpt+b-{ynt=a-x+b-x.

As every axiom is satisfied, V is a vector space over R with the operations defined.

1.3.1. Label the following statements as true or false.
(a) If V is a vector space and W is a subset of V' that is a vector space, then W is a subspace of V.
(b) The empty set is a subspace of every vector space.

¢) If V is a vector space other than the zero vector space, then V' contains a subspace W such that W £ V.

(

(d
(e
(f
(g) Let W be the xy-plane in R?; that is, W = { (a1,a2,0) : a1,as € R }. Then W = R2,

The intersection of any two subsets of V' is a subspace of V.
An n x n diagonal matrix can never have more than n nonzero entries.

The trace of a square matrix is the product of its diagonal entries.

)
)
)
)
)
)

Solution:
(a) False (b)False (c) True
(d)False (e) True (f) False

(g) False. Note that W is only isomorphic to R?

1.3.8. Determine whether the following sets are subspaces of R? under the operations of addition and scalar multiplication defined
on R3. Justify your answers.

Wy = { (a1,a2,a3) € R® : a; = 3ay and agz—ag}
Wy {(al,ag,ag)eR?’:al:ag—i—Q}

W3 {( ag,a3)€R3:2a1—7a2+a3=O}
W4:{(a az,a3) € R3 : a1—4a2—a3:0}

W {( ,a2,0a 3)6R3:a1+2a2—3a3=1}
W = { (a1,a2,a3) € R* : 5a} —3a3 +6a3 =0 }

Solution:
(a) Since 0 =3-0and 0 = —0, 0 = (0,0,0) € W.

Let (al, as, ag), (bl,bg, bg) € W1 and c € R, Then a]p = 3(12, b1 = 3b2 and a3z = —az, b3 = 71)2 and so (a1+b1) = 3(a2+b2),
(as+bs) = —(a2 +b2) and ca; = 3caq, cas = —cay. This implies that (a1, as, as) + (b1, ba, bs) = (a1 + b1, as + b2, as + bs3)
and c¢(ay,as,a3) = (cay, cag, caz) € Wi.

By Theorem 1.3, W is a subspace of R3.
(b) Wy is not a subspace of R3 as 0 # 2 =0+ 2 and so 0 = (0,0,0) ¢ Wa

(c) Since 2-0—-7-04+0=0,0=(0,0,0) € Ws.

Let (CLl,CLQ, ag), (bl, ba, bg) € W3 and ¢ € R, Then 2a;1—7Tas+ag = 2by—Tby+b3 = 0so 2-(a1+b1)—7-(a2+b2)+(a3+b3) =0
and 2ca; — Tcas + caz = 0. This implies that (ai,as,as3) + (b1,b2,b3) = (a1 + by, as + by, as + b3) and c(ay,as,a3) =
(cay,cas, caz) € Ws.

By Theorem 1.3, W5 is a subspace of R3.

(d) Since 0 —4-0—0=0,0=(0,0,0) € Ws.

Let (al,ag,ag), (bl,bg,bg) S W3 and c € R, Then (1174(127(13 = b174b27b3 =0so 2((11 +b1)—4(a2+b2)—(a3+b3) =0
and cay — 4cas — caz = 0. This implies that (a1, az,as) + (b1,b2,b3) = (a1 + b1, a2 + ba,as + b3) and c(a1,a2,a3) =
(cay,cag,caz) € Wy.

By Theorem 1.3, W, is a subspace of R3.




(e) Ws is not a subspace of R3 as 0+2-0—3-0=0% 1 and so 0 = (0,0,0) ¢ W

(f) W; is not a subspace of R3. Since

we have L L
777a0 ) 07_777 EW
<\/5 V3 ) ( 3v6) "
but 1 1 1 1 1 1
7a730 + 077777 = 7,077 W
( 5 V3 > < V3 V6 5 \/6>¢ ‘
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1.3.23. Let W; and W5 be subspaces of a vector space V.
(a) Prove, that W + W5 is a subspace of V' that contains both W; and Wh.
(b) Prove that any subspace of V' that contains both W; and Ws must also contain Wy + W.

Solution:
(a) Since W7, Wy are subspaces of V', by Theorem 1.3 0 € Wy and 0 € W3,s0 0 =040 € Wy + Ws.

Let xz,y € W7 + W5 and ¢ € F. Then there exists x1,y; € Wi and xo,y2 € W5 such that x = 21 + 22 and y = y1 + ys.
This implies that = +y = (x1 + y1) + (T2 + y2) and cx = (cz1) + (cw2) With z1 + y1,cx; € Wi and @2 + Yo, cys € W,
which implies that  + y, cx € W1 + Ws.

By Theorem 1.3, W7 4+ W5 is a subspace of V.

For all w € Wy, we have w =w+ 0 € Wy + W5 as 0 € Wy, As w € Wy is arbitrary, Wy C Wy + Ws.
For all w € Wy, we have w =0+ w € Wy + W5 as 0 € Wy. As w € Wy is arbitrary, Wy C Wy + Wa.
Therefore W7 + W, is a subspace of V' that contains both W, and Ws.

(b) Let U C V be a subspace of V that contains W; and Wa.

Let x € Wy + W5, Then there exist wy € Wy, wy € Ws such that © = wy + ws. As U contains W7 and Wy, we have
wy,we € U. As U is a subspace, we have that © = w; +wy € U.

As x € W1 4+ Wy is arbitrary, W7 + Wy C U.
As U is arbitrary, every subspace of V' that contains both W7 and W5 also contains Wy + Wh.

1.3.28. Let F be a field. Prove that the set WW; of all skew-symmetric n x n matrices with entries from F is a subspace of My, x (F).
Now assume that T is not of characteristic 2, and let W5 be the subspace of M,,«,(FF) consisting of all symmetric, n x n matrices.
Prove that M, «,(F) = W1 & Ws.

Solution:

(a) Let Opxn € Myxn(F) be the zero matrix. Then 0], = Onxn = —0pnxn, 50 Opxp is a skew-symmetric matrix.
Let A/ B€ W; and c € F. Then AT = ~Aand BT = -B,so (A+B)T = AT+ BT = -A—- B = —(A+ B) and
(cA)T = cAT = —cA = —(cA), which implies that A + B, cA are skew-symmetric matrices.
By Theorem 1.3, W7 is a subspace of M,,x,,(FF).

(b) Let A € Wi N W,. Then A is both skew-symmetric and symmetric, so A = AT = —A. As F is not of characteristic 2,
A = 0% This implies that W3 N Wy C {0,,xx }-
As Wy, Wy are subspaces of My, (F), Opxn € W1 N Wa, {0nxn} C Wi N Wy, This implies that Wi N Wa = {0,xx }-
Let A € Myyn(F). Let Ay = (A — A7), Ay € 3(A+ AT) € Myyyn(F). Then A = (A - AT)T = 2(AT — A) = — A4,
A; = %(A + AT = %(AT + A) = A,. This implies that Ay € W, and As € Ws. By definition we have that
A= A1 + A2 S W1 + W2. As A € Mnxn(F) is arbitrary, Mnxn(F) Q W1 + WQ.




As Wi, Wy C My xn(F), W1 + Wo C M« (F). This implies that M, «,(F) = Wy + Wa.
By definition, M,,«,(F) = W; & Ws.

1.3.30. Let W7 and W5 be subspaces of a vector space V. Prove that V is the direct sum of W3 and W5 if and only if each vector in
V can be uniquely written as x1 4+ 2, where 1 € W1 and x4 € W

Solution:

(a) Suppose V. =W; & Wy. Then V = W; + Wy and W7 N W, = {0}. Hence for all x € V there exist z; € W; and 2o € Wy
such that x = x1 4+ xs.

Let x € V be such that there exists x1,y; € Wy and xo,ys € W5 such that x = z14+2z5 = y1 +y2. Then x1 —y; = x5 —yo.
As zq,y1 € Wy and x4, y2 € Wa, we have that 1 —y; € Wy and 29 — ya € Wa. So x1 —y1 = 20 — yo € Wi N Wy = {0}.
This implies that 1 — y; = 22 —y2 = 0 and so x1 = y1, 2 = y2. Hence the decomposition for an arbitrary x is unique.

Thus, each vector in V' can be uniquely written as 1 + xo where x; € Wi and x5 € Wh.
(b) Suppose each vector z in V' can be uniquely written as = 1 + x2 where 1 € W and z9 € Ws. By definition, this
means that V = W; + Wh.

Let x € Wi N Wy C V. Since Wy, Wy are subspaces, —x € W1 N W5, So 0 =0+ 0 =z + (—z) with 0,2 € W; and
0, —x € W5. By assumption, this implies that x = 0 = —x and so W; N W, = {0}.

By definition, we have that V = W7 & Ws.

1.3.31. Let W be a subspace of V.
(a) Prove that v + W is a subspace of V if and only if v € W
(b) Prove that v + W = vy + W if and only if v; —vy € W

(¢) Prove that the addition and scalar multiplication defined as

(v +W)+ (va+ W)= (v1 +v2) + W
alv+W)=av+W

for v1,vs,v € V and a € F are well-defined.

(d) Prove that the set S={v+W : v eV } of all cosets of W is a vector space with the operations defined.

Solution:
(a) Let v e V.
i. Suppose v + W is a subspace of V. Then 0 € v + W. So there exists w € W such that 0 = v + w, w = —v, and
hence v = —w € W as W is a subspace.

ii. Suppose v € W.
Let we W. Thenw —v € W and sow =v+ (w—v) € v+ W. As W is arbitrary, W C v + W.

Let © € v+ W. Then there exists w € W such that x = v+ w. As v,w € W and W is a subspace, z =v+w € W.
As x is arbitrary, v+ W C W.
So v+ W = W, which is a subspace.

So v+ W is a subspace of V' if and only if v € W.

(b) Let v1,vp € V.

i. Suppose v1 + W = vy + W. Then v1 = vy +0 € v1 + W = vy + W, so there exists w € W such that v; = vy + w.
This implies that v; — v, = w € W.

ii. Suppose v; — vy € W.
Let € v1 + W. Then there exists w € W such that x = v1 + w = vo + (w — (v1 — v2)). As w,v; —ve € W, we have
that w — (v; —ve) € W and so & = ve +w — (v1 — v2) € vo + W. As x is arbitrary, vy + W C vy + W.
Let x € va+ W. Then there exists w € W such that x = vo + w = v1 + (w+ (v1 —v2)). As w,v1 —ve € W, we have
that w4 (v —v2) € W and so z = v1 + w + (v1 — v2) € v1 + W. As z is arbitrary, vo + W C vy + W.

Hence vi + W = vy + W.
So vy + W =wvy + W if and only if v1 — vy € W.




(¢) 1. Let vy, ve,v],v, € V such that v1+W = v] +W and vo+W = v, +W. By part (b) we have that v; —v],va—v5 € W,
so (v1 +v2) — (V] +v4) = (v1 — v}) + (v2 — vh) € W. By part (b), (v1 +v2) + W = (v] +v5) + W.

ii. Let a € F. Let v,0v" € V be such that v+ W = v+ W. Then by part (b), v—v" € W, so (av) — (av’) = a(v—2") € W.
By part (b), (av) + W = (av’) + W.

Hence the operations are independent of the choice of representation, and so they are well-defined.

(d) We verify all axioms one by one:
i. Let e +W,y+W eS. Then (z+ W)+ (y+W)=@@+y)+W=wy+z)+W=>u+W)+(x+W)

ii. Let e+ W,y+W,z+W € 5. Then (x+W)+y+W))+(E=+W)=((z+y)+W)++W)=(z+y+2)+ W =
(z4+W)+ ((y+2)+W)=(@+ W)+ (y+ W) + (2 + W))

iii. Let 0=W =0+We€S. Thenforallz+W €S, (z+W)+0=(z4+W)+O0+W)=(z+0)+W=z+W

iv. Let 4+ W € S. Then with (—z) + W € S we have (z + W) + ((—z) + W) = (z + (—2z)) + W =04+W =0

v. Let x+We€S. Thenl-(z+W)=1-2)+W=z+W

vi. Let a,b € Fand 2 + W € S. Then (ab) - (z+ W) = (abx) + W =a - ((bx) + W) =a- (b (z +W))

vii. Let a e Fand z + W,y + W € S. Thena-(z+W)+y+W)) =a-(z+y)+W)=(a-(z+y)+W =
(ax+ay) +W=(ax+W)+ (ay+W)=a-(z+W)+a - (y+ W)

viii. Let a,b € Fand z+W € S. Then (a+b)-(x+W) = ((a+b)-2)+ W = (ax+bx)+ W = ((azx) + W)+ ((bx) + W)
a-(x+W)+b-(x+W)

As every axiom is satisfied, S is a vector space over F with the operations defined.

Note

S = V/W is the quotient space.

The construction of quotient space is important for understanding the abstract properties of vector spaces, and similar
theorems (e.g. the first isomorphism theorem) for other algebraic structures (e.g. group) regarding quotient objects also hold
for quotient spaces. Unfortunately, quotient space does not seem to be in the course syllabus.




