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10.1 Linear Combinations

Definition 10.1 (Linear Combination of Column Vectors). Given n vectors u;, u., us, ..., U,
in R™ and n scalars oy, as, as, ..., a,, their linear combination is the vector:

ajuy + aous + agug + - -+ Uy,
in R™.

Example 10.2. Two linear combinations in R°
Suppose that:

051:1 @2:—4 04322 054:—1
and

[ 2] [ 6 ] [—5] [ 3]

4 3 2 2

|3 10 |1 |5

u; = 1 Uy = _9 us = 1 uy = 7

2 1 -3 1

| 9 ] | 4 ] | 0] | 3 ]

The resulting linear combination is:



QiU + aoug + azug + agluy

2 6 -5 3
4 3 2 2
-3 0 1 -5
2 1 -3 1
| 9 ] | 4] | 0 ] | 3 ]
[ 2] —24 [—10] [—3] —35
4 —12 4 —2 —6
-3 0 2 51 | 4
Tl s T2 | T T T s
2 —4 —6 —1 -9
o | [-16] [o ] [-3] |-10]

A different linear combination, but with the same set of vectors, can be formed
with different scalars. Taking

fr=3 Po=0 Bg=5 [y=-1

we can form the linear combination:

Biug + Paug + [sus + Biug

2 6 5 3
4 3 2 2
~3 0 1 _5
=@ | +O | L +O) || +ED] -
9 1 —3 1
| 9 | | 4 | 0 | | 3]
6 | [0] [—25] [—31 [—22]
12 0 10 9 20
-9 0 5 5 |1
sl Tlol T s | T o7 T | 1
6 0 ~15 —1 ~10
27| [o] o] |-3] |24]

Notice how we could keep our set of vectors fixed but use a different set of
scalars to construct different vectors. Can you create the following vector w with



a suitable choice of four scalars?
- 13
15
5
—17
2
25

Going further, can you create any possible vector from RS by choosing the proper
scalars?

Example 10.3. The system of linear equation:

—T7x1 — 619 — 1223 = —33
9x1 + dxo + Txz = 24

T+ 41’3 =35
or equivalently
—Tx1 — 619 — 1223 —33
51’1 + 5[L’2 + 7ZE3 = 24 ,
T + 4!133 5
can be rewritten as:
—7ZE1 —6ZE2 —121'3 -33
5!131 + 5!132 + 7I3 = 24
Ty 0xs 4x4 5
or:
-7 —6 —12 —-33
Ty 5) + X2 5 + x3 7 = 24
1 0 4 5
The solution is:
T =-3 X9=5 x3=2.

So, in the context of this example, we can express the fact that these values of the
variables are a solution by writing a linear combination:

—7 —6 ~12 —33
(=3)[5|+G) |5 |+@| 7 |=]24
1 0 4 5



Furthermore, these are the only three scalars that will accomplish this equality,
since they come from a unique solution.

Notice how the three vectors in this example are the columns of the coefficient
matrix of the system of equations. This is our first hint of the important interplay
between the vectors that form the columns of a matrix, and the matrix itself.

Example 10.4. The system of linear equations

T — X9+ 2x3=1
2[L‘1+l’2+l‘3:8

T1+ X9 = 5
can be written as:
r| — Tg + 2£L'3

1
2$1+$2+QE3 = |8
T1 + X9 5

This vector equation is equivalent to:

1 —1 2 1
T 2 + Zo 1 + 3 1{ =18
1 1 0 5

Row-reducing the augmented matrix for the system leads to the conclusion
that the system is consistent and has free variables, hence infinitely many solu-
tions. So for example, the two solutions:

l’1:2 512'2:3 I3 =1

I1:3 ZEQZQ T3 =0

can be used together to say that:

1 —1 2 1 1 —1 2
@2l +@) |1+l =8| =) |2l +@ ] 1]+ |1
1 1 0 5 1 1 0

Ignore the middle of this equation, and move all the terms to the left-hand side:

1 ~1 2 1 ~1 2 0
@ 2] +@) | 1| +@) 1] +(=3) 2] +(=2) | 1 | +(=0) [1]| = |0
1 1 0 1 1 0 0



Regrouping gives:

1 —1 2 0
(- 2| +(1) | 1| +(1)|1]=1|0
1 1 0 0

Notice that the three vectors on the left hand side are the columns of the coef-
ficient matrix for the system of equations. This equality says that there is a linear
combination of those columns that equals the vector of all zeros. Give it some
thought, but this says that:

331:—1 Igzl 1’321

is a nontrivial solution to the homogeneous system of equations with the coef-
ficient matrix of the original system. In particular, this demonstrates that this
coefficient matrix is singular.

Theorem 10.5 (Solutions to Linear Systems are Linear Combinations). Denote
the columns of the m x n matrix A as vectors A1, Ay, As, ..., A,. Thenx € R"
is a solution to the linear system of equations LS(A,b) if and only if b is equal

to the linear combination of the columns of A formed with the entries of X,
x|, A1+ [x], Ao+ [x]; As+ -+ [x], A, =D

Proof. If x € R" is a solution of LS(A, b), then

n

b=Ax=[x]; A1 + x|, As + [X]; Ag + - + [x], A,.

n

Hence b is a linear combination of the columns of A.
Conversely, if b is a linear combinations of the columns of A, say:

b= [x]; A + [x], Ay + [x]; Az + - + [x],, Ay,
then
b = Ax.
So x is a solution of LS(A, b). O
Computational question: Determine if u is a linear combination of vy, ..., v,,.

That is, determine whether or not the system of linear equations:
rvit+---+a,vp =1
has a solution. The augmented matrix is:
Vil -+ [vn|u].

Then we can solve the system of linear questions by the technique you learned.
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Example 10.6. Let

1 1 -1 2 -1
u=|1{, vi= |2, vo=|1]|,v3=|1|,va= 1|0
3 3 0 3 1
1. Determine if u is a linear combination of {vy, vy, v3}. If yes, find the linear
combination.

2. Determine if u is a linear combination of {vy, vy, v3, v4}. If yes, find the
linear combination.

Solution. 1. To determine if u is a linear combination of {vy, va, v3}, we need
to solve

T1V1 + TV + T3V3 = U,
ie.
Ty — X9+ 2r3=1
201+ +2+x3=1

3x1 + 3x3 = 3.
The augmented matrix is
1 -1 21 1 0 110
2 1 11| XS o1 —1]0
3 0 313 00 0|1

Because the last column of the RREF is a pivot column, the system of
linear equations is not solvable. Hence u is not a linear combination of

{V17 Vo, V3}'

2. To determine if u is a linear combination of {vy, vs, v3, v4}, we need to
solve

T1V1 + ZoVe + T3V3 + T4Vy = U.
The augmented matrix is:

1 -1 2 —-1]1
[Vi|va|lvslvglu] =2 1 1 0 |1
3 0 3 113

Using the standard method, we find one solution (there are infinitely many):

b} 2 1
xl:é x2:_§ x3:O 1’425
1.€.
2 1
u = gvl — ng + §V4.



10.2 Vector Form of Solution Sets

Example 10.7. Consider the linear system

2.1'1"‘1’2"‘71’3—7.’134 =8
—3ZE1 + 41‘2 - 51’3 — 6?[74 =—12
x1+x2+4x3—5x4 =4.

Row-reducing the augmented matrix yields

1] 0 3 -2 4
0 [1] 1 =3 0
0 0 0 0 0

from which we see that there are » = 2 pivot columns. Also, D = {1, 2}, so
that the dependent variables are x1 and x5, and F' = {3, 4, 5}, so that the free
variables are x5 and x,. We will express a generic solution for the system by two
slightly different methods, though both arrive at the same conclusion.

Rearranging each equation represented in the row-reduced form of the aug-
mented matrix by solving for the dependent variable in each row yields the vector
equality,

Ty [4 — 325 + 224
To| —LL’3+3I4
xT3 - ZT3
Ty L Ty
-4- —3])3 21’4
. 0 —x3 31’4
“lol T e | T 0
_0_ 0 T4
[4] -3 2
B (1 S B
ol TR T o
0] 0 1

We will develop the same linear combination a bit quicker, using three steps.
While the method above is instructive, the method below will be our preferred
approach.



Step 1. Write the vector of variables as a fixed vector plus a linear combination
of n — r vectors, using the free variables as the scalars:

X1
x

[\

T

w

Xy

Step 2. Use 0’s and 1’s to ensure equality for the entries of the vectors with
indices in F' (corresponding to the free variables):

I

T2
X:x3=0+1’31+1‘40

Ty 0 0 1

Step 3. For each dependent variable, use the augmented matrix to formulate an
equation expressing the dependent variable as a constant plus a linear combination
of the free variables. Convert this equation into entries of the vectors that ensure
equality for each dependent variable, one at a time.

[, ] 4] [—3] [2]
T

$1:4—3x3+2x4:> X = .%'j = 0 + x3 1 + x4 0
_374_ _O_ L O i _1_
E 4] [—3] [2]
T 0 —1 3

To =0 — log + 324 = X = l’i =lol 2| 1| T2 |
_ZL‘4_ _0_ L 0 i _1_

While this form is useful for quickly creating solutions, it is even better be-
cause it tells us exactly what every solution looks like. We know the solution set
is infinite, which is pretty big, but now we can say that a solution is some multiple

-3 2 4
of _1 plus a multiple of g plus the fixed vector 8 . Period. So it only
0 1 0

takes us three vectors to describe the entire infinite solution set, provided we also
agree on how to combine the three vectors into a linear combination.

Example 10.8. Consider a linear system of m = 5 equations in n = 7 variables,



having the augmented matrix

2 1 -1 -2 21 5 21
1 1 -3 1 11 2 =5
A=|1 2 -8 5 1 1 —6 —15
3 3 -9 3 65 2 —24
-2 -1 1 2 11 =9 =30
Row-reducing we obtain the matrix
0O 2 -3 0 0 9 15
0 -5 4 0 0 -8 —10
B=|0 0 0 0 0 —6 11
00 0 0 0 7 -21
00 0 0 0 0 0 O

and we see that there are » = 4 pivot columns. Also, D = {1, 2, 5, 6} so the
dependent variables are x1, s, 5, and xg. Similarly, ' = {3, 4, 7, 8} and the
n — r = 3 free variables are x3, x4 and x7. We will express a generic solution for
the system by two different methods: both a decomposition and a construction.

Rearranging each equation represented in the row-reduced echelon form of
the augmented matrix by solving for the dependent variable in each row yields the



vector equality

T
T2
Zs3
Ty
Ts
Te
T

We will now develop the same linear combination a bit quicker, using three
steps. While the method above is instructive, the method below will be our pre-

ferred approach.

Step 1. Write the vector of variables as a fixed vector, plus a linear combina-

T3
Ty
11 + 6£E7
—21 — 7.1'7
T

i 15 ] —21‘3
—10 5.1'3

—_
—_
I'oooofj

0 | +2a3
11
—21
0

O OO O = Ot

[ 15 — 223 + 324 — 927 |
—10+ 5I3 — 4I4 + 81)7

+ 24

3$4

S OO = O

+ X7

tion of n — r vectors, using the free variables as the scalars:

Step 2. Use 0’s and 1’s to ensure equality for the entries of the vectors with

i r
X2
z3
Ty = —+ T3
Ts
Zg

T -

10

+ 24

+ x7




indices in F' (corresponding to the free variables):

T
T2
T3 0 1 0 0
x:x4:0+x30+$41+x70
Ts
Tg

Ty 0 0 0 1

Step 3. For each dependent variable, use the augmented matrix to formulate
an equation expressing the dependent variable as a constant plus multiples of the
free variables. Convert this equation into entries of the vectors that ensure equality

11



for each dependent variable, one at a time.

1’1:15—2$3+3I4—9I7 =

[, [15] [—2] 3] [—9]
T2
T3 0 1 0 0
X = |2y = 0 + XT3 0 + x4 1] + XT7 0
Ty
Te
| 7 | | 0 ] | 0 ] 0] | 1]
Lo = —10+ dxg3 — 4x4 + 817 =
(o] [ 15 ] [—2] [ 3] [—9]
To —10 5 —4 8
T3 0 1 0 0
x=|xy| =] 0 [4+23| 0| +24| 1| +2a7] 0
Ty
Tg
Ezd | 0 | 0 | | 0 ] | 1]
s =114 6z7; =
(2] [ 15 ] [—2] [ 3] [—9]
T3 0 1 0 0
x=|xy| =] 0 [4+23| 0| +24| 1| +27] 0
T 11 0 0 6
Zg
| 7 | | 0] [ 0] | 0 ] | 1]
re = —21 —Tx; =
BN 15 [—2] [ 3] [—9]
T3 0 1 0 0
x=|xy| =] 0 [4+23| 0| +24| 1| +2x7]| 0
T 11 0 0 6
Te —21 0 0 -7
| 27 | | 0] [ 0] | 0] | 1]

This final form of a typical solution is especially pleasing and useful. For
example, we can build solutions quickly by choosing values for our free variables,

12



and then compute a linear combination. For example

r3=2,14=—4, x7=3 =
B [ 15 ] [—2] [ 3] [—9] [—28]
T —10 5) —4 8 40
x3 0 1 0 0 2
x= x4l =0 [+2)|0|+(-4) |1 |+B3)|0]|=|-4
T 11 0 0 6 29
Tg —21 0 0 -7 —42
| 27 ] 0] | 0] | 0] [ 1] 3]
or perhaps,
T3=0,x4=2 27=1 =
(2] [ 15 ] [—2] [ 3] [—9] [ 2
To —10 5) —4 8 15
T3 0 1 0 0 5)
x= |zl =0 | +GB)[O0]|+2)|1|[+D)]|0 =] 2
Ts 11 0 0 6 17
Tg —21 0 0 -7 —28
| 7] | 0] | 0] | 0] | 1] | 1]
or even,
z3=0,24,=0,2;,=0 =
(1] [ 15 ] [—2] [ 3] [—9] [ 15
To —10 5) —4 8 —10
T3 0 1 0 0 0
x=|zg| =0 | +0)|0]|+0)| LT ]|+0)]0]|=]0
Ts 11 0 0 6 11
Tg —21 0 0 -7 —21
27| | 0 | 0 |0 1] Lo

So we can compactly express all of the solutions to this linear system with just
4 fixed vectors, provided we agree how to combine them in a linear combinations
to create solution vectors.

Suppose you were told that the vector w below was a solution to this system of
equations. Could you turn the problem around and write w as a linear combination

13



of the four vectors c, uy, us, usz?

[100] [ 15 ] —2 3 -9
—75 —10 5 —4 8
7 0 1 0 0
w= |9 c=1]0 u =10 u =11 us= 1|0
—37 11 0 0 6
35 —21 0 0 -7
| —8 ] | 0] | 0 ] | 0 | | 1]

Theorem 10.9 (Vector Form of Solutions to Linear Systems). Suppose that [A|b]
is the augmented matrix for a consistent linear system LS(A,b) of m equa-
tions in n variables. Let B be a row-equivalent m x (n + 1) matrix in re-
duced row-echelon form. Suppose that B has r pivot columns, with indices D =

{di, dy, ds, ..., d,.}, while the n — r non-pivot columns have indices in F' =
{f1, f2, f5. - -+, fa—r, n+ 1}. Define vectors c, u;, 1 < j < n —r of size n by
g - [0 ifi € F
C|l. =
" \UBlinss i€ D i=dy
[u;], =40 ifiecF,i#f; .
_[B]k,fj leGD,Z:dk

Then the set of solutions to the system of equations LS (A, b) is
S={c+au +amuy+azuz+ -+ Uy, | a1, a2, 3, ..., 0 ER}

Proof. You can skip this proof for now, as long as you understand the exam-
ples First, the equation £LS(A, b) is equivalent to the linear system of equations
that has the matrix B as its augmented matrix. So we need only show that S is
the solution set for the system with B as its augmented matrix. The conclusion of
this theorem is that the solution set is equal to the set .S.

We begin by showing that every element of S is indeed a solution to the sys-
tem. Let oy, as, a3, ..., a,_, be one choice of the scalars used to describe ele-
ments of S. So an arbitrary element of .S, which we will consider as a proposed
solution, is

X =C+ ou; + U + 3U3 + -+ - + Qp_pUp_p.

When r+1 < ¢ < m, row ¢ of the matrix B is a zero row, so the equation rep-
resented by that row is always true, no matter which solution vector we propose.

14



So concentrate on rows representing equations 1 < ¢ < r. We evaluate equation
¢ of the system represented by B with the proposed solution vector x and refer to
the value of the left-hand side of the equation as [,:

Be = [Bloy [}y + [Bleg [x]y + [Blg [x]y + -+ + [Bl, [x],

Since [B],, = 0forall 1 < i < r, except that [B],, = 1, we see that 3,
simplifies to

Be = [X]d[ + [B]éfl [X]fl + [B]efQ [X]f2 + [B]Efg [X]f3 +ot [B]Efn_T [X]fn_r :
Notice thatfor1 <:<n —r

x|y, = lely, Far[w]y, +asfugy +---+aifuify +- - 4 an oy [Un]y,
=0+ a1(0) + a2(0) + -~ + ai(1) + -+ - + . (0)

= ;.
So (3, simplifies further, and we expand the first term

Be = [X]de + [B]Zfl Qq + [B]ng Qg + [B]zfg Qa3+ - [B}Efn_r Qp—r

= [c+auy + apuy + azuz + - A QW]
[B]Zfl ap + [B]efQ Qg + [B]efg Qg+ - F [B]an,r Qp—r

= lely, + a1 [y, +as[wo],, +as[us]y, + - + oy [Unr],y, +
[B]gf1 o1 + [B]gf2 oy + [B]gf3 az 4+ [B]gfn_T Oy

= [B]Z,nJrl +
a1(—[Blyy,) + aa(—[Blyy,) + as(— [Bly,) + - + an (= [Blyy, )+
[B]ef1 o + [B]ef2 oy + [B]ef3 ag+ -+ [B]gfn_r Oy

= [B]

ln+1

So (3, began as the left-hand side of equation ¢ of the system represented by
B and we now know it equals [B] ony1- the constant term for equation £ of this
system. So the arbitrarily chosen vector from S makes every equation of the
system true, and therefore is a solution to the system. So all the elements of .S are
solutions to the system.

For the second half of the proof, assume that x is a solution vector for the
system having B as its augmented matrix. For convenience and clarity, denote the
entries of x by ;. In other words, z; = [x],. We desire to show that this solution
vector is also an element of the set S. Begin with the observation that the entries
of a solution vector make equation ¢ of the system true for all 1 < ¢ < m:
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[B]m r+ [3]5,2 Ty + [B]z,:z x3+ -+ [Bl,, v, = [B]

4n lin+1

When ¢ < r, the pivot columns of B have zero entries in row ¢ with the
exception of column dy, which will contain a 1. So for 1 < ¢ < r, equation ¢
simplifies to

lxq, + [B]Z,fl Tp + [B]an Tp, + [B]z,fg Tpy + o+ [B]e,fn,r zs, . = [B]

—r In+1 "
This allows us to write,
[X]de = L,
= [B]z,n_H - [B]&fl Th — [B]z,fQ Ly — [B]z,f3 Ly — 00— [B]e,fn,r L frr

= [C]dg + xfl [ul}dg + fo [u2]dg + xf3 [u3:|dg + T + ajfn—r [un_r]dg

= [c +zrur 00 +xp,u3+ 00+ xfn_run,r]dz .

This tells us that the entries of the solution vector x corresponding to depen-
dent variables (indices in D) are equal to those of a vector in the set S. We still
need to check the other entries of the solution vector x corresponding to the free
variables (indices in F') to see if they are equal to the entries of the same vector in
the set S. To this end, suppose ¢ € [ and ¢ = f;. Then

x]; = i = xy,
=04 0xp +0zp, +0xpy + -+ + 0xyp,_, + 1oy, +0xp,, + -+ 0y,
= [C]z +txp [ul]i T+ Xy, [U—Q]z’ + Zy, [u3]i Tty [uj]i +e Ty, [un—r]i
= [c+zpw +apu+ -y, Uy,

i

So entries of x and ¢+ u; +x,up+- - -+, u,_, are equal and therefore

they are equal vectors. Since xy,, Ty,, Tf,, ..., Ty, , are scalars, this shows us
that x qualifies for membership in S. So the set .S contains all of the solutions to
the system. [
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