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Suggested Solutions for Quiz 2

1. (25 marks) Define f(x) = xe”5, with domain Dy = [1, 00).

(a) Find all the local maximum and local minimum (if exist) of f(x).

Show steps.
(b) Find all the point(s) of inflection (if exist) of f(x). Show steps.
(c¢) Find the global maximum and minimum values (if exist) of f(x).
Explain briefly.

Solution

(a) First we calculate the first derivative of f.

Thus f' < 0 on (1,5), and f* > 0 on (5,00). This means f is
initially increasing on (1,5), then decreasing on (5, c0).

Hence © = 5 is the only local maximum (with maximum value
f(5) = 2), and = 1 (edge point) is the only local minimum

(with minimum value f(1) = e 5).
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Set f"(x) =0, we get x = 10(since e~

z | [1,10) | 10| [10, co)

f'(x)| -ve | 0| +ve

So the only point of inflection is attained at x = 10.

The point of inflection is (10, 13).

From (a), we know that f attains its global maximum at x = 5

implies Global maximum value of f(z) = 2.

Consider f(1) = % > 0, and [ is strictly decreasing on (5,00),

we just need to check the following limit for comparison:
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un o) = 10 o =0
but — #0 Vrell,00).
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Hence, f has no global minimum.



2. (25 marks) Evaluate each of the following limits by using L’Hopital’s

Rule. NO marks will be given if you use other methods or approaches.

Show all steps clearly.
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Solution
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(¢) The form is co— oo, however, if the difference is written as a single

fraction, then

r—=0\ert —1 «x

) 1 1 o xrx—et+1
hm< ——) = lim ———.

This gives us the indeterminate form 8. Thus, L’Hopital’s rule
applies
< 1 1) r—e'+1
lim — — ] = lim
r—0\et—1 «x =0 et —x
) 1 —e*
= lim
=0 xe? + et — 1
] —e? B 1
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lim z - (In 2)* = lim
x—07F x—07F
. )5
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x—0F _P

= lim —2zlnxz

z—0t
- 2Inz 00
= lim : —
xz—0t = o0
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= lim L

x—0F —%

= lim 2z = 0.
z—07t

1
(e) Since lim (¢’ — 21) = oo and lim — = 0, the limit takes the
T—00 T—00

indeterminate form ooV,

Let f(z) = (e’ — 2x)7, then

In(e* — 2z)

X

In f(z) =




which assumes the indeterminate form 22 and L’Hopital’s rule

applies,
lim In f(z) = lim n(e z) = lim S <§>
300 5300 x z—00 3% — 2 00
9e3® 273"

= lim ———— = lim =
T—00 36355 -9 T—00 963I

By continuity of exponential function,

lim f(x) = e M) _ 8
T—00



3. (20 marks)

(a) Let y = e” cos(sinx), find y(0), ¥/ (0) and y"(0) respectively.

(b) Find the n-th derivative of y = 2%a®, where a > 1 is a constant.

Solution
(a) Differentiation gives
y = €” cos(sinx),
y' = e” cos(sinx) — €”sin(sinx) cosx

=y — ytan(sinz) cosz

=y (1 — tan(sinz) cosx)

and
y" =1/ (1 — tan(sinx) cosx)
— y (sec’(sinz) cos’z — tan(sinz)sinz) .
Hence,
y(0) =1, ¥'(0) =1, y"(0) = 0
(b) Since a’ =a"(Ina)" for r=0,1,2, -, n, therefore,
x?"
d"y
dz"

= 2%a”(Ina)" + C2x)a*(Ina)"* + C3(2)a"(Ina)™ >

=a’(Ina)"* (z*(lna)® + 2nz(lna) + n(n — 1))



4. (20 marks)

(a) Find the 5th order Taylor polynomial for f(z) = arctanx about
x = 0. Show all steps.

(b) Using (a), find, with steps, the first 3 non-zero terms of the Taylor
1117222

- 2 + 222

polynomial (in ascending order) for g(x) about x = 0.

(Note: NO marks will be given if you simply write down the final

answer for (a), and if you do not use the result of (a) when attempting
(b).)
Solution

(a) The 5th order Taylor polynomial for f(z) = arctanz about = = 0

is as follows:

f(z) = arctanz = £(0) + f/(0)(x — 0) + L "2(!0) (z — 0)?

" (4)
—I—f3('0)(11;‘—0)3+f44'(0)(33—0)4
()
+f5!(0)(:v—0)5
i f(0)=0
N | 0) — L
ll-f($)—1+$2:f()—m

i, f’(z) = -1142%) 2% 20 = —22(14+2%)% = f"(0) =0

iv. f(z) = —2(1+2?) ?+42(1 +2°)° 20 = f"(0) = -2



fH2)=41+2%) 3 2044042272222 — 24221 + 2H) ™ - 22
=8z (1+ 233 +162- (1 +2%)° —482% - (14 2%)~*

= 2Uz(1+2)? — 4831 + )™ = fH0)=0
V1.
fOr) =240+ 23 =122 1+ 2% (22) — 1442% - (1 4 22

+1922°(1 4 2%)7° - (22)

— fO0) =24

Therefore, the 5th order Taylor polynomial for f(x) = arctan x

about x = 0 is

2, U,
—x—gx -l—aa:
1 1
:x—§x3+5x5
(b) By using (a), we have
Ls, 15 7
f(:c)zarctansc:sc—gx +z@ +0(z),
Consider
/ 1 2 4 6
f(x) = =1—-z’+2"+0(2°)

1+22



Note that
() 1117222
r)=——">=
g 2 + 212
1117 001
- 2 1+ 22
1117222
== — (1= +2'+0 (")
1117222 1117224 11172%
= 2x — 23: - 23: -I—O(a:28)

Thus, the first 3 non-zero terms of the Taylor polynomial for g (x)

1117222 1117224 1117226
5 > —— 3 and — -

are
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5. (10 marks) Show that

2(b—a)
1+ 462

2(b—a)

m fOI'OSCL<b.

< arctan(2b) — arctan(2a) <

State the theorem(s) that you have used.
Solution

Let f(x) = arctan(2x), which is differentiable for x > 0. By the mean

value theorem, there exists ¢ € (a,b) such that

arctan(2b) — arctan(2a) :

b—a =),
that is,
arctan(2b) — arctan(2a) 2
b—a 14
For a < c < b,
2 - 2 - 2
1+40  1+4¢  1+4a?
thus
2(b — 2(b —
1(_’_4;2 < arctan(2b) — arctan(2a) < 1(_|_ 4;2),

for 0 <a <b.



