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AN ITERATIVE METHOD WITH VARIABLE RELAXATION
PARAMETERS FOR SADDLE-POINT PROBLEMS*

QIYA HUT AND JUN ZOU?

Abstract. In this paper, we propose an inexact Uzawa method with variable relaxation parame-
ters for iteratively solving linear saddle-point problems. The method involves two variable relaxation
parameters, which can be updated easily in each iteration, similar to the evaluation of the two it-
eration parameters in the conjugate gradient method. This new algorithm has an advantage over
most existing Uzawa-type algorithms: it is always convergent without any a priori estimates on the
spectrum of the preconditioned Schur complement matrix, which may not be easy to achieve in ap-
plications. The rate of the convergence of the inexact Uzawa method is analyzed. Numerical results
of the algorithm applied for the Stokes problem and a purely linear system of algebraic equations
are presented.
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1. Introduction. The major interest of this paper is to solve the indefinite
system of equations

(1.1) (§§>(§>:<§>

where A is a symmetric and positive definite n X n matrix, and B is an n X m matrix
with m < n. We assume that the global coefficient matrix

A B
=5 o)

is nonsingular, which is equivalent to the positive definiteness of the Schur complement
matrix

(1.2) C=B'A"'B.

Linear systems such as (1.1) are called saddle-point problems, which may arise from
finite element discretizations of Stokes equations and Maxwell equations [6], [8], [12];
mixed finite element formulations for second order elliptic problems [2], [6]; or from
Lagrange multiplier formulations for optimization problems [1], [13], for parameter
identification, and domain decomposition problems [9], [14], [15].
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In recent years, there has been a rapidly growing interest in preconditioned iter-
ative methods for solving the indefinite system of equations like (1.1); see [3], [4], [5],
[7], [11], [14], [16], [17], and [18]. In particular, the inexact Uzawa-type algorithms
have attracted wide attention; see [3], [4], [7], [11], [17], and the references therein.
The main merit of these Uzawa-type algorithms is that they preserve the minimal
memory requirement and do not need actions of the inverse matrix A~!.

Let A and C be two positive definite matrices, which are assumed to be the
preconditioners of the matrices A and C, respectively. Also let R! be the usual I-
dimensional Euclidean space. For any [ x I positive definite matrix G, we use ||z||g
to denote the G-induced norm, i.e., ||z||g = (Gz, z)'/? for all € R'. However, we
write ||z| (the Euclidean norm) when G is the identity. Then the standard inexact
Uzawa algorithm can be described as follows (cf. [4] and [11]).

ALGORITHM 1.1 (inexact Uzawa). Given zy € R™ and yo € R™, the sequence
{zi,y;} C R™ x R™ is defined for i = 1,2,... by

(1.3) Ti1 =z + A7 f — (Az; + By;)]
and
(1.4) Yir1 =y + O (Blzipr — g).

There are several earlier versions of the above algorithm; see, e.g., [3] and [17]. The
existing convergence results indicate that these algorithms are convergent by assuming
some good knowledge of the spectrum of the preconditioned matrices A~*A4 and C~*C
or under some proper scalings of the preconditioners A and C. This “preprocessing”
may not be easy to achieve in some applications.

To avoid the proper estimate of the generalized eigenvalues of C with respect
to BPA™'B , the Uzawa-type algorithm proposed in [3] introduced a preconditioned
conjugate gradient (PCG) algorithm as an inner iteration of (1.4) and proved that
when the number of the PCG iteration is suitably large this Uzawa-type algorithm
converges. However, it requires subtle skill in implementations to determine when to
terminate this inner iteration.

The preconditioned minimal residual method is always convergent, but its con-
vergence depends on the ratio of the smallest eigenvalue of A='A over the smallest
cigenvalue of C~*(B*A~'B) (cf. [18]). Hence one should have some good knowledge
of the smallest eigenvalues of these preconditioned matrices in order to achieve a
practical convergence rate. Without a good scaling based on some a priori estimate
of these smallest eigenvalues, the condition number of the (global) preconditioned
system still may be very large even if the condition numbers of the matrices A~1A
and C~1(B*A~1B) are small (cf. [18]). In this case, the convergence of this iterative
method may be slow (see section 4).

In this paper we propose a new variant of the inexact Uzawa algorithm to relax
some aforementioned drawbacks by introducing two variable relaxation parameters in
the algorithm (1.3)—(1.4). That is, we define the sequence {x;,y;} for i =1,2,... by

(1.5) Tit1 =i +w AT [f — (Az; + By;)]
and
(1.6) Yir1 = yi + iC  (Blwi 1 — g).

The parameters w; and 7; above can be computed effectively, similar to the evaluation
of the two iteration parameters in the conjugate gradient method. It will be shown
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that our algorithm always converges provided the preconditioner A for Ais properly
scaled so that the eigenvalues of A=A are bounded by one. It is very interesting to
know whether this is a technical or necessary assumption, a question to which we still
do not have a definite answer. But the numerical experiments of section 4 seem to
imply that the proposed algorithm converges even when this assumption is violated.
Furthermore, it is important to remark that the convergence of the new algorithm is
independent of the constant scalings of the preconditioners A and C while the con-
vergences of the preconditioned minimum residual (MINRES) method and Algorithm
1.1 are strongly affected by such constant scalings; see section 4 for some numerical
verifications. Also the new algorithm is always convergent for general precondition-
ers C, while the convergences of most existing Uzawa-type algorithms are guaranteed
only under certain conditions on the extreme eigenvalues of the preconditioned matrix
C=1C or C~'H (cf. [3] and [4]).

The rest of the paper is arranged as follows. In section 2, we describe the algorithm
and its convergence results, which indicate that the algorithm converges with an
optimal rate (independent of mesh sizes) if the preconditioned matrices A=1A and
C~1C or C~Y(B'A~'B) are well-conditioned. The analysis of convergence rates will
be given in section 3. In section 4, we apply the proposed algorithm for solving the
Stokes problem and a linear system of purely algebraic equations.

2. Algorithm and main results. We start with some illustrations about how
to choose the relaxation parameters w; and 7; in (1.5)—(1.6). We first claim that it
is impractical to determine these two parameters by the standard steepest descent
method. To see this, let {z,y} be the true solution of the saddle-point problem (1.1)
and set

er

—_ Yy _
i =& — Tyq, € =Y —UYi

fi=f—(Azi + By;), gi=B'zi1—g.

Consider two arbitrary symmetric and positive definite n X n and m X m matrices Ay
and Cjy. Suppose we choose the parameters w; and 7; such that the errors

lefralz, = leflla, — 2wi(ef, A7 fi)a, + WP IIAT fill%,
and

le? 1118, = llefliZ, —27i(e!, €™ gi)c, + TIC T gill2,
are minimized; then we have

Age?, A1 f; v O-lg
i = B A gy g2 Qo Cg) gy
A= fill %, 1C~1gillZ,

This requires the evaluations of Age? = Agz — Agz; and Coe! = Coy — Coy;. Clearly
such evaluations are usually very expensive no matter how we choose Ag and Cy, since
the action of A~! is always involved. This verifies our claim.

Now, we are going to find a more efficient way to compute the parameters w; and
7;. Note that the exact version of the inner iteration (1.3) is

T =xi+ A7
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Comparing this with the inexact iteration (1.5), we see that w; may be chosen such
that the norm

JA7 i — wi ATV

is minimized. A direct computation yields that

(Fi, A" i) )
(2.1) wi={ A fi70
L, fl = 0.

With this parameter w;, the outer iteration (1.4) is changed to
Yis1 =y + C (b — w; B'A™ By;)
with
b; = Blx; + wiBt/l*l(f — Azx;) — g,

which is independent of y;. When replacing C by w;BtA-1B , we get the exact version
of this outer iteration:

Yis1 =i + (w;B'A'B) g,

Comparing this with the inexact form (1.6), we see that the parameter 7; may be
chosen such that the norm

|(w;BtA™'B)~1g; — TiCA'_lgz'H?wiBtAle)

is minimized. A direct calculation gives

~1__(C7'gi. 1) -1 _(C"'gi, g1)
W, T . 0: W, g It . 0:
= e, L, ST Y e 97D

(2.2)

Unfortunately, such a relaxation parameter 7; chosen as in (2.2) may cause the corre-
sponding algorithm (1.5)—(1.6) to diverge, especially when w; is very small. This has
been confirmed by our numerical experiments. Also we will see from the subsequent
analysis that the factor w; Lin (2.2) needs to be corrected appropriately to guarantee
the convergence.

With the above preparations, we are now ready to formulate a new inexact Uzawa
algorithm.

ALGORITHM 2.1 (Uzawa algorithm with variable relaxation parameters). Given
the initial guesses o € R™ and yo € R™, compute the sequences {z;,y;} for i =
1,2,... as follows.

Step 1. Compute f; = f — (Az; + By;), r; = A1 f;, and

fi, s
w; = ((Ar,;,ri))’ f’L 7& 07
1, fi =0.

(23) Tig1 = &3 tw;r;.



AN ITERATIVE METHOD FOR SADDLE-POINT PROBLEMS 321

Step 2. Compute g; = Blw; 11 — g, d; = C71g;, and

(gi, di) .
T = { (A—1Bd;, Bd;)> i # 0,

1, g;=0.
Set
(2.4) Yit1 = Yi +0iTi d;
with
(2.5) g, = Lo VI—wi

2

Remark 2.1. Intuitively, it is not easy to see why one needs to introduce the addi-
tional parameter 6; in (2.4), but its presence is essential to guarantee the convergence
of Algorithm 2.1. This will become transparent from our subsequent convergence
proof. Also, the choices of 6; in (2.4) are not unique. In fact, 6; can be chosen to be
any real numbers such that

1-— l—wi

6, <
0<6; < 5

We refer to the remarks at the end of section 3 for more details.
Remark 2.2. Tt is clear that when both f; and g; vanish, the vectors x; and y;
are the exact solution of the system (1.1). In this case Algorithm 2.1 terminates.
Now we are ready to state our main results. Let H = B'A-'B and

N -1
k1 =cond(A™'A), a= 2 1
kg = cond(C1H), (= oz — 1
2T ’ N Ko+ 1 '
We shall frequently use a new norm ||| - ||| given by

1
Ilolll = (lvdl® + llv2ll&)* . v = {v1, 02} € R* x R™.

Without loss of generality, from now on we will always assume that a > 0, and
the preconditioner A for A is properly scaled so that

(2.6) (Av,v) < (Av,v) for all v € R™.

The numerical experiments of section 4 indicate that Algorithm 2.1 still converges
when the condition (2.6) is violated. But our convergence proof will make use of this
assumption, and it is still an open question whether the convergence of Algorithm 2.1
is guaranteed without this assumption.

The following two theorems summarize the main results of the paper, and their
proofs will be given in section 3.

THEOREM 2.1. With the assumption (2.6), there is a positive number p < 1 such
that

HEealll < pll|E:l]
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with E; = {\/aAféfi, e/}. Also the positive number p can be estimated by

le(y, )| + Vely, a)® + 4o
2

(2.7) p<po=
with

_(1=8)( = va—T)
7 200V Ao

Here \g is any positive number such that

<l-a, cv,a)=1=7—a(l+7).

(2.8) (Av,v) < Ao(Av,v)  for allv € R™.

Moreover, we have
1-1% v <
2 = Tta°
(29) p0<{1—§(1—a)2, e <y<l—-a.
THEOREM 2.2. With the assumption (2.6), Algorithm 2.1 converges, and we have
leflla < (VI+da+p)p H[|Eolll, i=1,2,...,

and

le?llc < p'll|Eolll, i=1,2,....

Remark 2.3. There always exists a Ag such that (2.8) holds. It follows from (2.6)
that )\0 Z 1.

Remark 2.4. Theorem 2.2 indicates that Algorithm 2.1 is always convergent for
general preconditioners C'. This seems to be a big advantage over most existing inexact
Uzawa-type algorithms for saddle-point problems, whose convergences are guaranteed
only under certain conditions on the extreme eigenvalues of the preconditioned matrix
C~1C or C~'H; see, for example, [3] and [4].

3. Analysis of the convergence rate. This section will focus on the proofs
of our main results stated in Theorems 2.1 and 2.2. Unless otherwise specified, the
notation below will be the same as that defined in section 2. In our subsequent proofs
we will often use the following well-known inequality:

(’U,’U) (v,v) > 4)‘1)\2

for all !
(Gu,0) (G Tu,0) = O+ ag)p  orallve i,

(3.1)

where A1 and \; are the smallest and largest eigenvalues of the [ x [ symmetric positive
definite matrix G. First we will show some auxiliary lemmas.
For f; # 0, let «; denote the following ratio:

(I —w; A2 A~TAZ) A2 f|
A= fi]

Q; =
LEMMA 3.1. With the assumption (2.6), the above ratio c; and the parameter w;
given in Algorithm 2.1 can be bounded above and below as follows:

)\algwigl—a2 0<qo; <a.

79



AN ITERATIVE METHOD FOR SADDLE-POINT PROBLEMS 323

Proof. By the definition of the parameter w;, we have

|7~ wid2 AT AR A2 )P = | A7 fi — wi A7 il
= HAilfz”A Wz(fza lfz)

— s (fi A1) —1 2
(3'2) - (1 l(f“ 1f1)> ||A leA'

Using the CauchySchwarz inequality and assumption (2.6), we obtain
(A7 i i) = (AATV L), AT ) < ATl 4 AT 1f1||A
<A lAllAT2 fill = (A7 fi, £2)2 (AV i, )2
Thus
(A~ i 1) < (A7 i o),

and this with (3.2) leads to a? <1 —w; or w; < 1 — a?. The desired lower bound of
w; is a direct consequence of (2.8) and the definition of w;.
We next show that 0 < o; < .. It follows from (3.1) that

(fw ) (fu “f)?
AT T (AL, A (fe AR
_ (A2 fi, A=3 f)?
(A3AA-3(A-3f), A~ 3f) (A3 A-1A3(A-% 1), A3 f)
YT
T (A1 )2

where A1 and A\ are the minimal and maximal eigenvalues of the matrix A_%A/l_%,
respectively. This with (3.2) implies that

4\ A
2 Mde o
@i = ()\1—|—>\2)2 @

The following lemma introduces an auxiliary matrix ) g; which plays an important
role in the subsequent spectral estimates of the propagation matrix associated with
Algorithm 2.1.

LEMMA 3.2. With the assumption (2.6), for any natural number i, there is a
symmetric and positive definite m X m matric Qp; such that

(i) Qpigi = 0,7:CLg; with g; = B'z; 1 — g as defined in Algorithm 2.1;

(ii) all eigenvalues of the matriz Q51 C' lie in the interval [91(1\0—6) ,0:(1+ )]

Proof. If g; = 0, Qp; = [0;(1 + 8)]71C is the desired matrix. We next consider
the case with g; # 0. Using H = BtA*IB, we can write

IBC gill% -0 = 1€ gill 7

then by the definition of the parameter 7; we have

. - _ A 9::C"'gi)
G s~ H il = 1 gillys = 7l C ' gn) = (%M) 1 gl
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It follows from (3.1) that

- (9:,C""g1) _ (C 2y
(9, H 'gi)  (C-2HC-3(C~3g;),C3
AN, N,
T ALY

where A} and A, are the minimal and maximal eigenvalues of the matrix C~2 HC "2,
respectively. Hence we obtain

A—1 —1 4‘)\/1)\/2 : —1 —1
|mC™ gi —H "gillm < q1— E 1H ™ gillw = BIIH™ gill -

(A1 + 25

This implies the existence of a symmetric positive definite m x m matrix Gp; such
that

Gé%gi = Tié_lgi
and
(3.3) I — H:GZ H?|| < 8.

See Lemma 9 in [3], for example, for the existence of such a matrix Gp;.
Now set Qg% = 0,GR;; then

Qpigi = 0:7:Cg;,
and we know from (3.3) that all eigenvalues of the matrix H 2 Qg%H 2 lie in the interval
[0:(1 = 3),0:(1+ B)].

To prove result (ii), let ¢ be an eigenvector of the matrix QEC corresponding to
the eigenvalue A\. Then we can write

(Cé,0) = NQpio, 9),
or equivalently,
(A2A7'A2(A72Bg), (A" Bg)) = \(Qpid, 9)-
Using inequalities (2.6) and (2.8), we immediately derive
A '(A"2 B¢, A2 Bg) < \(Qpit, ¢) < (A"2 B, A2 Bg).
This can be written as
Ao (He, 6) < NQpig, ¢) < (He, §).

Note that Qg}H has the same eigenvalues as the matrix H%QE;H%; thus by (3.3)
we have

which yields the desired eigenvalue bound. ]
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The two functions F(z) and ¢(z) to be introduced below and their properties are
very helpful in achieving some sharper estimates in the subsequent convergence rate
analysis. F(z) is defined for two given positive numbers «,y € (0, 1) as follows:

F(z)= %(az—i—b—i— \/(az+b)2—4z), z €10,1),

where a = (1+7)%2+72/a and b = ay?+ (1 —~)?, and it has the following properties.
LEMMA 3.3. The function F(z) can be bounded below and above as follows:

(34) 0’ + (-7 < F(2) < F(0?) = (|e(r,0)| + V(7,0 + da) /4

for all z € [0, o?]. Here c(7y, ) is as given in Theorem 2.1.
Proof. Set f(z) = az+b. Then

F(2) = 5[(:) +V/72() — ).
Moreover, we have
f(0*) = (1 +7)* + 209" + (1= 9)* = c(y,0)* + 205
therefore
VFP(a) — 4% = /[(a%) — 2al[f(0?) + 20] = [e(r,o)|/e(r, o + da.

Note that f(a?) can be written as

f(0?) = gelra)? + S {e(r,0)? +da);

then

F(a?) =

[f(aQ) +/2(a?) — 402 = <|C(’y, a)| + W) |

[N

It is easy to see that (3.4) is equivalent to
F(0) < F(2) < F(a®),

so it suffices to prove that F(z) is a real and monotone increasing function in the
interval [0, 1). First we see that

ab=[1+v)?++%/a][ay® + (1 —~)?
=y’ (L+7)2+ 1=+ + w

1+ \/57(1+7)—M] ;

thus ab > 1, and

(az +0)* —4z = (az + 2z +b)

(\/&—\}E>2+aba_1] >0,
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which indicates that F'(z) is real in the interval [0, 1).
On the other hand, taking the derivative of F', we have

() (2) + Vf2(2) —42] = 2

then the condition that F’(z) > 0 is equivalent to
(3.5) F@AW R -4z =22 f'(2)f(2), z€][0, 1)

Using ab > 1, we obtain (note that f’(z) = a)
A ()P - fR)f (2) +1=a*2—alaz+b) +1=1-ab<0, z€]0, 1)
This implies
[P (2) —42] > 2= f'(2)f(2))*, 2z €0, 1),

which guarantees the inequality (3.5). (Note that f/(z)+/f?(z) — 4z > 0.) o
LEMMA 3.4. Let v be defined as in Theorem 2.1 and ¢(z) = az® + (1 — 2)?; then

o(z) <p(y) forall ze€ [12;\06, H—Qﬁ] .

Proof. We can directly verify that
<0, z<(1+a)™h
¢'(2)q =0, z=(1+a)™h
>0, z>(1+a)" L
So the maximum value of ¢(z) is
max 1=6 1+6
e\ ) el 3 .

By the direct calculations we have

‘P<1_6):1_1_5+(1+a)(1_5)2

2o Ao 4)\(2)
and
2
P(158) 21oa gy HRED
2 4
Thus

#(ag ) e () =[5 oo 0 oo =550

Note that A\g > 1 and a < 1; hence

1-p
Ao

<S1-p<1+p
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and

1+«
4

1-p
Ao

O+ﬁ+ )§1+a0+5+1—m<L

4

and we have

1-p 1+ 0
3.6 - — ] >0.
(3.6) e(52) -+ (32) =
So ¢(z) reaches its maximum at z = (1 — 3)/(2\g). By the definition of v it is easy
to see that

1-p
2o

2

this and the monotonicity of ¢ implies the desired estimate of Lemma 3.4. 0
The following spectral bounds will be directly used in the spectral estimates of
the propagation matrix associated with Algorithm 2.1.
LEMMA 3.5. Let Q be a given symmetric positive definite matriz with its eigen-
values lying in the interval [%O_ﬂ), 0;(1+ B)] (¢f. Lemma 3.2(ii)), and F; is a matriz
given by

Then the spectrum of F; is bounded by po (defined in (2.7)), i.e., ||Fi|| < po .
Proof. Let {\; };":1 be the positive eigenvalues of the matrix Q. It is easy to verify
that

(3.7) |Fll = max

ai(l+2;) —vVal,
vatan 1= )|
To estimate ||F;]|, it suffices to estimate the maximum eigenvalue of the matrix F}F;
with
F = Oél(lj)\]) 7\/&)\3‘
! \/5_ ai)\j 1-— )\j '

The determinant of the matrix F}F; can be simplified as follows:

[02(1+ 6;)% +a 2B [(1 - B)* + af?] — {Va e[l - B; — (1 + )]}
=a?(1-B2)2 + aa?B2(1+ B;)* + a~ a2l - B;) + a2

—a '} BE((1 - B))° — 2a(1 - B7) + a*(1 + 3;)7]

= (1= B2 +aclB7 (14 8;)° + o afB (1 - 3;) + ol B

—a a2 (1 - B))? +207B2(1 — B2) — aalBi(1+ B;)?

=a2[(1— )% + B +262(1 - B3)] = a2[(1 — B2) + B2]* = o;

hence the characteristic equation of F!F; is

M —[af(1+ X)) +a oA+ (1 - ) +aX]A+ 0] =0.



328 QIYA HU AND JUN ZOU

Then the desired maximum eigenvalue is

(3.8) A= <f(ai,)\j) + 1/ (e, Aj) — 40%2) /2

with f(a;, z) defined by
flai,2) =a2(1+ 2 +ata? 22+ (1 — 2)* + a2?
For a fixed «;, the equation f’(«;,2z) = 0 has a unique solution:

a(l—a?)

%

ac?+a?+a?+a’

Z:ﬁoE

Moreover, we have f/(a;,z) < 0 for z < By and f'(a;,2) > 0 for z > By. Thus using
the assumption on the range of the eigenvalues of (), we have

39 max (e <mac {7 (o B0 a0+ o).

Noting that
ad? +a? + o’ +a<a(l+a)(l+w) < 2a(1 + o),

it follows from Lemma 3.1 that

ST =w — a2
1-/1 w1<1 @i _ a(l —of)

2 -2 T add+a?+ai+al

(3.10) 0; =

Using this, one can verify directly that

flai,0:(1 = B)) > f(aw,0:(1 + 3)),
which, with the fact that A\g > 1, yields

(3.11) f (ai, W) > flai, 0:(1 + B)).

On the other hand, Lemma 3.1 implies that /1 —w; < 4/1 — )\51; hence

9_71—\/1—wi>1*\/1*)‘(71

2 - 2

0;(1-05) _ (1-75) 1) _
o 2 <1_ 1_A°>_7

or

with the v given in Theorem 2.1. Therefore,

£ (a0 252 < slas

this together with (3.9) and (3.11) leads to

(3.12) flag, Nj) < flew,w), j=1,...,m.
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By (3.8), (3.12), and the definitions of f(a;,v) and F(z), we have \* < F(a?). This
result together with (3.7), Lemma 3.1, and the second inequality of Lemma 3.3 implies
[ F:]l < po- 0

With the help of Lemmas 3.1-3.5 above, we are now ready to show the convergence
results in Theorems 2.1 and 2.2.

Proof of Theorem 2.1. As is true for classical iterative methods, the convergence
proofs for most existing inexact Uzawa-type iterative methods are carried out with the
natural error vectors ef = x—u; and e = y—y; (cf. [3], [4], [17]). But this traditional
analysis seems to be very difficult to follow in our current case with variable relaxation
parameters, which is much more complicated technically. It is essential that we shall
first estimate the residual f; instead of the error vector ef. Clearly, the residuals f;
and g; can be represented in terms of e¥ and e:

(3.13) fi = Aef + Be!, g; = —B'e},,.

By (2.3) and (3.13) we have

1

(3.14) Azel = A3(ef —wi A7V f;) = (I —w;ATA"VAZ)A3 f; — A"2 Bel.
Using (2.4), Lemma 3.2(i), and (3.14) we obtain

A_%Beiﬁ_l = A_%B(e?i’ — Hﬂi(j'_lgi) = A_%B(ei’ + Qg}Btefﬂ)
= A2 Ble! + Qpl B'A™F (I —wiA> AT A2) A3 f; — A72 Be))]
— ATEBQZIB'AT (I —w AT AT AR AT
(3.15) +(I— A 2BQZ B'A"7)A 3 BeY,

while using (3.14) and (3.15) we have

A5 fi = A%ef + ATEBeY,
=(I+ A 2BQpIB'A™%)(I —w; AT A1 AZ) A5 f;

(3.16) —(A"3BQZ!B'A"2)A" 2 Be.
Now let
(3.17) B'A™: =UXV!

with ¥ = (X 0) being the singular value decomposition of the matrix B'A=z. As

usual, U is an orthogonal m x m matrix and V is an orthogonal n x n matrix. The
1

diagonal entries of the matrix Yy are the singular values of B*A~2. Define

E™ = \/aV'A~3f;, EY=x'U'.

By (3.15) and (3.16), we obtain

EY = (I+V'A 2BQRIB' A~ V)VI(I — w; A2 A~ A% VEY

(3.18) —Va(V!A 2 BQZ B! A~ V)EY
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and
EY., :%(VtA—%BQ;BtA—%V)Vt(I — wi AT AT ARV EY
(3.19) +(I—V'A 2BQz B'A"2V)EY.
Set
Qu = V(I —w AT AT ARV
and

Qo = XU'QLIUS = VIA I BQL B A 3V

then the propagation relations (3.18) and (3.19) may be written in the matrix form

ErY, > _ ( (I+Q2)Q1 —vaQo; ) ( ETY >
(3.20) < EYy ) Ve 'QuQu (I - Q) EY |-

1+1
Let E? Y and Q9; denote the nonzero part of EY and Q2;, respectively, namely,
EZOy = EQUt€g7 le = ZOUtQE;UZOa
and set Qo; = (QY;, 0)%. Then we have from (3.20) that
EXN N U4+@Q20)Qu  —VaQy EY
(3.21) oY = —1 A4 o 5oy -
\/a QQini (I - in) i

it1

Next we estimate the spectrum of the propagation matrix in (3.21). We first
consider two cases: f; = 0; f; # 0 but o; = 0. Then we have by the definition of E;Y
and «; that

QuEY =0 for f;=0 or «a; =0.
So we can write (3.21) as
(5)- (4 %) () -~ (5)
Eif 0 (I-Q3) E; E;
For the case that f; # 0 but a; = 0, an estimate of the norm ||Fp;|| can be obtained
directly later on, so we consider only the case that f; = 0 at the moment. Since

2 - 0 ) 0 e
FoiFoi = < —vaQh, (1-@8) ) ( 0 (I_Qgi) >

_ ( 0 0 )
B 0 a(@9,)*+(—-Q%)* )’
it suffices to estimate the maximum eigenvalue of the matrix
(3.22) Qoi = a(Q3;)* + (I — @3,)*.
Using (1.2) and (3.17), we have
(323)  QpiC=QuUSV VI = QuUSiU" = (SeU") Q3 (ZoU").
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Thus the matrix @9; has the same eigenvalues as the matrix Q; C, and Lemma 3.2(ii)
implies that the maximum eigenvalue of the matrix Qo,; defined in (3.22) is bounded
above by the maximum of the function

(1-p) A+5)

ple) =ast+(1-2P e |52 5

Here we have used the fact that #; = § for f; = 0 by definition. Using (3.22), (3.4),
and Lemmas 3.3 and 3.4 we have

(3.24) [Foill* < ay® + (1 =7)* < F(a®) = p5  (when f; = 0).

Next, we consider the case that f; # 0 and «; > 0. Write (3.21) in the form

< E7 ) [ T+ Q) —vaQyy ( a;'Qu 0 ) ( B )
B ) ﬂ‘laz@;— (-8 o0 I)\E")

By the definitions of Q1;, E;”, and «;, we have (note that V¢ is an orthogonal matrix)

oy 'aVi (I —w; A2 A"TAZ) A2 |2
— o7 2a||(I —w;AZ AT AZ) A3 |2
= a7 2aa?|A7E £

IVaVtA=z f;||? = | EXY|1%

oyt QL EY|?

Thus
a;'Qu 0 B a; 'QuETY
0o I B )| = EY
1
= (llo7 ' QuE |12 + | B |?)
()
(%
Eiy
Therefore

H< EY, >H < ai(I+Q3i) _\szz H Emy
EY, - va Qb ( Eoy

It is clear that
0 O[iI
valeQl 0 (I-Q3)

Let F; be the matrix defined in Lemma 3.5 but with @ replaced by Q9;; then we have

H(alaua?éi (I\ng )H H aI ; >H—max{az,||F||}<max{a,||F}.

< ai(I+ Q) —/aQo

ai(I+Q%) 0 —/aQy
\/a_lazQéi (I_Q(Z)i) ) N !

Noting that o < pg by the definition of py and |c(y, a)| > 0, the desired estimate now
follows from Lemma 3.5.
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For the case that f; # 0 and «; = 0, Fy; has the same form as F;. Thus || Fo;|| < po
by Lemma 3.5. This proves (2.7) for all possible cases.
Finally we show (2.9). We first claim that

(3.25) l—y—al+v)]<1l-a.

In fact, since

1
Ao > K1 = +a?
1 -«
we have
\/ 1 \/2a
1——> >«
X Vi+a ™
Thus

_1=F 1 1 <1
7T T Vo X @

which implies (3.25) using v > 0 and a < 1. Now by (3.25) and the definition of pg
in (2.7)

l—-a—vy(1+a)+(1+a —a
po < |1 il Ol(l fY)l (1 a) : 2 i )7 O<7<— iJraa
2 y(1+oa)—(1—a)+(1+a —a
( )(2)( ),7% <’Y<1—Oé.

This completes the proof of Theorem 2.1. a
Proof of Theorem 2.2. For ease of notation, we let

Qui=I—wAi A A2, Q= A 2BQ, B'A%.
Then (3.16) can be written as (replacing ¢ by ¢ — 1)
Ai%fi =+ ém)@ufr%fwl - @mA’%Be?_l.
Applying Young’s inequality, we obtain for any positive n that
(3.26) [A72£i]* < (1 + )T + Qai)QuiA™2 fia | + (1 + 07 ") || Qo A™2 Bel_y ||

By the proof of Theorem 2.1 we know that @m has the same positive eigenvalues as

the matrix QE%C . Hence, Lemma 3.2(ii) infers that the eigenvalues of Q9; lie in the

interval [0, 1], namely,
1Qa:ll <1, |1 + Qull < 2;
combining with (3.26) and Lemma 3.1, this leads to
JAT2 AP < (Ut 4a?| A7 fia|* 4+ (107|472 Bel, |
= da(L+n)|VaAT2 fialP + (1L +n7 ") lel 12
taking 7 = (4a)~! and using Theorem 2.1, we have

—1 P—
IA7= fill < V1+dap™||| Eol|]-
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Now Theorem 2.2 follows immediately from the identity A%ef = A2 fi— AféBef,
the triangle inequality, and Theorem 2.1. ]

We end this section with some remarks on the selection of the parameter 6; in
Algorithm 2.1. As we see, the parameter 6; has been used in the convergence rate
analysis (cf. the inequality (3.10)). We next illustrate in a more direct manner why
we have to introduce such a parameter and why we suggest choosing 6; using (2.5).
It is easy to find out from the proof of Theorem 2.1 that the sufficient and necessary
condition for Algorithm 2.1 to converge is ||F;|| < 1, where F; is essentially the
propagation matrix of Algorithm 2.1. This is equivalent to the condition that \* < 1
(cf. 3.8), that is,

fPais ) — 4af <2 = flai, )
or
Fai ) —4af <4 —Af(ai, Xy) + fai Ng),  flaiXy) < 2.
Namely,
flai,Aj) < 1+a3.
By the definition of f(c, A;), this condition is equivalent to

20(1 — a?)
ac?+al+a?+a’

(3.27) 0< A<

From Lemma 3.2(ii) and (3.23) we know that A; € [6;(1 — 3)/Xo,6;(1 + B)]. Clearly
(3.27) holds if ; is chosen such that
2a(1 — a?)

2 0; .
(3:28) 0< z<(ozaf-i—o<f—l—a2-i—oz)(l—i—ﬂ)

But since the paramaters «, 3, and «; are not easily computable, it is impractical to
choose 6; using the criterion (3.28). To find a more practical way of choosing 6;, we
further relax the condition (3.27). By Lemma 3.1, we know «; < «; hence

(3.29) ad?+a?+a’+a=(1+a)a (1 + %ai) < 201 4 o),
so (3.27) is still satisfied if

(3.30) 0<A<l-o, j=1,...,m.

For this we need to choose 6; such that

(3.31) 0<0,(1+08)<1—ay, j=1,...,m;

this, with the relation a; < 4/1 — w; from Lemma 3.1, yields the following selection
criterion for 6;:

1—V1—w
(3.32) 6; < fw
Namely, any positive 6; satisfying (3.32) guarantees the convergence of Algorithm 2.1.
However, using (3.8) and the monotone decreasing property of f(«;, z) for z < By we
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know that the larger the parameter 6; is, the faster Algorithm 2.1 converges, namely,
the choice

0; <

].—Vl—(x]i <1—Oli<5
2 2 =

will result in a convergence slower than the equality case. This is why we choose the
equality case for §; in Theorem 2.1.

Note that the condition (3.32) is very conservative and it is obtained under the
worst case: aw — 17 (cf. (3.29)) and § — 1~ (cf. (3.31)). Therefore the choice

17\/17@1'

0; >
2

is also possible. We omit the detailed discussion about this possibility here.

Finally, we add the additional observation that when « is small the condition
(3.27) becomes 0 < A; < 2 (the last term of (3.27) tends to 2~ as @ — 0), which is
satisfied if 6;(1 + 8) < 2 or 6; < 1. Thus we can take 6; = w; < 1 to speed up the
convergence of Algorithm 2.1 in this case.

Summarizing the above, and noting that

1—VI—w
0.25w; < fw < 0.5w; ,
we can conclude that the convergence of Algorithm 2.1 will speed up in the following
order:

1—\/1—wi

91': 2 ]
0.25w 5

y 0.5(4)2', W
in the case that Algorithm 2.1 converges with 6; = 0.5w; and w;. This matches well
with our numerical results; see Tables 4.1 and 4.2.

4. Numerical experiments. In this section, we apply our new Algorithm 2.1
of section 2, Algorithm 1.1 of [4], and the preconditioned MINRES method [18] to
solve the two-dimensional generalized Stokes problem and a system of purely algebraic
equations. Let Q be the unit square in R?, and LZ(Q2) be the set of all square integrable
functions with zero mean values over Q, and let H'(Q) be the usual Sobolev space
of order one. The space H{(2) consists of those functions in H'(2) with vanishing
traces on 0f2.

Our first example is the generalized Stokes problem whose variational formulation
reads as follows: Find (u,p) € (H§(Q))? x L3(£) such that

(4.1) (1(2)Vu, Vo) — (p, Vv) = (f,0), forall ve (H(Q))?,

(4.2) (¢, V-u) = (¢q,9), forall g€ L3(Q),

where f € (L?(Q))?, g € L?(Q2), and p € L*®(Q) with p(z)>c > 0 almost everywhere
in .

We use one of the well-known conforming Taylor-Hood elements, which have
been widely used in engineering, to solve the system (4.1)—(4.2). For any positive
integer N, a triangulation 7" of Q is obtained by dividing  into N x N subsquares
with side lengths of h = 1/N. Let X; C HE(Q) and M, C HY(Q) N L(Q) be
the usual continuous Qo and @ finite element spaces defined on 7", respectively
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TABLE 4.1
Number of iterations for Algorithm 2.1.

N | Gi=w;t | =1 ] 0i=w | 0:i=050; | 6= V"% | 6, = 0.250,
8 638 203 35 39 41 i6
6| 154 Iy 36 i1 2 i6
32 | 153 15 36 10 2 i6
R b4 45 37 10 a1 a7
64 | 1n4 i 36 i1 2 i6

TABLE 4.2
Number of iterations for Algorithm 1.1 (left) and the MINRES method (right).

N 8 16 | 32 | 48 | 64 N 8 16 | 32 | 48 | 64
Alg. 1.1 | 917 | 300 | 58 | 93 | 95 MINRES | 63 | 55 | 51 | 50 | 50
N 8 16 | 32 | 48 | 64 N 8 16 | 32 | 48 | 64
Alg. 1.1 | 92 | 85 | 76 | 75 | 75 MINRES | 56 | 65 | 65 | 66 | 66

(cf. [6, 10]). The total number of unknowns for this finite element is n+m = [2(2N —
1)?] + [(N + 1)%2 — 1]; e.g., the total unknowns are 36482 for N = 64. The finite
element approximation of the above Stokes system can be formulated as follows: Find
(un,pn) € X# x My, such that

(4.3) (1(2)Vup, Vo) — (pn, Vv) = (f,v), forall ve X7,
(4.4) (¢, V-up) = (g,9), forall g€ M.

It is known that the inf-sup condition is satisfied by the pair (X7, M) (see [6]), thus
the Schur complement matrix C' = B! A~! B associated with the system (4.3)—(4.4) has
a condition number independent of h. As in [5], [18], we take the variable coefficient
ptobe p=1+z129+ 23 —23/2. We know that the corresponding matrix A is block
diagonal with two copies of a discrete Laplace operator on the diagonal if y =1, and
so it can be solved by the fast Poisson solver. Therefore it is natural to choose this
fast solver A as the preconditioner of A. In fact, the matrix A='A is well-conditioned
since we have

(4.5) 0.5(Az, 2) < (Az,2) < 2.5 (Az, 2).

Thus the matrix B'A~1B is also well-conditioned. In fact, it is spectrally equivalent
to h2T (cf. [19]); that is, we can choose C' = h2[.

In most applications, the condition numbers k; and k2 are not very large; other-
wise all iterative methods for the saddle-point problems perform without any essential
difference. It is clear that the parameter w; has a small range in this case, and we can
roughly estimate the maximum and minimum eigenvalues of the matrix A~1A based
on several values of w;. In fact, when the system (4.3)—(4.4) is solved by Algorithm
2.1 with these preconditioners, the computational results (set 6; = 1) indicate that
the parameter w; lies between 0.46 and 0.93 for 1<i < 4, which reflects roughly the
range of the eigenvalues of the matrix A-1A.

In order to see whether assumption (2.6) is necessary for the convergence of
Algorithm 2.1, we do not scale the preconditioner A, so condition (2.6) is violated.
The numerical results show that our Algorithm 2.1 converges well; the number of
iterations is listed in Table 4.1. Note that all the initial guesses for the algorithms
tested in this section are taken to be zero and the algorithms are terminated when
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the following relative error reaches 1.0 x 1075:

o 1M b
| Muo —bl|’

where M and b = (by be)? are the coefficient matrix and the right-hand side vector of
the algebraic system corresponding to (4.3)—(4.4) and u; = (x; ;) is the ith iterate
of the algorithms to be tested. Here we take the vector b = Mwu with the solution
u = (z y)t, and = and y are two vectors with all components being 1.0 and 0.5,
respectively. From Table 4.1 we can see the importance of choosing a different 6;
other than 0; = w; 1 Also, one can find out that the convergence of Algorithm 2.1 is
nearly independent of the mesh size h.

The inexact Uzawa Algorithm 1.1 is convergent if the two preconditioners for A
and C satisfy the conditions (3.2) and (2.3) of [4]. Using (4.5), one can verify that
these two conditions are indeed satisfied if we take the two preconditioners to be 2.54
and 27 for A and C, respectively. Thus, we can also apply Algorithm 1.1 to solve the
system (4.3)—(4.4). However, the convergence is a bit slow; see Table 4.2 (upper left).
When the preconditioner 2I for C' is replaced by h2I, which is spectrally equivalent
to C (cf. [19]), Algorithm 1.1 converges slightly faster; see Table 4.2 (lower left). The
main reason for the slow convergence in this case is that the parameter v defined by
(2.4) of [4] is close to one. Also it is difficult to achieve an accurate estimate on this
parameter v because of the difficulty of estimating the maximum eigenvalue of the
matrix C~1C.

Then we applied the preconditioned MINRES method (cf. [16], [18]) with a block
diagonal preconditioner with diagonal blocks being A and € = 0.011 or C = h2I
(spectrally equivalent to C; cf. [19]) to solve the system (4.3)-(4.4). The number of
iterations is listed in the upper right of Table 4.2 for C = 0.017 and in the lower right
for C' = h2I. We remark that different constant scalings for C' affect the convergence
of the MINRES method greatly; see the comments at the end of this section.

Our second example is a system of purely algebraic equations. We define the
matrices A = (aij)nxn and B = (bij)nxm (n > m) in (1.1) as follows:

i+1, i=1j, S
a;j = L li—jl=1 by= { é’ Z;é]r;i;_ "
0, otherwise; ’ ’

The preconditioners A= (Gij)nxn and C = (éij)mxm are defined by

. i+2, i=7, . k(i2+3), i=j,
Q5 = . . Cij = . .
0, i#7J; 0, iFE g,

where k is a scaling constant. The right-hand side vectors f and g are taken such
that the exact solutions x and y are both vectors with all components being 1.

Assumption (2.6) is violated again with this example. However, Algorithm 2.1
still converges well; see the number of iterations listed in Table 4.3. The convergence
of Algorithm 1.1 and the preconditioned MINRES method with two different scaling
constants, k = 1,1/200, are reported in Tables 4.4 and 4.5.
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TABLE 4.3
Number of iterations for Algorithm 2.1.

n | m | Gi=wt 6= | 0=wi | 0 =05w; | = VI | g, — 0950,
200 150 15 15 15 17 19 38
400 300 16 16 16 17 18 38
800 600 17 17 17 18 18 38
1600 | 1200 17 17 17 17 18 39

TABLE 4.4
Iterations for Algorithm 1.1 with different scalings: k =1, 1/200.
n 200 400 800 1600 n 200 400 | 800 1600

m 150 300 600 1200 m 150 300 | 600 1200
k=1 | 1892 | 3759 | > 5000 | > 5000 k=1/200 | diverge 24 34 71

TABLE 4.5

Iterations for the preconditioned MINRES method with different scalings k =1, 1/200.

n 200 | 400 | 800 | 1600 n 200 | 400 | 800 | 1600
m 150 | 300 | 600 | 1200 m 150 | 300 | 600 | 1200
k= 33 35 38 39 k=1/200 | 22 22 22 23

From the above numerical results and many more tests we have not reported
here, one can observe that different scalings for the preconditioner C greatly affect
the convergence of Algorithm 1.1 and the preconditioned MINRES method. For
example, Algorithm 1.1 converges (slowly) when the scaling constant & = 1, but
it may diverge (the errors do not decrease) when k = 1/200; see Table 4.4. Such
behaviors also happen for the preconditioned MINRES method (cf. [16], [18] and also
see Table 4.5), whose convergence rate is known to depend on the ratio Awmin/Ains
where Amin and X, . are, respectively, the minimal eigenvalues of A~'A and C~'H
with H = B'A~'B (cf. [18]). So it is important for these algorithms to have good
a priori estimates on the minimum or maximum eigenvalues of the matrix C~1C or
C~1H in order to find an effective scaling for the preconditioner C. But such a priori
estimates are usually very difficult to achieve in practical applications, even when
C~1C is well-conditioned; e.g., this is the case with our first example; see the system
(4.3)—(4.4). One of the advantages of our Algorithm 2.1 is to have relieved such a
troublesome estimate, and different scalings for the preconditioner C' do not affect the
convergence of our Algorithm 2.1, which is easily seen from the algorithm itself.
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