MATH 2010 Chapter 1

In one-variable calculus course, you study functions f(z) with both the “input”
variable x and “output” value f(z) are real numbers. In this course, we will look
at more general functions where the input or output may consist of a tuple of
numbers. For example, the function

f(@,y,2) = (zy —cosz,2" —y + 2)

maps the tuple (2, 1,0) to the tuple f(2,1,0) = (1, 3). Tuples like this are called
vectors. Here x,y, z are the variables. We say that f is vector-valued multi-
variable function.

In this chapter, we will discuss vectors and some of its basic properties.

1.1 Euclidean Space

Let R be the set of real numbers and n be a positive integer. Consider the set

R"=R xR x ... x R (n copies of R)
={(z1,29,...,2,) :x; ERfor1 <i<n}

The set R" is called the n-dimensional Euclidean space. Its elements are called
n-dimensional vectors or simply vectors. A vector is often written in bold (v), or
with an arrow on top (¥). It can be geometrically represented by an arrow. For
example, the vector ¥ = (2, —1) € R? can be denoted by an arrow that goes to the
right by 2 units and goes up by —1 unit, i.e., down by 1 unit, on the plane.




Below are two vectors in R and R3. It is more difficult to visualize n-dimensional
vectors when n > 4.

—_ e = I
0
(2) in 1D (1.3, -4) in 3D
I
{0
neN, R"= . r; €R
T
e Each (x1,x9,...,z,) € R" may be viewed as a point or a vector in R".

A vector in R" is typically denoted by a symbol of the form .

If A and B are points in R”, then the vector with initial point A and terminal
point B is often written as AB.

The vector whose entries are all zero is called the zero vector. We denote
it by 0.

1.2 Basic operations of vectors

Let ¥ = (v1,v9,...,0,),W = (wy,ws, ..., w,) € R"and r € R. Define
e Addition Law ¢ + @ = (v; + wq, vy + wa, - -+ , v, + wy,)
e Scalar Multiplication v’ = (rvy, rve - -+, 10y,)
e Subtraction ¥ — &/ = v + (—1)w = (v; — wy, vy — W, -+ ,Vy, — Wy)

1.2.1 Geometric Interpretation of Vector Algebra

The algebraic operations defined on vectors can be represented graphically:



T+ 0

1,
-1
2

IFRAME

Similar to numbers, there is also a zero vector 0 = (0,0,...,0) € R" in
each dimension n. The zero vectors and the basic operations above have many
properties similar to those of numbers.

Proposition 1.1. Let i, U, W be vectors, o, € R.

1. 07=0

2. lv=17

3. Associativity (7 + ¢) + @ = 4 + (7 + W)
4. Commutativity v+ @ = w + v

T+0=17

Distributivity (a + §)7 = av' + v
Distributivity o(0 + @) = ot/ + o
(aB)v = a(f7)

Given two points A and B in R". An arrow can be drawn from A to B. It

Lo N & W

represents a vector which is denoted by zﬁ . The point A is called the initial
point or the tail while B is called the end point or the head.


https://www.geogebra.org/material/iframe/id/gXj6wVWv/width/1083/height/585/border/888888/sfsb/true/smb/false/stb/false/stbh/false/ai/false/asb/false/sri/true/rc/false/ld/false/sdz/false/ctl/false

AB

It is clear from the definitions and also the geometric properties that
° 1@ + BC = 1@

—
e BA= —zﬁ

A position vector is a vector with initial point at the origin. If P has coordi-
nates (z1, za, . . ., ), the position vector is also given by OP = (x1, 2, ..., x,).

More generally, the initial point of a vector may not be the origin. For example,
consider the vector from A = (z1,y;) to B = (x2,¥y>). To move from the initial
point to the terminal point, the vector goes to the right by x5 —x; and up by yo — ;.
Hence, AB = (9 — x1,Y2 — 11)-



B P(x,y)

More generally, the vector from A = (ay,as,...,a,) to B = (b, by, ..., b,)
in R™ is
zﬁ: (bl —al,bg—aQ,...,bn—an).

This formula can also be obtained by considering 1@ as a difference of position
vectors:

AB = A0 + OB

— _OA+ 0B
:—(al,ag,...,an)—l—(bl,bg,...,bn)
:(bl_a17b2_a27"'7bn_an)'

Remark. Besides vectors, an element x € R" can be viewed as a point in the
Euclidean space. If we want to describe a location, it is more convenient to think
about x as a point. If we want to describe a quantity with both length and direction
(e.g. the displacement from one point to another), it is better to think about x as a
vector. Some people use notations like (x, y, z) for vectors and (z, y, z) for points.
We will not follow this convention and write (x, y, z) for both vectors and points.

Example 1.2. Let A = (1,0),B = (3,3),C = (2,4), D = (0, 1) be points on the
plane. Show that ABC'D is a parallelogram.
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Solution.

Hence, ABC'D is a parallelogram.

Remark. 1@ and ﬁ are considered equal because they have the same magni-
tude and direction even though their initial points are different.

1.3 Length and Dot Product

Definition 1.3. The norm (or length, or magnitude) of a vector v = (vy,vs,...,v,) €
R™ is:
il =
Definition 1.4. The dot product of two vectors v, € R" is:
Vol =17 =) v
i=1
Proposition 1.5. Let u, v, w € R", r € R. Then:
I. (U+7) =0 -0+V - Wandi-(V+W)=u-v+u
2. (rv) - =0 (rwd) = r(v- W)
30 W=w-v
4. |rall = Ir[l|7]
5. 0-0=|7)?
S o . e o . o
6. U -v = 0 with equality v - v = 0 occurs if and only if v = 0.
7. Ul = ||U||||] cos @ where 0 is the angle between ¥ and . Hence, if
v, W # 0, then:

U-

W=0 < cos0=0 << v.1lw



gy

<L

Proof of Proposition 1.5. We will prove property 7 for the case n < 3. The proof
is essentially the same as that of cosine law. Assume 6 < g Consider the follow-

ing triangle.

10| cos@ ]| — [|¥]] cos O
Note:
|7 —@|]* = (||0]]sin6)* + (|[]] — ||7]] cos 6)?
= ||9]|?sin® 0 + ||| |* — 2||@|| ||F]| cos O + ||F]|* cos? @
|[7])? + [|@]]* = 2||@]| ||v]| cos @ (1)
Also,
|0 —]* = (¢

U
= 8] + [ — 2
Compare (1) and (2), we have

—

- = ||0]| ||wW]| cos 6.

4

The proof for the cases 6 > g can be done similarly. O



Remark. Properties 5 and 7 are geometric properties of length and angle in R"
for n < 3. They are used for defining length and angle in higher dimension n > 4.
A vector of length 1 is called a unit vector.

For ¥ # 0, the vector —- || ﬁH —— has length:

1

—

]

= ‘HUH—l

We call || || —— the unit vector associated with ¢. It captures the direction of v.
v

Every nonzero vector ¢ has the form:
v=Au, A>0,

where @ = ” ' is the unit vector associated with ¥, and A = ||¢]| is the length of

—

V.

Example 1.6. Let v, @ have the same length. Show that (¢ + @) - (0 — @) = 0.

Solution.
(U4 w) - T—W)=0-T—0-d+d0-0— -
= ol =&+ ¥ & — [Jw]®
= [[olI* = [lv]I*
=0
Remark. The assumption ||¢/|| = ||@|| means that the parallelogram spanned by

v and w is a rhombus. The computation above shows the fact that the diagonals
of a rhombus are perpendicular.




Example 1.7. Consider a circle centered at O. AB is diameter. Show that ZAC'B
is a right angle.

o e

Solution.

AC = A0 + OC
B0~ B0+ 0¢ — ~0 + 00
AC - BC = (A0 + 0C) - (A0 + OC)
— _40-A0+ A0-0C —0C - A0+ OC' - OC
— ||l A0I> + |lOCIP (|AO|| = |0C)| are radius)

=0

Therefore, AC' | BC'. Hence, ZACB is a right angle.

Theorem 1.8 (Cauchy-Schwarz Inequality). For all 6,5 € R", the following in-
equality holds: . .
1@ - bl < [l l|o]].

Remark. For lower dimensional spaces like R? and R?, the inequality follows
from the Law of Cosine, since the cosine function has absolute value at most 1.

For n > 3, it’s not as easy to visualize the situation. We prove the inequaltiy
as follows:

Proof of Cauchy-Schwarz Inequality. Observe that for all t € R, we have:

0< ||@—tb||> = (@—tb) - (@— tb) = ||@||> — 2(@- b)t + t*]|b])?



In other words, ||@||2, —2@ - b and ||| are coefficients of a quadratic function
which is always non-negative.
The discriminant of such a quadratic function must be non-positive. Hence:

(=2(a@- 5))* - 4la*|b]* < 0

which implies that: ~ .
1@ - ol < [l ol

Theorem 1.9 (Triangle Inequality). For any a, b € R", we have:

1@+ bl < llall + llo]].

Proof of Triangle Inequality.
l@+b|>=a-a+a-b+b-a+b-b=|al*>+2a-b+ ||b]>
By the Cauchy-Schwarz inequality
@ - 5] < Jja 18],
thus
la + 81> < llal* + 2(l@l[8] + 181> = (lla + }15])*.

The result follows by taking square roots on both sides. [

1.4 Cross Product

Besides dot product, there is another type of product, called cross product, for
vectors in R3. It can be defined using determinant. Recall the following formulas
for 2 x 2 and 3 x 3 determinants.

a b
c d

‘:ad—bc

10



a1 as a
K by by bi by bi by
by by b3| = - + as
Cy C3 C1 C3 C1 C2
Ci Cy C3

Example 1.10.

= (WI[G)9) = (6)(8)] = (2)[(4)(9) — (6)(7)] + (3)[(4)(8) = (5)(7)]
—-3+12-9
~0

Definition 1.11 (Cross product). Let @ = (a1, as, a3) and b= (b1, bo, b3). Their

cross product is defined to be

A ~

. T ] k
axb= a; G Qs
by by b3
(G2 a3 s a; asg|~ ay as|
N A ER s L

= (sza — agby, azby — a1b3, a102 — a2bl)-

Here the vectors i = (1,0,0),; = (0,1,0) and k = (0,0,1) are the standard
unit vectors. A hat instead of an arrow is written on top of each of them to mean
that they are unit vectors (vectors of length one).

Example 1.12.

o O

Ol &

_ 0 O = o

J
0
1
0
0

.ol |
= o

0 1
=0i—0j+1k=k

Similarly, we can compute the cross products of other standard unit vectors:

ix1=0 ixj=k ixk=—j
Ixi=—k Jxj=0 Ixk=1
kxi=j kxj=—i kxk=0

11



The diagram below helps you to remember the cross products of standard unit

vectors.
i
kQ j

A = A

Example 1.13. Let @ = 20 + 3 + 5k, b = ¢ + 2J + 3k. Then

SI
X
S
Il
w Ot Jo»

L Ut N W S

0
2
1
3
2
—i—

Find b x @ and b x b.
Cross product has the following properties.

Proposition 1.14. Let G@,b,¢ € R3, o, 8 € R. Then

=]

1.

Sl

X

ST

—b x

@l
o‘l

2.

-,

3. (a@+PBb) x = ad x ¢+ pbx ¢
4. Let 0 be the angle between d, b.

|@ x bl| = ||| ||b]| sin @ = Area of the parallelogram spanned by @ and b.

5. (@xb)-a=(@xb)-b=0.

12
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We will prove property 4 below. The other properties can be proved by straight-
forward computations or properties of determinant.

Remark. From property 4 above,

ixb=0 < Areaof parallelogram = 0
& d, b lie on the same line
< {a, b} is linearly dependent.

Hence, two non-zero vectors have zero cross product if and only if they are point-
ing the same or opposite directions.

Moreover:

— 1 —
e Area of the triangle spanned by @ and b = 5 ||d@ x b]|.
e If ¢,d € R, then

Area of the parallelogram spanned by ¢ and d=

C1 Co
det [ 4 dy ”

Proof of Proposition 1.14. By direct expansion,

-

la > o||* = [lal*[b]]* — (@ b)*
= a@l*lIb]*(1 — cos® )

= ||@)l*||b]* sin® 6

13



Since 0 < @ < 7, we have sin @ > (0 and so
|@ x bl| = [|al| [|b][| sin 6 = ||@]| [[o]| sin 6

]

Suppose @ X b are non-zero. Then @ and b are both non-zero. From property
5 above, @ x b is perpendicular to both @ and b. It can be shown that @ a, b axb
satisfy the right hand rule.

Aaxob

L. . P

S

Example 1.15. Let A = (1,2,1), B = (1,—1,0) and C' = (2, 3,2) be points on a
plane P. Find a normal vector of P, i.e. a vector perpendicular to P.

Solution. The line segments AB and AC both lie on . Hence, the cross product
E X 1@ is perpendicular to P.

fﬁxA_O)

C

A B
P

14



AB = (1,-1,0) — (1,2,1) = (0, -3, —1)
A0 =(2,3,2) — (1,2,1) = (1,1, 1)

ik
ABxad=|0 3 1
11
3 —1|- [0 —1]|. |0 =3];
1o 2_‘1 1j+‘1 ik
= [(=3)(1) = (=1)(D)}i — [(0)(1) = (=1)(1)]j + [(0)(1) = (=3)(1)] k
= 2 —j+ 3k

Therefore, (—2,—1,3) L P.

Another product closely related to cross product is also defined for vectors in
R3.

Definition 1.16. The triple product of @, b, & € R? is defined to be @ - (b x &).

From this definition, it is easy to see that

~ ~ ~

~ T 7k
67'(b><0_) = (al,a2,a3)' by by b3
i C C3
. by b3 by bs| |by bo
- (al’a2’a3)'( ca c3|’ len oes|l|er e
by, b by b by b
= a 2 03] ) 1 03 +as 1 02
Cy C3 C1 C3 C1 C2
ap as as
= bl b2 b3
Ci Cy C3

It follows from this formula that a triple product depends on the order of its factors.
From properties of determinant,

— -

G- (bxd) =b-(Cxad)=¢ (@xb)=—a-(Exb)=—b-(@x7 =—c (bxa)

Proposition 1.17. Three vectors d, b and € in R3 determine a parallelepiped as
below.

15
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Its volume can be computed using triple product:

|a - (5 x €)| = Volume of parallelepiped spanned by , b,é

Proof of Proposition 1.17. Consider the parallelogram spanned by b and ¢ as the
base of the parallelopiped. Let o be the angle between @ and b x c¢. Suppose
a < /2.

Then:

@ (5x &) = ||a|lb x éll cosa
= [[bx élh
= Base Area x height
= Volume of parallelepiped

The case for 7/2 < o < 7 can be done similarly. In that case,

a- (l; X €) = — Volume of parallelepiped

16



Remark.

. ay ap as
a-(bxc)=1|b by by |=0<= Volume of parallelepiped = 0
C1 Cy C3

« {a,b,} is linearly dependent

Consider a tetrahedron with vertices A, B,C, D € R3. To find a formula
of its volume, we compare the tetrahedron with the parallelopiped spanned by

AB, AC, AD.

A B B
1
Volume of Tetrahedron = 3 Area(AABC) - height
11
=35 (Area of parallelogram spanned by 1@ , @) - height
1
=5 Volume of Parallelepiped

:%(ﬁ-(ﬁxﬁ)(

Example 1.18. Let A = (1,0,1), B = (1,1,2),C = (2,1,1),D = (2,1, 3). Find
the volume of the tetrahedron ABC'D.

Solution.
AB = (1,1,2) — (1,0,1) = (0,1, 1)
AC = (2,1,1) — (1,0,1) = (1,1,0)
AD = (2,1,3) — (1,0,1) = (1,1,2)
Their triple product is:

-2

(AB x AC) - AD =

[ )
Il =
N D =
I

17



and so: ] ]
Volume of the tetrahedron ABC'D = 6 12| = 3

18



MATH 2010 Chapter 2

2.1 Linear Objects in R"

In this section, we will study linear objects in R™. Typical examples are 1-
dimensional lines and 2-dimensional planes. We will also look at their higher
dimensional analog.

2.1.1 Line

Consider the line L passing through A = (1,0) and B = (0, 2) in R%.
Two standard ways to represent L is

e Equation form

20 +y=2

e Parametric form

(x,y) = O—1>4+t1@
=(1,0) +t(—1,2)
=(1-1¢,2t)

Varying ¢t € R gives all the points X on L.

19



2-
X = (33, y)
1 —_—
tABb
O 7
-1 0 O—ff 1 2
L

e Symmetric form The parametric equation above implies

z—1
y =2 t:g
2

By eliminating ¢ from the parametric form, we obtain another way to repre-
sent L. It is called the symmetric form :
r—1 y—0

—1 2

2.1.2 Parametric form of a line in R"

—
Let L be a line in R". Let A be a point on it with @ = OA and v is a vector
representing a direction of L. Then A parametric form of L is given by

¥ =da+tv, te&Riscalledaparameter

T+t

t=-1/2 4"
a
t/

o

20



L is said to be parametrized by t € R

Example 2.1. A line L passes through A = (1,2,3) and B = (-1, 3,5). To find
a parametric form of L, we can take

G=(1,2,3) and T=AB=(-1-1,3-25-3)=(-21,2)
Hence, a parametric form is given by
(v,y,2) = (1,2,3) + t(—2,1,2)
Remark. 1. Parametric form is not unique. For instance,
(x,y,2) =(—=1,3,5) +t(2,—1,—-2) and (z,y,2) =(—1,3,5) +t(—4,2,4)
are two other parametrizations of L.

2. By eliminating ¢ from the parametric equation, we get a symmetric form of
L

2.2 Planes in R?

A plane P in R? can be uniquely determined by different sets of data, for example,

e 3 non-collinear points on P ; or

e A point on P and 2 linearly independent directions (not same or opposite) ;
or

e A point on P and a normal vector

We will study how to represent a plane in equation or parametric form. Suppose P
is a plane in R3, A is a point on it, @ and ¥’ are two linearly independent directions
ofit. Leta = O—;l Then the position vector of any point on P is given by the sum
of @ and a linear combination of « and .

21



Hence, a parametric form of P can be given by
T=ad+su+10

Here s,t € R are parameters. By varying s,¢ € R, we obtain all the points on P.
In another situation, suppose @ = (a1, as, az) is a point on P and 77 = (ny, na, ng)
is a normal vector of P (that is, a vector perpendicular to the plane P). Let
7 = (v,y,2) € R3. Then:

FZisonP <«— r¥—-adlq
— (¥—a)-n=0
<— Tr-n=a-n

The plane P can be described by the equation
nixT + Nay + N3z = ainy + aaNo + asns
Remark. If (a, b, ) # 0, the equation
ar +by+cz=d
describes a plane in R? with normal vector (a, b, c).

Normal Vector

IFRAME

Normal Vector as Cross Product
IFRAME

Example 2.2. Suppose P is a plane passing through
A=1(0,0,1),B=(0,2,0),C =(-1,1,0)

Represent P using parametric and equation form.

22
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Solution. For parametric form,

AB = (0,2,0) — (0,0,1) = (0,2, —1)
AC = (—1,1,0) — (0,0,1) = (~1,1,-1)

Hence
(x,y,2) =(0,0,1) + s(0,2,—1) + t(—1,1,—1)

To represent P by an equation, we take

~

1
ﬁ:ﬁx@: 0

—1

=(-1,1,2) L P

— N o
|
—_

Then for any point (z,y, z) on P,

[(x,y,z) - (O’ 0, 1)] ’ (_1’ 172) =0
(—Dx+1)y+2(z—-1)=0
—r+y+22=2

Example 2.3. Let two planes in R3 be given:
a T+ by +ciz =dy,

s + bay + o2 = ds,

where 77; 1= (a;, b;, ¢;) # 0 (i = 1,2).

Suppose 77; and 75 are not parallel to each other. Then, the two planes are
non-parallel, and the intersection of the two planes is a line parallel to the vector
U = 71 X 1». Note that the vector ¥ is nonzero, since 72, and 77, are by assumption
non-parallel.

Theorem 2.4. Given a plane in R? corresponding to:
a(z — xo) + by — yo) + c(z — 2) =0,

The (minimal) distance between a point P € R? and the plane is:

d= ]Projﬁﬁoﬁ\ - Fo?%

Y

where Py = (0, Yo, 20) and i = {(a, b, c).

23



Example 2.5. Find the distance between A = (2,1, 1) and the plane P: —z +
20 — z = —4.

Solution. From the equation of P, 7 = (—1,2,—1) L P. Consider the line L
defined by

X(t) = A +tit = (2,1,1) + (1,2, ~1)

Let B = L N P be the intersection of L and P.

Then B is the point of P closest to A. To find B, put:
X(t)=(2—t,1+2,1—1)

into the equation of P. Then:

1
—@2-D 42142 ~(1-H)=4=60—1=4=60=-3=t=—

We have B = ?(—%) = (2,0, 2). The distance between A and P is

1 (g o G -2

Exercise 2.6. Find the distance between the lines

Li(s) = (—4,9, —4) + s(4, —3,0)
La(t) = (5,2,10) + t(4, 3, 2)

Hint: Find A on L, B on L4 such that ﬁ 1 Ly, Ly

24



2.2.1 Line in R? by equations

Can we describe the a straight line in R® by an equation? Note that each non-trivial
linear equation in x, y, z can only represent a plane. At least two such equations
are needed to describe a line. For instance,

Example 2.7. Consider the y-axis in R3. A point (x,y, z) is on the y-axis if and
only if both the z and 2 coordinates are zero. Hence, y-axis can be described using

the equations
x =0
z=10

Geometrically, each of the equations z = 0 and z = 0 represents a plane in R3.
The y-axis is the intersection of the two planes.
IFRAME

Given a linear object, for example, a line or a plane, we can describe it us-
ing either parametric form or a system of linear equations. It is easy to convert
between the two using linear algebra.

Example 2.8. Let L be the line represented by the system

rT+y+6z=0
rT—y—2z=-2

By Gaussian elimination,

T 2 -2
y|=14]|+t]| -4
z 0 1

The solution describes L in parametric form.
Conversely, from the above parametric form

r =2-—2t
y =4—4t
z =t

The first two equations imply 2x — y = 0 while the last two imply y = 4 — 4z.
We obtain another set of linear equation representing L:

20—y =0
y+4z=4

25
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2.2.2 Intersection of Planes

Example 2.9. Consider a system of three non-trivial equations of the form ax +
by + cz = d. Bach of them represents a plane in R®. What can be their intersec-

tions?

Case 1: Unique solution
Case 2: Infinitely many solutions

Case 3: No solution

All three planes are parallel to each other.
IFRAME

Only two planes are parallel to each other.

IFRAME

The intersection of each pair of planes is a line and three such lines are
parallel to each other.

IFRAME

Their intersection is a line.

IFRAME

Their intersection is a point, e.g. the xy-plane, yz-plane and zx-plane inter-
sect at (0,0,0).

IFRAME

2.2.3 General linear objects in R"

Similar to lines in R3, we need a system of equations to describe a 2-dimensional
plane in R™ when n > 4. Generally in R", an equation of the form

X =ayxy + agrs + -+ apr, =c, a#0

Sl

describes a hyperplane (dimension = n — 1) with normal vector a:

26


https://www.math.cuhk.edu.hk/~pschan/surfaceplot/?data=%7B%22sidebar%22%3A0%2C%22zscale%22%3A%220%22%2C%22domain%22%3A%222%22%2C%22numsamples%22%3A%2220%22%2C%22autozscale%22%3A%221%22%2C%22showaxes%22%3A%221%22%2C%22centeredaxes%22%3A%221%22%2C%22xmin%22%3A%22-2%22%2C%22xmax%22%3A%222%22%2C%22ymin%22%3A%22-2%22%2C%22ymax%22%3A%222%22%2C%22zmin%22%3A%22-10%22%2C%22zmax%22%3A%2210%22%2C%22xticks%22%3A%225%22%2C%22yticks%22%3A%229%22%2C%22zticks%22%3A%2210%22%2C%22equations%22%3A%5B%7B%22isParam%22%3Afalse%2C%22formula%22%3A%22-x-y%22%2C%22color%22%3A%22a9d998%22%2C%22alpha%22%3A%220.9%22%7D%2C%7B%22isParam%22%3Afalse%2C%22formula%22%3A%225-x-y%22%2C%22color%22%3A%22989ad9%22%2C%22alpha%22%3A%220.9%22%7D%2C%7B%22isParam%22%3Afalse%2C%22formula%22%3A%22-3-x-y%22%2C%22color%22%3A%22d9a398%22%2C%22alpha%22%3A%220.9%22%7D%5D%2C%22rotationMatrix%22%3A%7B%220%22%3A-0.6681551756499045%2C%221%22%3A-0.3461336260898458%2C%222%22%3A0.6566204642988319%2C%223%22%3A0%2C%224%22%3A0.7397576828607286%2C%225%22%3A-0.17450758490192098%2C%226%22%3A0.6531423049608275%2C%227%22%3A0%2C%228%22%3A-0.11421297988147322%2C%229%22%3A0.924675165595799%2C%2210%22%3A0.3725877281603162%2C%2211%22%3A0%2C%2212%22%3A0%2C%2213%22%3A0%2C%2214%22%3A0%2C%2215%22%3A1%7D%7D&dimensions=[480,480]
https://www.math.cuhk.edu.hk/~pschan/surfaceplot/?data=%7B%22sidebar%22%3A0%2C%22zscale%22%3A%220%22%2C%22domain%22%3A%222%22%2C%22numsamples%22%3A%2220%22%2C%22autozscale%22%3A%221%22%2C%22showaxes%22%3A%221%22%2C%22centeredaxes%22%3A%221%22%2C%22xmin%22%3A%22-2%22%2C%22xmax%22%3A%222%22%2C%22ymin%22%3A%22-2%22%2C%22ymax%22%3A%222%22%2C%22zmin%22%3A%22-10%22%2C%22zmax%22%3A%2210%22%2C%22xticks%22%3A%225%22%2C%22yticks%22%3A%229%22%2C%22zticks%22%3A%2210%22%2C%22equations%22%3A%5B%7B%22isParam%22%3Afalse%2C%22formula%22%3A%22-5x%2By%22%2C%22color%22%3A%22a9d998%22%2C%22alpha%22%3A%220.9%22%7D%2C%7B%22isParam%22%3Afalse%2C%22formula%22%3A%225-x-y%22%2C%22color%22%3A%22989ad9%22%2C%22alpha%22%3A%220.9%22%7D%2C%7B%22isParam%22%3Afalse%2C%22formula%22%3A%22-3-x-y%22%2C%22color%22%3A%22d9a398%22%2C%22alpha%22%3A%220.9%22%7D%5D%2C%22rotationMatrix%22%3A%7B%220%22%3A-0.44780719442575995%2C%221%22%3A-0.43076271022781987%2C%222%22%3A0.781852392823963%2C%223%22%3A0%2C%224%22%3A0.8979821444653157%2C%225%22%3A-0.21278218901067344%2C%226%22%3A0.3906854689727617%2C%227%22%3A0%2C%228%22%3A-0.0045634344299610285%2C%229%22%3A0.8794823520016938%2C%2210%22%3A0.48308667451606263%2C%2211%22%3A0%2C%2212%22%3A0%2C%2213%22%3A0%2C%2214%22%3A0%2C%2215%22%3A1%7D%7D&dimensions=[480,480]
https://www.math.cuhk.edu.hk/~pschan/surfaceplot/?data=%7B%22sidebar%22%3A0%2C%22zscale%22%3A%220%22%2C%22domain%22%3A%224%22%2C%22numsamples%22%3A%2220%22%2C%22autozscale%22%3A%221%22%2C%22showaxes%22%3A%221%22%2C%22centeredaxes%22%3A%221%22%2C%22xmin%22%3A%22-4%22%2C%22xmax%22%3A%224%22%2C%22ymin%22%3A%22-4%22%2C%22ymax%22%3A%224%22%2C%22zmin%22%3A%22-10%22%2C%22zmax%22%3A%2210%22%2C%22xticks%22%3A%225%22%2C%22yticks%22%3A%229%22%2C%22zticks%22%3A%2210%22%2C%22equations%22%3A%5B%7B%22isParam%22%3Afalse%2C%22formula%22%3A%221%2By%22%2C%22color%22%3A%22a9d998%22%2C%22alpha%22%3A%220.9%22%7D%2C%7B%22isParam%22%3Afalse%2C%22formula%22%3A%22-0.5%22%2C%22color%22%3A%22989ad9%22%2C%22alpha%22%3A%220.9%22%7D%2C%7B%22isParam%22%3Afalse%2C%22formula%22%3A%221-y%22%2C%22color%22%3A%22d9a398%22%2C%22alpha%22%3A%220.9%22%7D%5D%2C%22rotationMatrix%22%3A%7B%220%22%3A-0.36834073393728306%2C%221%22%3A-0.37969840344556705%2C%222%22%3A0.847071306234456%2C%223%22%3A0%2C%224%22%3A0.9313329355701181%2C%225%22%3A-0.20870204743694964%2C%226%22%3A0.30552003366904357%2C%227%22%3A0%2C%228%22%3A0.05829691910576267%2C%229%22%3A0.9039839705094088%2C%2210%22%3A0.4316178948420431%2C%2211%22%3A0%2C%2212%22%3A0%2C%2213%22%3A0%2C%2214%22%3A0%2C%2215%22%3A1%7D%7D&dimensions=[480,480]
https://www.math.cuhk.edu.hk/~pschan/surfaceplot/?data=%7B%22sidebar%22%3A0%2C%22zscale%22%3A%220%22%2C%22domain%22%3A%224%22%2C%22numsamples%22%3A%2220%22%2C%22autozscale%22%3A%221%22%2C%22showaxes%22%3A%221%22%2C%22centeredaxes%22%3A%221%22%2C%22xmin%22%3A%22-4%22%2C%22xmax%22%3A%224%22%2C%22ymin%22%3A%22-4%22%2C%22ymax%22%3A%224%22%2C%22zmin%22%3A%22-10%22%2C%22zmax%22%3A%2210%22%2C%22xticks%22%3A%225%22%2C%22yticks%22%3A%229%22%2C%22zticks%22%3A%2210%22%2C%22equations%22%3A%5B%7B%22isParam%22%3Afalse%2C%22formula%22%3A%221%2By%22%2C%22color%22%3A%22a9d998%22%2C%22alpha%22%3A%220.9%22%7D%2C%7B%22isParam%22%3Afalse%2C%22formula%22%3A%221%22%2C%22color%22%3A%22989ad9%22%2C%22alpha%22%3A%220.9%22%7D%2C%7B%22isParam%22%3Afalse%2C%22formula%22%3A%221-y%22%2C%22color%22%3A%22d9a398%22%2C%22alpha%22%3A%220.9%22%7D%5D%2C%22rotationMatrix%22%3A%7B%220%22%3A-0.6923530853172555%2C%221%22%3A-0.2321299161520656%2C%222%22%3A0.6812730367202934%2C%223%22%3A0%2C%224%22%3A0.7254173801075492%2C%225%22%3A-0.19681138467460027%2C%226%22%3A0.662805866347692%2C%227%22%3A0%2C%228%22%3A-0.02224389185846868%2C%229%22%3A0.9558860896399896%2C%2210%22%3A0.30440803551162765%2C%2211%22%3A0%2C%2212%22%3A0%2C%2213%22%3A0%2C%2214%22%3A0%2C%2215%22%3A1%7D%7D&dimensions=[480,480]
https://www.math.cuhk.edu.hk/~pschan/surfaceplot/?data=%7B%22sidebar%22%3A0%2C%22zscale%22%3A%220%22%2C%22domain%22%3A%224%22%2C%22numsamples%22%3A%2220%22%2C%22autozscale%22%3A%221%22%2C%22showaxes%22%3A%221%22%2C%22centeredaxes%22%3A%221%22%2C%22xmin%22%3A%22-4%22%2C%22xmax%22%3A%224%22%2C%22ymin%22%3A%22-4%22%2C%22ymax%22%3A%224%22%2C%22zmin%22%3A%22-10%22%2C%22zmax%22%3A%2210%22%2C%22xticks%22%3A%225%22%2C%22yticks%22%3A%229%22%2C%22zticks%22%3A%2210%22%2C%22equations%22%3A%5B%7B%22isParam%22%3Afalse%2C%22formula%22%3A%221%2By%22%2C%22color%22%3A%22a9d998%22%2C%22alpha%22%3A%220.9%22%7D%2C%7B%22isParam%22%3Afalse%2C%22formula%22%3A%22-1.5x%22%2C%22color%22%3A%22d1cde5%22%2C%22alpha%22%3A%220.9%22%7D%2C%7B%22isParam%22%3Afalse%2C%22formula%22%3A%221-y%22%2C%22color%22%3A%22d9a398%22%2C%22alpha%22%3A%220.9%22%7D%5D%2C%22rotationMatrix%22%3A%7B%220%22%3A-0.6189590598260968%2C%221%22%3A-0.6190820285370049%2C%222%22%3A0.4806108751181716%2C%223%22%3A0%2C%224%22%3A0.7809725093402085%2C%225%22%3A-0.3916293095051436%2C%226%22%3A0.490892887347542%2C%227%22%3A0%2C%228%22%3A-0.11847570790746975%2C%229%22%3A0.6813982580024979%2C%2210%22%3A0.7269975257202569%2C%2211%22%3A0%2C%2212%22%3A0%2C%2213%22%3A0%2C%2214%22%3A0%2C%2215%22%3A1%7D%7D&dimensions=[480,480]

/ Rn

QL

Hyperplane

A k-dimensional “plane” P (called k-plane) in R™ can be described in para-
metric form or by equation(s).

1. Parametric form

k
i=1

where
e jeP
e Up,--- Uy are k linearly independent vectors parallel to P
e {y,--- 1} are parameters

2. n — k non-redundant equations

n
E aijxj:ciforizl,l--- ,TL—]{?

j=1

Here non-redundant means that the (n — k) x n coefficient matrix A = (a;;)
has rank n — k. The solution of the system of n — k equations corresponds
to the intersection of the n — k hyperplanes.

2.3 Curvesin R"

Definition 2.10. Let / C R be an interval.
A curve in R" is a continuous function:

r:l — R"”
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That is, Z is defined as:
Z(t) = (z1(t), z2(t), ..., z,(t)), teR
where z; i1s a continuous real-valued function on [ for each 1.
IFRAME

Example 2.11. Let ¢ : [—1,1) — R? be defined by #(t) = (¢%,¢). Then 3> =
t? = x and the curve lies on the parabola z = y°.
IFRAME

Example 2.12. Let 5,7 € R3 ¢ # 0. Define 7 : R — R3 by Z(t) = j + {q.
Then Z(¢) is a straight line.

Definition 2.13. A curve 7 : [a,b] — R" is said to be:
e closed if Z(a) = Z(b).

e simple if ¥(t;) # Z(ty) for any a < t; < ¢ < b, except possibly at
tl =a, t2 =b.

Example 2.14.
7 [1,00) — R?

11

Definition 2.15. Let Z(t) = (x1(t), x2(t), ..., x,(t)), where z; are real-valued
functions. The derivative of 7 at ¢ is:

For any « in the domain of Z, if #’(a) exists, then 2’(a) is called the tangent
vector of 7 at t = a.

IFRAME
Theorem 2.16. Let ¥(t) = (x1(t), z2(t), ..., z,(t)). Then:
[ ]

lim Z(t) = <lim x1(t), %g)% xo(t), ... ,lim xn(t)>

t—a t—a —a

o [f X (t) exists, then each x; is differentiable at t, and:
F(t) = (24(1), 25(1), ... 2, (1))
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https://christopherchudzicki.github.io/MathBox-Demos/parametric_curves_3D.html?settings=eyJmdW5jdGlvbnMiOnsiYSI6eyJ4IjoiY29zKHQpIiwieSI6InNpbih0KSIsInoiOiJ0IiwiZGlzcGxheUVxdWF0aW9uIjpmYWxzZSwidCI6MC45MDAwMDAwMDAwMDAwMDA2fSwiYiI6eyJhbmltYXRlIjp0cnVlLCJ0IjoxLjMwMDAwMDAwMDAwMDAwMTZ9LCJjIjp7ImFuaW1hdGUiOnRydWUsInQiOjEuMzAwMDAwMDAwMDAwMDAxNn19LCJjb250YWluZXJJZCI6Im15LW1hdGgtYm94IiwiY2FtZXJhIjp7InBvc2l0aW9uIjpbLTAuNTMsMS4xMSwtMS4wNV19LCJub1pvb20iOnRydWUsImZvY3VzIjoxLjY5NTU4MjQ5NTc4MTMxN30=
https://www.desmos.com/calculator/x1hoxiztdn?embed
https://www.geogebra.org/material/iframe/id/jRFEr2tB/width/1280/height/631/border/888888/sfsb/true/smb/false/stb/false/stbh/false/ai/false/asb/false/sri/false/rc/false/ld/false/sdz/false/ctl/false

In physics, if we let Z(t) be the displacement (position) of a moving particle
at time t. Then:

e 7’(t) is the velocity of the particle at time .
i/

o '(t) = (&) (t) is the acceleration of the particle at time ¢.

Example 2.17.

Z(t) = (cost,sint),0 <t < 27

v(t) = 2'(t) = (—sint,cost) L Z(t)
a(t) =" (t) = (—cost,—sint) = —Z(t)

Also speed = ||U(t)|| = 1

Example 2.18. Let 7 : [1,00) — R? be defined by
11
)= (>, = ).
w0 = (7.5)

lim Z(t) = (lim 1, lim l)

t—o0 t—oo t t—oo 12

Then:

= (07 O)

Theorem 2.19. Let Z(t), i(t) be curves in R", and ¢ € R a scalar constant. Let
f iR — R be a real-valued function.
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2.4 Arclength

IFRAME

Definition 2.20. Let 7 : [a,b] — R" be a curve such that 7" exists and is contin-

uous on (a, b).
5= [ I#0la

The arclength of % on [a, b] is:
Remark. In physics, if Z(¢) is the displacement of a moving particle at time ¢,
then the arclength of & on [a, b] is the distance travelled by the particle over the
time period [a, b].

If #(t) = displacement at time ¢.

Then, Z'(t) = velocity

and || 7" ( )|| = speed.

f |2 (t)||dt = distance travelled.

From a mathematical point of view, approximate a curve by line segments:

Take: a = tg < t; <ty < ---<t, =>b. Then,

S ~ Z |7 () = 7 (ti0) (Recall (1) = lim 20T h}i - f@))

h—0
NZH tll (¢ —ti1)

Take Limit = S = f |2 (t)]|dt

Example 2.21 (Helix). Z(t) = (cost,sint,t),t € [0, 27]
IFRAME

1. Find the tangent line of 7' att = 7

2. Find arclength of the helix.

Z(t) = (cost,sint,t)
Solution. . @'(t) = (—sint,cost, 1)
f’(ﬂ) = (0,—1,1) <« direction of tangent

Also, Z(m) = (—1,0,m) < a point on tangent line

.. Parametric form of tangent line

= (—1,0,7) +¢(0,—-1,1)
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https://www.geogebra.org/material/iframe/id/GrTpNKnJ/width/1366/height/568/border/888888/sfsb/true/smb/false/stb/false/stbh/false/ai/false/asb/false/sri/true/rc/false/ld/false/sdz/true/ctl/false
https://christopherchudzicki.github.io/MathBox-Demos/parametric_curves_3D.html?settings=eyJmdW5jdGlvbnMiOnsiYSI6eyJ4IjoiY29zKHQpIiwieSI6InNpbih0KSIsInoiOiJ0IiwiZGlzcGxheUVxdWF0aW9uIjpmYWxzZSwidCI6MC45MDAwMDAwMDAwMDAwMDA2fSwiYiI6eyJhbmltYXRlIjp0cnVlLCJ0IjoxLjMwMDAwMDAwMDAwMDAwMTZ9LCJjIjp7ImFuaW1hdGUiOnRydWUsInQiOjEuMzAwMDAwMDAwMDAwMDAxNn19LCJjb250YWluZXJJZCI6Im15LW1hdGgtYm94IiwiY2FtZXJhIjp7InBvc2l0aW9uIjpbLTAuNTMsMS4xMSwtMS4wNV19LCJub1pvb20iOnRydWUsImZvY3VzIjoxLjY5NTU4MjQ5NTc4MTMxN30=

1Z()]] = /(= sint)? + (cost)? + 12

=2
2
5= [l
0
2. o
= [ Voat
0
= Vet
=221
Theorem 2.22. Arclength is independent of parametrization.
Example 2.23.
F(t) = (t,t) 0<t <4
gt) = (1% 0<t <2

X,y are two parametrization of the same line segment:

y(t) = (2t,2¢)

arclength of (¢
#(t) = (1) et

arclength of Z(¢) :/0 7' (t)]|dt
= | IE®ldt :fzgw+gwﬁ
~ V2t = / oV
-2 = [V
=4v2
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MATH 2010 Chapter 3

3.1 Polar Coordinates in R>

A point P = (x,y) € R? can be represented by:

r = +/x? + y? = distance from origin.

6 = angel from the positive x — axis to O? in counter-clockwise direction.

If 2,y > 0, then we can take 6 = arctan (¥).
The angle formula above needs to be adjusted for points in other qudrants. For
example, if z < 0,y > 0 (Quadrant II), then:

0 = m + arctan <y>
T

Remark. e For P = (0,0), we have r = 0, but 6 is not (uniquely) defined.
e Different conventions for ranges of  and 6:
r € [0,00) or R
0 €[0,27) or R
In this course, we usually take:

re€[0,00), 6eR.

3.1.1 Change of Coordinates Fomula

If the polar coordinates for a point (x, y) is (r, #), then:

{ x =rcosb;

y =rsind.
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3.1.2 Curves in Polar Coodinates
Example 3.1 (Circle with radius r0). Polar equation
T =To
Parametric form
r=Tp
0=t tel0,2n].
Example 3.2 (Half ray from origin). Polar equation
9 == 90
Polar equation
r=t, tel0,00)
0 =10,.

Example 3.3 (Archimedes Spiral). Let £ > 0 be a constant
Polar equation

r=k0

Polar equation
r =kt t € |0,00)
6=t,te0,00)

Example 3.4.
r =4cosf

IFRAME
Observe that the origin, corresponding to = 0,0 = 7/2, lies on the graph of
r = 4 cos 6. Hence, the solution set of » = 4 cos 6 is equal to the solution set of:

r? = 4r cos#,
which is equivalent to the Cartesian equation:
2 4y = 4o
Completing the square, the equation above is equivalent to:
(-2 +y* =2,

which corresponds to the circle of radius 2 centered at (2, 0).
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https://www.desmos.com/calculator/rsc2hx4b2j?embed

Example 3.5.

T COS (0— %) = V2.

(Hint: The graph is a straight line in the Cartesian plane.)
Example 3.6. IFRAME

It is sometimes convenient to allow r < 0 in polar coordinates.
For instance, to describe a line through the origin which forms an angle of 7/6
with the positive z-axis, we can simply describe it as the graph of:

0=m/6

with the assumption that r € R.
(If we only let » > 0, then we only get "half" a line.)

Example 3.7. Let a > 1 be constant. Consider:
r=1— acost

If we require that » > 0, then the equatio above only possibly holds for 6 &
[0, 21 — §], where 0 = arccos(1/a).

IFRAME

On the other hand, of we let allow 7 to also be negative, then for any 6§ € [0, 27]
there is an r for which the equation holds. The resulting graph would have one
extra "loop".

IFRAME

3.2 Coordinate Systems in R®

Definition 3.8. Given a point P € R? with Cartesian coordinates (z, y, 2).
The cylindrical coordinates of P is:

(r767’2>7

where (r, #) are the polar coordinates of (x, ).

Hence,
r =1rcosb,
y =rsind,
z=2z.
IFRAME

34


https://www.geogebra.org/material/iframe/id/S9RXWmNP/width/950/height/574/border/888888/sfsb/true/smb/false/stb/false/stbh/false/ai/false/asb/false/sri/false/rc/false/ld/false/sdz/false/ctl/false
https://www.desmos.com/calculator/8urtgogusn?embed
https://www.desmos.com/calculator/wbikmp96by?embed
https://www.geogebra.org/material/iframe/id/c7apzyxp/width/919/height/630/border/888888/sfsb/true/smb/false/stb/true/stbh/true/ai/false/asb/false/sri/true/rc/false/ld/true/sdz/true/ctl/false

Example 3.9. Let a,b € R. A vertical helix with radius a may be described with
cylindrical coordinates as follows:

r=a
0=t , te]0,2n]
z=0bt

Definition 3.10. Given a point P € R? with Cartesian coordinates (z, y, z).
The spherical coordinates of P is:

(p,0,0),

where:

e p= /22 + y? + 22 is the distance between P and the origin.

e 0 is the angle coordinate of the polar coordinates of (x, y) in the xy-plane.

e ¢ is the angle between the positive z-axis and O?

Hence,
x = psin ¢ cos b,
y = psin¢sin g,
2 = pcos .
IFRAME
Example 3.11 (Sphere).
p=2.
Example 3.12 (Cone).
¢ =m/4
Example 3.13 (Half Plane).
0=m/3.

Example 3.14 (Circle). Equations:
p=3,
o =m/2.

(0,0, d)spn = (3,,7/2), te[0,27].

Parametric Form:
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https://www.geogebra.org/material/iframe/id/ssux6rzs/width/946/height/638/border/888888/sfsb/true/smb/false/stb/true/stbh/true/ai/false/asb/false/sri/true/rc/false/ld/true/sdz/true/ctl/false

3.3 Topological Terminology
Let Z, € R™, ¢ > 0.
Definition 3.15. The open ball with radius ¢ centered at ' is:
B.(%) ={Z e R" : ||¥ — || < e.}
The closed ball with radius ¢ centered at Z is:
B.(T) = {T € R": |7 — || < .}
Let S C R".
Definition 3.16. e The interior of S is the set:
Int(S) = {#¥ € R" : B.(¥) C S for some e > 0.}
Points in Int(.S) are called interior points of S.
e The exterior of S is the set:
Ext(S) = {Z € R" : B.(¥) C R"\S for some ¢ > 0.}
Points in Ext(.S) are called exterior points of S.
e The boundary of S is the set:
0S ={Z e R": B.(¥)NS # @ and B.(¥) NR"\S # &, foralle > 0.}
Points in J(.5) are called boundary points of S.
IMAGE
Example 3.17.
S={(z,y) eR*:1<2”+y* <4} CR?
Proposition 3.18. Let S C R". Then,
o R" is the disjoint union of Int(S), Ext(S) and 0S.
e Int(S) C S, Ext(S) C R™\S.
Definition 3.19. A subset S C R" is said to be

e open if for all x € S, there exists ¢ > 0 such that B.(z) C S.
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e closed if R™\S is open.
Definition 3.20 (Closure). The closure of a set A C R" is:
A=AU0A
Remark. The closure of any set is always closed.
Theorem 3.21. A subset S C R™ is:
e open if and only if S = Int(95).
e closed if and only if S = Int(S) U 9S.

Example 3.22.
Subset S CR™ | B1(0,0) = {(z,y) € R* : 2 + y* < 1} | B1(0,0) = {(z,y) e R? : 2 + y* < 1}
Int(S)
Ext(5)
05
Open?
Closed?
Remark. e There are exactly two subsets of R"™ which are both open and

closed:

R", &

e Some subsets of R™ are neither open nor closed:

{(z,y) eR*: 1 <2’ +9* <4} CR"

(0,1] CR
QCR
Exercise : 0Q = R.
Definition 3.23. A subset .S C R" is said to be:

e bounded if there exists M > 0 such that:

S C By(0) = {7 € R | < M}

e unbounded if it is not bounded.

Definition 3.24. A subset S C R" is said to be path-connected if any two points

in S can be connected by a curve in S.

Theorem 3.25 (Jordan Curve Theorem). A simple closed curve in R? divides R>
into two path-connected components, with one bounded and one unbounded.
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MATH 2010 Chapter 4

4.1 Vector-Valued Functions in Multiple Variables

Let .
f:Q— R™,

be a vector-valued function, where 2 C R™.

Definition 4.1. The graph of f is:

4.1.1 Level Set

For a function f Q0 — R™, ) C R", in n variables, and ¢ € R™, the level set
of f corresponding to c'is the set of points (z1, xa, ..., x,) € {2 such that

—

flzy,29,...,2,) =7C

e If n = 2, then a level set of f is typically a curve in the xy-plane, and is
often called a level curve.

e If n = 3, then a level set is typically a surface in the xyz-space, and is often
called a level surface.

Example 4.2. f(z,y) = 2% + °.
e Forc = —2,—1, the level sets f(z,y) = ? + y* = c are empty.

e For ¢ = 0, the level set f(x,y) = 22 + y? = 0 consists of the single point
(0,0).

e For ¢ > 0, the level set f(z,y) = 2* + y* = c s the circle in R? centred at
the origin with radius /c.
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Each level set f(x,y) = c corresponds to (the projection onto the xy-plane
of) the intersection of the surface z = f(z,y) and the horizontal (hence “level”)
plane z = c:

IFRAME

4.2 Limits of Multivariable Functions

First, recall Closure.

Definition 4.3 (Limit). Let f :A— R™be a vector-valued function on A CR",
For any @ € A, we say that: The limit of f at d is L

lim f(Z) =L

Tr—ad
if: For all € > 0, there exists & > 0 such that:
1f(Z) —L|| <e

for all ¥ € A which satisfies 0 < ||Z — ]| < 9.
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Example 4.4. Let:
f:R* — R,
fla,y) =z +y, (v,y) €R%
Then,

lim T = 3.
o flz,y) =

Proof of Example 4.4. Show that given any € > 0, one can find § > 0 such that if
0 < |[(z,y) = (1,2)]| <4, then [f(x,y) — 3| <e.

Idea:
|flz,y) =3[ =[(z— 1)+ (y — 2)|
Sl =1+ |y — 2|
(2, 9) = (1,2)]| = V/(z = 1)2 + (y — 2)2.

For example, for ¢ = 1, one can pick § = 1
If || (z,y) — (1,2)]| <& = 4, then:

1
w1l = V-1 <VE-12+ -2 <3
1
=2 =V-22<VE-1P+E-22<;
This implies that:
1 1
|f(:6,y)—3!<|x—1!+!y—2\<§+§=1=€

Similarly, for e = 100, one can pick ) = 200
In general, we need to do it for any € > 0 For any given € > 0, one can pick
0 = 5. Then:
€
”(ZE,y) - <1a2)H <d=
= |f(z,y) =3l =lz+y =3[ <|lz -1+ |y -2
€

<S4t
2 2

Hence, lim f(z,y) = 3. O
(z,y)—(1,2)

(\V]

Example 4.5. Let:
f:R? —R,
fle,y) =2*+4%  (2,y) €R
Then,
lim  f(z,y) =0.

(z,y)—(0,0)
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Proof of Example 4.5. For all € > 0, we need to find 6 > 0 such that:

if:
0 <|l(z,y) = (0,0)] = V&> +y* <,
then:
[f(2,y) = 0| = [2* + 9| <e.
Exercise: Complete the rest of the proof. [

Proposition 4.6. Let A C R", a € A, f : A — R™, where:

7(@)
@) = ﬁg),ij—aR
S ()
Then,
h
- - lo
lim f(#) =L =|.
b
if and only if

fori=1,2 ... .m.

Example 4.7. Let: .
f: R? — R?
- . x + Y )
f(xay)_|:x2_|_y2+1:|7 (:E7y)€R
Then,

lim z,y) = |, (zy)—(1,2) _
(z,9)—(1,2) f(@.y) [hm(x’y)_}(m) 2+ y?+1 6

Proposition 4.8. Let f : A C R" — R™ be a function. Let v, : R — R" be

the parameterization of two paths in R™, with v(0) = ¢(0) = a. Iflin% F(v(t) or
%

liné f((t)) does not exist, or the two limits are not equal to each other, then the
t—

limit lim f(Z) does not exist.
r—a

In fact:
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Theorem 4.9. lim f(f) = L if and only if the limit of f(Z) at @ along any path
r—a
through a exists and is equal to L.

Example 4.10. Consider lim  f(x,y), where:

(=,9)—(0,0)
_ Ty
f(x7y) - -1'2"_:’./2‘
Let:
V() = (t,t), teR,
Then,
’Y(O) - w(O) = (070)7
and: ,
. . t-t .t
lim f(y(t) = lim -5— Tp Mo =3,
. .t (=1) . t? 1
o J(0(0) =l e ~ e =
Since 11551(1) f(y(t) # 11_{% f((t)), we conclude that the limit (x,yl)iirzo,ﬂ) ﬁyzﬁ

does not exist.

Remark. Let @ = (x¢, yo). If lim, 4, f(z,y0) = lim,_,,, f(xo,y) = L, it is not

necessarily true that ~ lim  f(x,y) = L, or that the limit even exists.
(m7y)4>(xo>y0)

Example 4.11.
f:R* —R
flay) = { (1) i)fther?zvi<sey <
Find lim(, )z f(x,y), where:
1. a=(0,1)
2.d=(1,1)
3. a=(0,0)
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4.2.1 Proporties of Limits

If all limits on the right-hand side exists, then the limit of the left-hand side exists
and the formula holds:

L lim(f(z) = (o)) = lim f(#) + lim §(2).

T—a r—a

2. lim kf(Z) = k lim_f(Z) for any scalar constant k.

r—_—

3. If f and § are real-valued, then lim F(2)7(Z) = (lim 4(5)) (lim ﬁ(f)) :

—a

r)  limgq (7 : : -
4. lim f(f) = 1m ~ J:(f) provided that limz_,z §(¥) # 0.
z—a () limgz §(7)
5. .
lim (f())" = (Limf(f)) foralln € N={1,2,3,...},
Tr—a r—a
6.
: 1/n . — 1/n e
lim (f(x))'" = (LHQ f (x)) for all odd positive integers n.
r—a r—a
7. If imgz_,; ((f) =L > 0, then

lim (f()"" = L

r—a

forall n € N.

Theorem 4.12 (Squeeze Theorem). Let f,g,h : 2 — R be real-valued func-
tions on §2 € R"™,

l](:.

for all ¥ near a € <), and

lim ¢(Z) = lim h(Z) = L,

T—a r—a

then:
lim f(7) = L.
Tr—ra

Corollary 4.13. If | f(Z)| < g(Z) near @ and lim g(z) = 0, then lim f(Z) = 0.

r—a T—d
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Example 4.14. Find:

1
lim xcos (—) )
(z,y)—(0,0) x? +y?

1
X COS (m)‘ < |Q§'|

lim |z[=0.
(2,y)=+(0,0)

Solution. Note:

1
cos| —— || <1 =
($2+y2)‘

Also,

Hence,

1
lim xcos (—) =0
(y)—(0,0) x? + 2
by the Squeeze Theorem.

Example 4.15. Find:
(r —1)%Inx

(@y)—1,0) (x —1)2 +y?
Solution. Note:

(x —1)2Inx (x —1)2

— 1
EEREE R T M
< |Inz|
AISO, hm(m’y)ﬁ(lp) |1Il Qf| = |ln(1)| =0
By squeeze theorem,
(r =12

lm ——-—2-———=0
(@)= (1,0) (x — 1)2 + ¢?

Remark. If a > b, then
ca<cbifc>0
ca <chbifec <0
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MATH 2010 Chapter 5

5.1 Finding Limits Using Polar Coordinates

Recall:
(@,y) <= (r,0)pa
with:
x =rcosf
y =rsinf
and:

(z,y) =(0,0) <= r =0.
Example 5.1. Find:
3+ y3
im —.
(@) —(0,0) 22 + Y2
Solution.
3 cos® 0 + 3 sin® 0

m :
r—0 12 cos? 0 + r2 sin? 0

= limr (0053 0 + sin® 9)
r—0
=0 (Squeeze theorem)
Example 5.2. Find:

, 2%+ zy
hm —_— (.
(.)—(00) 2(z% 4 y?)
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Solution.
r? cos® 6 + r? cos A sin §

= lim
r—0 2r2

cos? 6 + cosfsin 0

In other words, the function approach different values as (x, y) approaches (0, 0)

at different angles. Hence, the limit does not exist .

Example 5.3. Find:
lim  zyln(z? + 4?).
(z,y)—(0,0) Y ( Y )

Solution.
= lim r* cos § sin 0 In(r?)

r—0\
TV

Observe that, as r — 0,
|cosfsinf| < 1,

r? — 0,
In (7’2) — —00.

Moreover:
!7"2 cos 6 sin 6 In (1”2) ‘ < ‘7"2 In (r2) |
We have:
In (12 —
lim 72 In (r2) = lim n(lr ) ( OO)
r—0 r—0 el o0
2r
= lim ’”22 (L’ Hopital’s Rule)
r—0 —3
=lim—r?=0
r—0

By Squeeze theorem, it now follows that:
lim 2yln (x2 + y2) =0.

(z,y)—(0,0)
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5.2 Iterated Limits

Example 5.4. Consider:
Tty

r—Y

flz,y) =

. .. rx+y . x+0
lim lim = lim
z—>0y—>01;—y x—>0:l;—0

= 1.
On the other hand,
. .. ox+y . O+vy
lim lim = lim
y—=0z—0x —y y—=00—y
= —1.

Moreover, lim, 4)—(0,0) z—f?; does not exist (Exercise ).

Remark. e In general, if lim lim f(z,y) and lim lim f(x,y) both exist and
z—0 y—0 y—0z—0
are equal to each other, it does NOT follow that lim, ), 0,0y f(x, y) exists.

Counter-example:

1 itz =y
f(x’y)_{o if 7 4 .

e Conversely, if lim ;) (0,0) (%, y) exists, it also does NOT follow that:

lim lim f(z,y), limlim f(z,vy)

z—0 y—0 y—0z—0

both exist. Counter-example:

Floy) = a:cosi%—ycos% if (z,y) # (0,0);
R if (2,) = (0,0).

o If all three limits exist, then they are equal.

5.3 Continuity
Definition 5.5. We say that a function f : A — R in n variables is continuous
ata € Aif:

lim (%) = ().
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Definition 5.6. A function f : A — R is continuous is f is continuous at every
point in its domain A.

Example 5.7. Each "coordinate function" f; : R™ — R, defined by:

fi(ﬂfl, To, ... ,l’m) = Ty,
1s continuous.

Theorem 5.8. Let k be a scalar constant. If f,g : A —> R are continuous at
a € A, then:

o f+g, kf, fgare all continuous at @

e = is continuous at a is g(@) # 0.
g

Proof of Theorem 5.8. This follows from the properties of limits. 0

Corollary 5.9. All polynomial and rational functions (i.e. polynomial divided by
another polynomial) are continuous (on their domains).

Theorem 5.10. If f : A — R is continuous at @ € A, and g : I — Risa
single-variable real-valued function continuous at f(a), then go f : A — R is
continuous at d.

In other words:

lim g(f(7)) = g (lim f(7)) = g((@))

Corollary 5.11. Every so-called "elementary function” (a function constructed
from constants, power functions, trigonometric, inverse trigonometric, exponen-
tial and logarithmic functions, via addition, subtraction, multiplication, division
and composition) is continuous at all points in its domain.

Example 5.12. e Every polynomial in n variables (e.g. f(x,vy,2) = z%yz +
5yz* + 16y — 8) is continuous everywhere.

e Every rational function in n variables is continuous at all points where the
function is defined.

o f(z,y) = @ +¥") is continuous at all (z,y) € R2.

o f(z,y) =

is continuous at all (z,y) € R? such that 2% + y > 0.

1
N
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Example 5.13. e Consider:

PO
9(z,y) = 2 1yt
Since 72 + y* = 0 & (z,y) = (0,0), the domain of g is R*\{(0,0)}.

7t — y4
lim g(z,y)= lm —=
(2,5—(0,0) (z,9)—(0,0) 2 + y2

rtcostf — rtsin @

1m
r—0 12 cos2 § + r2sin? @

= lim r? ((3082 0 — sin? 9)
r—0

=0 (Sandwich theorem)

Hence, g can be extended to a continuous function on the whole R? as
follows:

oy EE i (ry) #(0,0)
9(z,y) { 0" if (z.y) = (0,0)

e On the other hand, consider:

Ty +y
x,y) =
flay) =57 )
Ty + ?J
li lim ———~
(3 10.0) flw,y) = (20)(0.0) x? 4+ y?
y=mx
1 ma? + m3a?
g 22 + m2ax?
m+miz

Since the limit varies with slope, lim  f(z, y) does not exist.
(z,9)—(0,0)

The function f cannot be extended to a function defined on R2,

5.4 Partial Derivatives

Definition 5.14. Let f : A — R be a function on an open region A € R",
a = (ay,a9,...,a,) € A. Fori = 1,2,...,n, we define the partial derivative
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with respect to x; of f at a to be:

af d

a$(6>: dI f(CLl,ClQ,...,CLz‘_l, Z; 7ai+17"'7an)
’ ’ i-th coordinate zi=a;
~ lim flay,as, ... ai—1,0; + h, @iy, ... a,) — f(d)
h—0 h

Observe that as @ varies, the correspondence:

i L @)

a +—
8:62-

defines a real-valued function on a subset A’ of A consisting of those points @ € A
where %(&’) is defined.
We have therefore a multivariable function defined as follows:

Definition 5.15.

0
/ A — R,
8@»
0
ai (:L'17x27 LI axn)
_ hm f(xl,a:Q, N I I 7 + h, Litly-- - ,I‘n) — f(.ﬁl,’l,$2, . ,SL’n>
h—0 h, )
Notation. Other notations for 5 are:
T
fxw azfv le7 vlf
IFRAME
Example 5.16.

fla,y) =" +y*

0
8_f =2x+0=2x (Regard y as a constant)
x

0
0_f =042y =2y (Regard x as a constant)
Y

In particular:

of o
Zo(1,-1) =2(1) =2>0

of B o

gy (LD =2(-1)=-2<0

This means that f(z,y) increases as x increases at (1, —1), and it decreases as y
increases at (1, —1).

50


https://www.geogebra.org/material/iframe/id/acvGcp2n/width/853/height/809/border/888888/sfsb/true/smb/false/stb/false/stbh/false/ai/false/asb/false/sri/false/rc/false/ld/false/sdz/false/ctl/false

Example 5.17.
f(x,y, Z) = ‘ryz - COS(‘T'Z)

Find fo, fy, [

Solution.
fo =y + zsin(zz)
fy =22y +0 = 2xy
f. =04 zsin(zz) = zsin(zz)
Example 5.18.
1 ifzy > 0;
ﬂ%yy_{o ifzy <0
. Of of of
Find —(1,1), =—(0,1), — )
lnd a:C( Y )7 az(()? )7 ax(()?O)

3} . . . :
Solution. of : Fix y, differentiate f(x,y) with respect to .

Alongy =1
1 ifz>0
f@J”‘{o if 2 <0
Hence: of
—(1,1)=0
31:( 1) =0,
and: of
—(0,1) DNE
Lo
Along y = 0 We have f(z,0) = 1 for all z € R. This implies that:
of
—(0,0) =0.
0.0
: . of
Remark. In the previous example, we can similarly conclude that: —(0,0) = 0.
Also, it may be shown that f is not continuous at (0, 0) (exercise ).
0
Hence, in general, the existence of Iz and 8_f at a point P does not imply
x y

that f is continuous at P.
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5.5 Higher Order Partial Derivatives

. of . . .. . D . .
Since, £ is itself a function in n variables, we can consider its partial derivative
x .

(2
with respect to any of the variables x;. We can likewise further consider partial
derivatives of that partial derivative, and so on. The notation is as follows:

°r_ 0 (o

(2

r_, 0 (0]
8@»8@- o 8[)3j 8@ ‘

o f B (8m1f)

oxl" & Oy \ o

For j # 1,

Form € N,

m times

Foril,ig,...,ime {1,2,3,...,n},

amf ' 0 ( am—lf )

Ox;, O0x;  0x; ., ---0x; nteTm O Ox;, ,0x; -0z

Example 5.19. Find all first and second order partial derivatives of:

f(z,y) = xsiny + y2e®®

Solution.
fo = siny + 2y%e*™®
fy = xcosy + 2ye**
foo = (f2), = 4y°€*
fay = (fac)y = cosy + dye*®

fye = (fy), = cosy + 4ye*”

fyy = (fy), = —wsiny + 2e%"

IS fuy = fye & coincidence?
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Example 5.20. Compute f,,(0,0), f,.(0,0) , where:

flz,y) = %_yg) if (z,y) # (0,0)
0 if (z,y) = (0,0)

Solution. By definition, f,, = (f.) ”

So, fxy(07 O) = hmkHO f:c(07 k) ; fx(o, 0)
Need to find: f,(0, k) for k # 0 and f,(0,0) for k # 0,

xy (2% — y?)
f = W near (O, k?)
I = (2% +y?) 3%y — y°) — wy (2 — y*) (22)
: (22 +y?)”
near (0, k)
Hence: 2 ( k3) 0
f(0, k) = i = —k
.. f(h,0) = £(0,0)
. 0-=0
=y =, =0
fa0,0) = Jimy k
. —k—0
B

Similar calculation gives: f,,(0,0) = 1.
(Alternatively, note that f(x,y) = —f(y, ). Hence f,,(0,0) = —f,,(0,0) =

1)
Hence, in this example, f,,(0,0) # f,.(0,0)

Theorem 5.21 (Mixed Derivative Theorem). Let x and y be two of the variables
of a real-valued function f in multiple variables. If f,, and f,, exist and are
continuous on an open region containing a point a, then:

fwy(a) = fyz(a)'

Proof of Mixed Derivative TheoremClairaut’s Theorem. We prove the theorem for
the special case where f : A — R has two variables (i.e. A C R?).

Without loss of generality, we may assume that @ = (0,0) € A. We want to
show that:

fﬂﬁy(()» 0) = fyﬂ?(()? 0)
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Let h, k be any positive real numbers such that [0, h] x [0, k] C A. Let:

a = (f(h,k) = f(h,0)) = (f(0,k) = £(0,0))

Let:
g(x):f(x,k)—f(x,O), ngéh
Then:
a=g(h) —g(0),
and:

9 (@) = falz, k) = fa(,0).
By the Mean Value Theorem , there exists h; € (0, h) such that:
— =" =g () = fo(h1,k) = fu(h1,0).
By MVT again, there exists k; € (0, k) such that:

fm(hla k) - fx(hlao)
k

= fxy(h1,k1)-

Hence:
o = h [f:ﬁ(h7 k) - fz(h’ 0)] - hkfasy(hla kl)
Similarly, there exists (hg, k2) € (0, h) x (0, k) such that:
o = hk’fyaj(hg, k’g)

Hence, for any positive real numbers h, k sufficiently small, we have:

fa:y(hlakl) == fyw(h27k2) (51)

for some (hy, k1), (he, ko) lying the rectangle [0, h] x [0, k].
If we let (h, k) — (0,0), then (hy, k1), (ha, k2) — (0,0). So, from an intuitive
perspective, it follows from (5.1I)), and the continuity of f,, and f,, at (0, 0), that:

fxy(oa O) = fy:r(ov O)

More rigorously:
Suppose f.,(0,0) # f,2(0,0). Then, d := | f1,(0,0) — £,(0,0)| > 0.
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The continuity of f,, and f,, at (0,0) implies that there exists 6 > 0 such that
for all (z,y) € Bs(0,0), we have:

[ fay(2,y) = fay(0,0)] < d/2

and
|fya:<x7y) - fyac(070)| < d/2

Hence, if we take (h, k) such that 0 < ||(h, k)| < &, then, (5.1)) implies that the
intervals:

(fxy(070) - d/27 fxy<070) + d/2)a (fy:t:(oao) - d/27 fya:(0>0) + d/2),

have nonempty intersection (i.e. the common value f,,(hy, k1) = f,.(ho, k2) lies
in both intervals). This contradicts the assumption that the distance d between
f24(0,0) and f,,(0,0) is nonzero. ]
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MATH 2010 Chapter 6

6.1 Differentiability

Definition 6.1. Let {2 C R” be an open set, and f : 2 — R a real-valued
function on €2. Let r be a non-negative integer.

The function f is said to be a C" function if all partial derivatives of f up to
order r exist and are continuous on 2.

The function f is said to be a C'*° function if it is C" for any r > 0.

Example 6.2. o fis C?isif it continuous.
o iR s RisC?if:
f’ fa)v fy7 fx:vv facya fya:a fyy

are all defined and continuous everywhere.

Polynomials, rational functions, exponentials, logarithms, trigonometric func-
tions, and their sum/difference/product quotient/compositions are all C* func-
tions on any open set where all partial derivatives of all orders are defined.

For example:

fla,y)=e " Smg

is C'* on:
Q= {(z,y) eR*: y #0}

Theorem 6.3 (Generalization of Clairaut’s Theorem). Let r be a non-negative in-
teger. If a function f is C" on an open set () C R", then the order of differentiation
does not matter for all partial derivatives of order up to r.

Example 6.4. If f(z,y, ) is C?, then:

fzz :fzxa fmyz:fyza::fzyasa fxmy:fxy:c:fyxx
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6.1.1 Differentiability for Functions in One Variable

Recall the following definition of differentiability in one-variable calculus: A
function f : R — R is differentiable at a if:

f'(a) — lim f(l’) — f(a’)
T—a Tr— Qa
exists. In geometric terms, this means that the graph y = f(x) of f "resembles"
the line y = L(x) with slope f’(a) which passes through (z, f(a)):

f@) = L(z) := f(a) + f(a)(z — a)

for x "near" a.
The degree 1 polynomial L(z) is called the linear approximation (or lin-
earization) of f at z = a. The error of the approximation is simply the difference:

e(x) = f(z) = L(z) = f(z) — f(a) = f'(a) (x — a).
Ax
Observe that:

e(@) _ f(z) = fla) _

r—a r—a

Hence,

which is equivalent to:
T CO

wva |z —al

This motivates an equivalent formulation of differentiability for functions in one
variable, namely:

A real-valued function f is differentiable if there exists a line y = L(z) such
that the "error of approximation” (x) := f(z) — L(x) satisfies the condition:

lim 2 _
R —

The benefit of such a formulation is that it readily extends to a definition of differ-
entiability for functions in multiple variables.

Consider a function f : R*> — R is two variables. A possible formulation for
the differentiability of f at (a, b) is as follows:

There exists a plane L(z,y) = f(a,b) + C(z — a) + D(y — b) which well
approximates f(z,y) near (x,y) = (a, b), in the sense that:

(@y)=ab) ||(z —a,y — D)
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Notice that if the limit above exists, then the limit along every path towards (a, b)
must be the same, in particular, fixing y = b and letting x — a™:

(@b)—(atb) [[(x —a,b—b)

f(x,b) = L(x,b)

= lim
z—a™t ‘.T — a\
z—at Tr—a
z—a™t Tr—a
— lim f(l’,b)-f((l,b)_c
z—a™t r—a
This implies that:
z—at Tr—a
and likewise: ; )
lim f(xv)_f(aa)zc
r—a~ r—a

Hence, for the plane L to even have a chance to well approximate f near (a,b),
the partial derivative:

fx(a7b) — lim f(fl?,b) _ f(aa b)

r—ra Tr— a

must exist, and the coefficient C' must be equal to f,(a, b). Similarly, f,(a,b) must
exist and be equal to D.

The only candidate for a plane which well approximates f near (a, b) is there-
fore:

L(z,y) = f(a,b) + fo(a,b)(x — a) + fy(a, b)(y — b),

provided that f,(a, b) andf,(a, b) both exist.
Note that this is a necessary but not sufficient condition for f to be well ap-
proximated by a plane near (a, b).

6.1.2 Differentiability for Function in Multiple Variables

Definition 6.5. Let 2 C R” be an open set. Let @ = (aj,as,...,a,) € Q. A
function f : {2 — R is said to be differentiable at a if:

e Each first order partial derivative f,,(a) exists, fori =1,2,...,n.
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e For: .
L(z) = f(a) + Z fo, (@) (2 — ;)
i=1
(i.e. L is the linear approximation of f at @), and:
e(7) = f(&) — L(7)
(i.e. "error" of the approximation), we have:

T O N
i—a |7 — d||

Remark. Observe that:
e [(7)is a polynomial of degree > 1.

o [(d) = f(d).

oL . Of . .
8xi(a)_ aIi(a),forz—1,2,...,n.

e The graph y = L(Z) is the n-dimensional "tangent plane" to y = f(Z) at
(@, f(@)), in exact analogy to the fact that y = f(a) + f'(a)(x — a) is the
tangent line to the graph y = f(z) of a differentiable function f at (a, f(a))
in one-variable calculus.

Example 6.6. Let f(z,y) = 2%y.
1. Show that f is differentiable at (1, 2).
2. Approximate f(1.1,1.9) using linearization
3. Find tangent plane of z = f(z,y) at (1,2, f(1,2)) = (1,2, 2).

Solution. 1. Since:

af _ af _ »
or 22y, oy o
of _ of _
%(172) - 47 8y(1’2) - 17
the linearization of f at (1,2) is:
_ of o _

=2+4(z—1)+ (y —2)
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with error term:

E(l’,y) = f($7y) —L(l‘,y)
=2ty —2—4e—1)—(y-2)

To show that f is differentiable at (1, 2), we compute the limit:

. e(x,y)
11m
@y)—012) ||(z,y) — (1,2)]

Py —2-dz—-1)—(y—2)
11m
@w)=12)  \/(z—1)2+ (y —2)?

Lleth=z—-1,k=y—2.

(1+h)22+k) —2—4h —k

= lim
(h,k)—(0,0) Vh? + k2
) h%k + 2hk + 2h?
= lim

(h,k)—(0,0) Vh? + k2

Leth =rcosf,k =rsinf

r3 cos? 0sin 6 + 2r2 cos 0 sin 6 + 2r2 cos? 0
— lim
r—0 r

= hII(l) r? cos? @sin 6 + 2r cos 6 sin 0 + 2r cos® 6
r—

=0 by Sandwich theorem

Hence, f is differentiable at (1,2).
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2. Using the linearization L of f at (1,2) we have:

f(1.1,1.9) = L(1.1,1.9)
=2+4(1.1-1)+(1.9-2)
=2+04+(-0.1)

= 2.3
Compare: f(1,1,1.9) = 2.299.

3. The tangent plane to z = f(z,y) at (1, 1,2) is:

2= L(z,y)
=244 —1)+(y—2)

z=—4+4x+y

Exercise 6.7. Is f(x,y) = /|zy| differentiable at (0,0)?

Solution. F(h.0) — £(0.0) 00
500 = iy 2 — iy =2 0

Similarly:

of

—(0,0) =0

ay( 9 )
Hence,

of of

L(w,5) = £(0,0)+ 5

€T

(0,0)(z —0) + a—y(ov())(y - 0)

=0+0+0=0.

So, L(z,y) is the zero function.
The error term is:

e(z,y) = f(z,y) — L(z,y) = V/|zy|
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So,

VIzyl

) = lim —F—
O, O) H (z,y—0,0) 2+ yQ

lim
(@y)—=00) ||(z,y) —

. /|r?cosfsind)
= lim
r—0 r

= lim /| cos @ sin 6],
r—0

which varies with 8. Hence, the limit does not exist.
We conclude that f is not differentiable at (0, 0).

Theorem 6.8. If a real-valued function f in multiple variables is differentiable at
d, then f is continuous at a.

Proof of Theorem 6.8. Let L be the linear approximation of f at @, that is:
f(Z) = L(Z) + £(T)

By definition of differentiability, we have:

lim g
r—a ||I’ — CLH
Hence,
lim £(7) = lim —%)_ |1z — ]
T—a Tr—ad ||(L’ — CLH
. oe@)
= lim == - lim |7 — d
T—a || — CLH Tr—a
=0-0=0
It now follows that:
lim f(Z) = lim L(Z) + lim (%)
I—da T—d I—da
= lim f(@ + lim (Z o, (@) (2 az)> +0
r—a r—a i—1
) >
= f(a).
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MATH 2010 Chapter 7

7.1 Differentiability, Gradient

Theorem 7.1. If f, g : Q C R™ — R are differentiable at a € ). Then:

1.

4.

5.

f(@) £ g(2), cf(Z), f(&)g(Z) are differentiable at a.
)
9(7)

(Special case of Chain Rule) Let h(x) be a one-variable function which is
differentiable at f(d). Then, h o f is differentiable at a.

is differentiable at @ if g(a@) # 0.

i@ — f(a@) — (ho [)(a)

Any constant function f(Z) = c is differentiable.

Coordinate functions f(r) = x; are differentiable.

Remark. We will discuss general case of chain rule later

Proof of 1,2,3 are similar to those for one variable. (MATH 2050)
The results above give many examples of differentiable functions:

e Polynomials (Sum of products of z; )

e Rational functions (Quotient of polynomials) e.g.

e.g. 42%y% + xy? — wvyz + 22 (degh)

x3y+z
?+y?+ 22+ 1

o If f(Z) is differentiable, then the followings are differentiable:

@ sin(f(7)), cos(f(T))
In(f(£)) where f(Z) >0
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f(@)  where f(¥) >0
In|f(Z)] where f(Z) #0
o/ A+sin(z?+ay)

“& 1 (1 + cos(z?y))

is differentiable on its domain.

Theorem 7.2. If a function f is C' on an open set Q C R", then f is differentiable
on ).

Remark. The theorem provides a simple way to verify differentiability if all
can be easily shown to be continuous. Z
e.g. f(x,y,2z) = ze™¥ —log(x + z). The domain of f:

{(z,y,2) eER* : 2+ 2> 0}

is open.
of = "V 4 ze® TV — !
Ox x+z
8—f = g™tV
Ay
of 1
0z w4z
of of o
Hence, —f , —f , —f are all continuous on the open domain of f.
Oor Oy 0z

So, fis C!, and by the theorem is it is differentiable.

Proof of Theorem 7.2. We prove the theorem for the special case where f has two
variables.

Let B be an open ball centered at (a, b) such that f,, f, are defined on B.

For each fixed x € B, viewing f(x,y) as a one-variable function in y, by the
MVT there exists k between b and y such that:

f(a:,y) - f(l’,b) = fy<x7k)(y - b)

Likewise, for fixed y = b, there exists h between a and x such that:

f(z,b) — f(a,b) = fo(h,b)(x — a).

Hence,

f(a:,y)—f(a,b) :f(l’,y)—f(l’,b)—i—f(l’,b)—f(a,bl

~~ ~~

fy(@,k)(y—b) fu(hb)(z—a)
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We have'

’ ‘ f(x,y)—f(a,b)—fm(a,b)(l“—a)—fy(avb)(y—b)'
Hl’—ay—bH l(z —a,y = D)

_ | (@, k) = fy(a,0)](y = b) + [fa(h, b) — fala, b)](z — a)
1z —a,y = b)

< | ol k) = fy(a DIy = b)) ‘ [fa(h,b) = fula, b)](x — a)

- [(z —a,y = D) I(x —a,y — D)

< |fy($’ k) - fy(a7 b)| + |f:c(h7 b) - fx(aa b)|
Take the limit of both sides of the above inequality as (z,y) — (a,b). Then,
(z,k), (h,b) — (a,b), and by the continuity of f, and f, at (a,b) the right-hand
side of the inequality tends to zero.
It follows that:
lim e(z,y)
(@y)=(ah) [[(z = a,y = b)]|
So, f is differentiable at (a, b). O

=0.

7.2 Gradient and Directional derivative

Definition 7.3. Let 2 C R™ be open ,a € €2, f : Q& — R. The gradient, or
gradient vector, of f at a is:

Vi@ = (@ @) e we

f(z,y) = 2* + 22y
Vi, y) = (fe fy) = 27+ 2y,22)
Vf(1,2) = (6, 2)

Remark. Using V f, the linearization of f at @ can be expressed as:

0
/ a) (z; — a;)
= f(@) + V[f(a) - (& - a)
Definition 7.5. Let 2 C R"” be open, a € €2, f : 2 — R.
Let « € R" be an unit vector (i.e. ||@|| = 1) The directional derivative of f
in the direction of # at @ is:
— t—» - —
t—0 t
= the rate of change of f in the direction of « at the point @

Example 7.4.
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Example 7.6. ¢, = (0,1) € R?

f((a,b) +tes) — f(a,b)

D., f(a,b) = lim

t—0 t

— lim fla,b+1t) — f(a,b)
t—0 t

_9f

- a_y(&> b)

Remark. In general, ife; = (0,---,0,1,0,---0) € R™ (with the i-th entry equal
1), then:
_9f

= e, (@).

Theorem 7.7. Suppose f is differentiable at a. Let i € R"™ be a unit vector .
Then:

D, f(d)

Dgf(a) =V f(a)-a

—

- = . v o, .
Remark. Recall that if ¥ # 0 € R", then the unit vector ﬂ is essentially the
U
direction of v

Example 7.8. Let f(z,y) = arcsin (E)
Y

Find the rate of change of f at (1,/2) in the direction of 7' = (1, —1).
U 1 1
Solution. Let i = — = (—, ——).
|7l \@1 V2

Recall: — (arcsin z) =

dz V1— 22

Hence.
of B 1 1
or 2y
- (5)
af 1 -

af o0
Note that: f, 8_f’ 6_f are continuous near (1, \/5)
x Oy

Hence, f is C" near (1,/2)
So, f is differentiable at (1,/2).
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By the theorem above, it follows that:

Daf(1,V/2) = Vf(1,V2) - i
_(of af 1 1

(G (53

V2 V2
() ()
V2 \V2 V2
_1
=513
Proof of Theorem 7.7. Suppose f is differentiable at a.
Let L(Z) be the linearization of f(¥) at d.
Then,

Then,

t—0 t
 lim Vf(a) - (td) + e(a + tu)
t—0 t
— t—»
= Vf(d) -+ lim —ti_ 0)
Differentiability of f at @ implies that:
lim e(a + tu) _ |is(a —ttﬁ)t ~0
=0 =0 ||(d@ + ta) — d||

It now follows that:

Daf(@) = Vf@)-i+0=Vf(d)-
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7.3 Geometric Meanings of V f(a)

Suppose f is differentiable at @ and ||| = 1. Then:
Daf(d@) =V [f(a) .
By the Cauchy-Schwarz Theorem, we have:
IVf(@)-al < [[V@lal = [V @l
Also, it Vf # 6, then:

—IVi@Il < Via)-a<|[Via@l,

where each inequality is equality if and only if V f(a) is parallel to .
This means that: f increases (resp. decreases) most rapidly in the direction of
V f(@) (resp. (—V f(&)), at the rate of ||V f(a)]|.

7.4 Properties of the Gradient

Theorem 7.9. Let () C R" be open. Suppose f,g : 2 C R"™ — R are differen-
tiable, and c € R is a constant. Then:

1. V(f+g9)=Vf+Vyg

2. V(ef)=cVf

3. V(fg) =gV f+fVg

4.V (£> = M,provided that: g # 0

9 9°
Proof of Theorem 7.9. Exercise. [
Remark. In the definition of D f(d), the vector « is assumed to be a unit vector.
It can also be generalized to Dy f (&) for any vector ¢ of any length.
In that case,
=) — (3

t—0 t

and Dy f(d) = Vf(a) - v.
Note that:

_‘D—' = ~ _,:
Dyf = |U]|Daf ifv+#0, u



7.5 Total Differential

(of a real-valued function)
Let f: 2 C R™ — R be differentiable at @ € (2.
Consider linearization at @ :

Ay
F() = @)+ 3 (@) (s~ ai) + (@
Denote:
Af = f(&) - f(@), Az = zi — a;
Then,

The approximation is good up to first order, since:

lm - S@) g,
i—a |7 — d||

Classically, this first order approximated change is denoted by

df =) 7o, (@)dz;

=1
and is called the total differential of f at a.

Example 7.10. Let V(r,h) = 7r?h, the volume of a cylinder of radius r and
height h.
Observe that V' is C' on R?, hence it is differentiable everywhere.

We have:

oV oV
AV = odr + = -dh

= 2nrhdr + wridh

For application:
Suppose we want to approximate change of V' when (r, h) changes from
(r,h) = (3,12) to (3 4+ 0.08,12 — 0.3)
Let
dr = Ar = 0.08,

dh = Ah =—-0.3
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Then:
AV =~ dV <« approximated change

= 2nrhdr + wr?dh
= 27(3)(12)(0.08) + 7(3)*(—0.3)
= 3.06m ~ 9.61

7.5.1 Properties of the Total Differential

Theorem 7.11. Suppose f,g : Q@ C R™ — R are differentiable and ¢ € R is a
constant. Then:

1. d(f+g)=df + dg
2. d(cf) = cdf

3. d(fg)=gdf + fdg
4 d ([) _9df —Qfdg
g g
Proof of Theorem 7.11. Exercise. [

7.6 Summary: Differentiating a real-valued func-
tion f(¥) = f (21, -+ ,x,) ata € R”

7.6.1 Different types of derivatives

fla+ta) — f(a)

for ||u]| =1
t

e Directional derivative: Dz f(@) = lim;

Partial derivative:

8;:(5) =D, f(@) e =(0,---,0,1,0,---,0)

Gradient: Vf(a@) = (g—i(d), e 755 (@)

Total differential: df = S, 2L(@)dx;

=1 6:131'
O f
8:1:1 81'2

Higher derivatives: eg

= fl‘zm

fis C* means f and all its partial derivatives up to order k exist and are continuous
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7.6.2 Linear Approximation of f (%) near @
o L(Z) = f(a) +Vf(a) (¥—a)
o f(7)=L(®) + (@)

e f is differentiable at @ if limz .z ﬂ 0=df =~ Af

7.6.3 Relations among derivatives
.C®=...=CM=sCh= ... C = (0

2.
f is C* on an open set containing @

4

f is differentiable at a.

4
Dgf(a) =V f(a)-a
4

Dy f (@) exists for any unit vector @ € R"

4

(@) exists fori =1,--- ,n

X

3. All the = in the reverse direction are false. See next slide for counter ex-
amples

Verify the following (counter-) example:

Example 7.12. f : R — R
xzsin% if z # 0;

J@ =10 if 2 = 0.
f is differentiable on R but f’(x) is not continuous at x = 0.
Simiarly,

g(x) = 2?*72f(x) is k-time differentiable but ¢(*)(x) is not continuous at
x=0.

Hence, k-time differentiable == C*

In particular, C*~' = C¥

For a multivariable example, let: h(Z) = g (x1).
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Example 7.13. Let:

flz,y) = :sz_iyl if (z,y) # (0,0).

0 if (z,y) = (0,0).
Then, Dz f(0,0) exists for any unit vector 4 € R? but f is not continuous at (0, 0).

Example 7.14. Let f(z,y) = |z + y|.
Then, f is continuous on R? but f,.(0,0), f,(0,0) do not exist.

Example 7.15. Let f(x,y) = /|zy].
Then, £,(0,0), f,(0,0) exist, but D5z £ (0, 0) does not exist for any @ # +¢, £é,
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MATH 2010 Chapter 8

8.1 Matrix Multiplication
|

Abe an m x n (m rows, n columns) matrix. Let b = || be a (column) vector in

RTL
If we view A as a collection of row vectors:

(055 QA1n —Q1—
A = : '.. : =
Am1 - - Amn —Qyy,—

then by definition of matrix multiplication we have:

Ab=| bl=1] : | €R™

_am_

Now let, B be an n x k matrix. Then, view B as a collection of column vectors:

—

B=|b - by,
| |
we have: | | | |
AB=A b, --- by| = [Ab -+ Ab,
| | | |
Alternatively, we also have:
—d— —a,B—
AB = B = : ,
—Qyy— —0y B—
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where:
CLl‘B:(CLi'bl, ai'bg, . e, azbk)

Example 8.1.

A
o[- Al B ] -
[1 2]B=[21 24 27] [3 4]B=[47 54 61]

8.2 Vector-valued Functions

Let f: Q CR" — R™

f1(@)
f(@) = ([(@), - ful@) = |
vector-valued fm( x—:)
Suppose %(6) exists for each 7, j . Foreach 1 < i < m,

fi(@) = fi(@) + Vfi(@) - (T — @) +&(F) &

1x1 1x1 1xn nx1 1x1

Here, regard V f;(@) as a row vector and Z — @ as a column vector,
in order to use multiplication Writing ® for 1 < ¢ < m in a matrix:

J1(Z) f1(@) =V (@)= | |z1 —a £1(7)
2 I R I I S
fm(T) fm (@) V(@)= [Zn —an Em(T)
—_— —_——

Of; Errors

m X n matrix of )
Tj

Definition 8.2. The Jacobian matrix of f at a is:

=V fi(@)—
Df(a) = : (m x n matrix )

_vfm@i)_
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The linearization of f at a is:

— —

L(#) = f(a@) + Df(a)(# — a)

The function f is said to be differentiable at @ if the error term:

i 1SN _
Tr—a ||(L’ — CLH
Remark. 1.
o Ofi
Df@)s = 5@

3. If f is real-valued (m = 1) , then
Df(a@) = Vf(a)

4. ||E(@)]], || & — d|| are lengths in R™ R™, respectively.

5.
i JEDL 6@
T—a ||{L‘ — a|| r—a ||J,’ — CL”
foralle =1, --- ,m.
Hence,
f is differentiable at @ < f; is differentiable at a,
foralli=1,---,m.
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8.2.1 Approximation:

— —

f(#) ~ L(@) = f(@) + Df(a)(# - a)

= f@® - flaj~ Df@ x (@-a)
—_—— —— ~——
Af= change in f Jacobian Matrix ~ AZ= change in T

—

Can consider D f(@) as a linear map:

—

Df(d) : R" —s R™

AT — Df(@)AT =df

approximated change in f

Af ~df =Df(@) x di

(vector) (matrix) (vector)

Remark. Compare with f : R — R

Ay ~df = f'(a) x Az

(number) (number) (number)
Example 8.3.
f1 f2
fla,y) = [(y + DInz,2® —siny + 1
| w+1)nz .
= Lg —siny+1 (rewrite as column vector)

—

1. Find Df(1,0)

—

2. Approximate f(0.9,0.1)

Solution.

filz,y) =(y+1)Inz

fo(z,y) = z? —siny + 1
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V=] — cos Y|
- vt g
= Df(@.y) {2?5 —cosy}
1 0

Linearization of f at (1,0):

e = 70,0+ Do) 1] - o]

HRE iy

L(0.9,0.1)

_[o}, v 0] foo-1
T2l T2 1 0.1

—_——

AZ=dZ¥=change in ¥

£(0.9,0.1) ~

_Jo]  [-01
) + —0.3] ¢ f=approximated change of f

_ L
~|—0.1
LT
Remark. Actual change in f

Af = [(0.9,0.1) — YlﬂD==[:géég§:f}

Remark. Total differential can also be written in matrix form:
f:QCR"—R™

fi
f=1:
fm
df g gt [dan
df = : = : : : = Df(a)dz
dfm % ngr dx,,
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8.3 Chain Rule

Recall the chain rule for functions in one variable:

=g(u) =2u+1
u= f(r)=2"
(go f)(z) =g (f(x))f (x)or
dw dw du
dr  du dx
=2-2x =4x

For multivariable functions,

Theorem 8.4 (Chain Rule). Let:
f:0 CRF —R”

G: 0 CR" — R™

—

Suppose that [ is differentiable at @, and § is differentiable at b = (@).

Then, g o f is differentiable at a, with:

D(go f)(@) = (Dg)(f(a))(Df)(a)

mxk mxn nxk

Remark. For simplicity, we might omit — for vectors
Fromnowon: f=f, 7 ==

Example 8.5. Let:

f:R—=R?
g: R? — ]RQ,
where:
) cos
f(0) = (cosf,sinf) = {sin&]
2uv
o) = Qua? =) = | )
Find D(g o f)(0).
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Solution. Method 1 Find composition explicitly.

(go f)(0) = g(cosB,sin)

B 2008981118
~ |cos? 6 —sin’ 6

sin 26 ]
CoS 20

dsin 20 2 cos 26
, _ | a0 | —
- D(ge f)(0) = dd_eze} - [—25in29]

Method 2 Chain Rule

_|Vai| _|2v 2u
Dyg(u, v) = {Vgg] N [2u —21}]

Dg(f(#)) = Dg(cost,sinf) = {QSinﬁ 2cost }

2cosf —2sinf
By Chain Rule,

D(go f)(0) = Dg(f(8))Df(0)
B [28inf  2cosf —sind
o |2cosf —2sinf| | cosf
_ [—2sin% 0 + 2 cos? 0

—4 cosfsind

__200829 (same answer)
= _—2sin29 same answe

Example 8.6.

flzy) = (2%, 32y, x + )



Consider g o f :

T ¥ fl:u g
> fo=v g
Y f3—w

Find 2%(1,1) .

Solution.
Dg=Vg=[y —% 3]
Dg(f(1,1)) = Dg(1,3,2)
T2 2 1
_[ﬁ 9 §}
Vfl 2x 0
Df=|Vf| = |3y 3z
Vfg, 1 2y
20
Df(1,1)= 1|3 3
1 2
Hence,

D(ge f)(1,1) = Dg(f(1,1))Df(1,1)
2 0

=[5-5 3] |3 3]

12

10

Note D(go f) = [% g_zﬂ
S2(1,1) =1
In the previous example, we have:

D(go f)=DgDf
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From matrix multiplication, we get another form of chain rule (in classical nota-
tion)

09 09 ou 09 v 09 Ou
dr Ou Ox Ov Ox Ow Ox
99 _0g Ou_ 0g Ov_ 0g Ow
dy Ou dy Ov dy Ow Oy

Example 8.7.

1U<33,y,2) =V 2 +y2 + 227

where:
xr = 3etsin s

y = 3el cos s
2z = 4ét

Find 22 at (s,t) = (0,0).

Solution.
ow_ow 0r du 3y w0
ds Oxr 0O0s Oy O0s 0z O0s

x Yy . z
= -3¢l cos s — - 3elsins +

0
Va2 +y? + 22 Va?+y?+ 22 \/x2+y2+z2( )

s=t=0= (z,y,2) = (0,3,4). Hence,

8_w
0s

(s,t)=(0,0)

Example 8.8. John is hiking with position at time ¢ given by:

{a:(t):t3+1

y(t) =2t
His altitude is given by: H(z,y) = 2* — y? + 100
1. Is John going up/down att =1 ?

2. Which direction should he go instead at ¢ = 1 to go down most quickly?
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Solution. 1. Find 41| _:
AH _OH dr  OH dy
dt Or dt Oy dt
= (22)(3t%) + (—2y)(41)
=2(% + 1)(3t?) — 2(2t%)(4¢)
= 61° — 16t + 612
L =6-16+6=—-4<0
.".John is going downhill at ¢ = 1.

2. Att=1,(z,y) = (2,2)
VH = (2x,—2y)

VH = (4,—4)
.. H decreases most rapidly in the direction of —VH(2,2) = (—4,4)
.".John should go NW .

Remark.

slope in z- and y- direction
gradient

1 &

!

dH _OH dr OH dy i [dedy

dt Jr dt Oy dt dt dt

0 0 1

velocity in z- and y- direction velocity

8.3.1 Idea of Proof of Chain Rule

Suppose
f: Q) CRF — R", differentiable at a
g:Qy CR" — R™, differentiable at b = f(a) € Qs
For
rey, f(x)— fla) = Df(a)(x —a)+es(z) (8.2)
yey  gy) —g(b) = Dg(b)(y —b) +e4(y) (8.3)

Puty = f(x),b = f(a) and (1) into (2):

9(f(x)) = g(f(a)) = Dg(f(a))[Df(a)(z — a) + e5(x)] + £4(f (x))
= Dg(f(a))Df(a)(x —a) + Dg(f(a))ef(x) +&4(f(2))

. \ TV
linear in z—a Denote this by €407 ()
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Then, show that:
lim w -0

oo flz—al

Sketch of the argument: For x close to a, the continuity of f at a implies that
||f(x) — f(a)|| is small. The differentiability of ¢ at f(a) then implies that
g4(f(x))) is small.

Similarly, the differentiability of f at a implies that £;(x) is small. Hence,
Dg(f(a))es(x) is small.

Hence, g o f is differentiable at a, with:

D(g o f)(a) = Dg(f(a)) Df(a).

8.3.2 Summary
Jacobian Matrix

l. f:QCR—R (l-variable, real-valued)

Df(z) = % (scalar, 1 x 1 matrix)
2. fQCR" =R (multivariable, real-valued)

&7:(171,'",mn)'—>f($):f(m1,m,mn)
Df(z) =V [(z)
B ﬁ() 8f<> vectors in R"
-\ o v " 0xy, o 1 X m matrix

3. f:Q CR" — R™(multivariable, vector-valued)

fi(z)
z=(x1, ,xn)— fil@)=fi(z1, ,zn)

of of

_Vfl_ 8_:1:1 . ﬁ
Df(x) = : =1 . i | (m xn matrix)
_ _ Ofm Ofm
Chain Rule
f
(zla"' 71'16) — (ylv"' 7yn) ’i> (gla"' agm)
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gi = gi(y1, -, yn) are functions of y1, - -+ , y,

y; = f; = fij(x1,- -+, z) are functions of 1, - - - , zy,
.. We can regard ¢g; = g;(x1,- - ,xy) as functions of xy, - -+ , xp
Chain Rule in Matrix Notation
991 .. Od¢ g1 .. a7 [Ou Oy1
Ox1 Oz oy Oyn ox1 Oz,
Ogm .. Ogm Ogm .. 9gm | | Oyn Oyn
ox1 oxy, oy OYn ox1 oxy,
mxk mxn nxk

By definition of matrix multiplication:

Ogi _ 990y, 09iOyn
Ox; Oy Oz, Oyy, 0z
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MATH 2010 Chapter 9

9.1 Application of Chain Rule

9.1.1 Level Sets

Let
fQCR" >R, ceR

Recall that the level set of f corresponding to ¢ € R is:
Lo=f¢)={zr€Q: f(z) =}
Example 9.1. Some level sets of f(x,y) = 22 + y*

) ={a"+y* =1}

) = {2” +y* = 4}

IFRAME
IFRAME

Theorem 9.2. Let f : ) C R™ — R, () is open,
LetceR, S = f(c)anda € S.
Suppose f is differentiable at a, and V f(a) # 0. Then, V f(a) LS at a.

Example 9.3.
flxy) =2 +y* Vf=(2z,2y)

Let S = f~1(25), then (4,3) € S
V/(4,3) = (8,6)
IFRAME

Example 9.4. f(z,y) = 2°> —y*> Vf(z,y) = 2z, —2y)
IFRAME
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Example 9.5.
S a? +4y* + 92> =22 (Ellipsoid)

Find equation of tangent plane of S at (3,1, 1)
IFRAME

Solution. Let f(x,y,z) = 2% + 4y* + 922, 5 = f71(22)

Also f(3,1,1) =22,s0(3,1,1) € S

Vf=(2z,8y,18z2)

Vf(3,1,1) =(6,8,18) LS at (3,1,1)

.. (6,8, 18) is a normal vector for the tangent plane. Equation of the tangent
plane:

[(z,y,2) —(3,1,1)] - (6,8,18) =0
6(r—3)+8y—1)+18(z—1)=0
3v+4y + 9z =22

Proof of Example 9.5. Letr(t) be acurve on S, 7(0) = a.
Then r(t) on S = f~1(c)

= f(r(t)) = cis a constant

By the chain rule,

d,
V() ) = 5 =0
Putt =0, then Vf(a)-7(0) =0
.V f(a)L any curve on S ata .
S.Vf(a)LSata. O

9.1.2 Implicit Differentiation

Consider the curve:
C: 22+4°=1

Find % at (2, —1). Locally near (2, —2), we have:

Y=1-2"y<0=y=—V1-— 212

..y is a function of x near (%7 -4,

5
d 3 _4

To find ﬁ at (g, —g),

Method 1: Compute:

4
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Method 2: Implicit Differentiation (chain rule)

9 9 Regard z as a variable
4y =1 )
y as a function of x

Differentiating both sides:

d dy
— 2 2y—= =0
dz v Vi
Evaluating at (z,y) = (£, —32), we have:
3 4 dy
2(2) +2(—=)=2 =0
(5)+2(=¢)7
. dy =3
Cdx (%77%) T4

Example 9.6. Consider
S:aP+ 224 ye” 4 zcosy=0 ®
Given that z can be regarded as a function z = z(z,y) of independent variables

x,y locally near (0,0,0) .
Find &2 % at (0,0,0) .

Remark. It is not easy to express z in terms of x, ¥ .
Solution. Take ~to®,

9] 0 9]
3x2+228—;+ye” (z+:1:a—z)+a—;cosy—0

Substitute (z,y, z) = (0,0,0),
0z 0z

(1) =
0+0+0+ax() 0:»8

(0,0)=0

Similarly, take to ®

0z 0z
(v dy o)t 8y

0z
O+228—+e“—|—ye“ cosy — zsiny =0
)

Substitute (z,y, z) = (0,0,0) , then

0z 0z
0+04+14+0+—(1)-0=0=|=—(0,0) =—-1
+0+140+7-(1) 5,00
Remark. From computations above, we have:
0z 3% + yze™
Or 22+ wye™ +cosy
0z  zsiny—e*

8_y 224 Tyerr 4+ cosy
whenever the denominator is non-zero.
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9.2 Finding Extrema (Maximum or Minimum)

Definition 9.7. Let:
frACR" >R, acA

1. The function f is said to have global (absolute) maximum at q if:
f(z) < f(a)
for all x € A.
2. The function f is said to have local (relative) maximum at ¢ if:
f(z) < f(a)

for all x € A near a, (i.e. There exists ¢ > 0 such that f(x) < f(a) for all
x € AN B.(a).)

3. Global (absolute) minimum and local (relative) minimum are defined
similarly.

Remark. Any global extremum (max/min) is also a local extremum.
A function does not necessarily have a global maximum/minimum.

Example 9.8. Let f(z) = e*: on R

EIE] f(z) =0.
h_)m f(z) = 0.

But f(x) > 0 for all x € R. Hence, f has neither global maximum nor global
minimum.

Example 9.9. Let f(z) = x on (—1, 1] (Domain is not closed).
Then f attains its global maximum at x = 1, but it has no global minimum.

Example 9.10. Let:

f-L1]-R
l—a if ze(0,1]
flz) = 0 if z=0

1z if ze[-1,0)

The function f has neither global maximum nor global minimum.
( f is not continuous)
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Question: When must a function have global extremum?

Theorem 9.11 (Extreme Value Theorem EVT). Let A be closed and bounded
subset of R". Let f : A — R be a continuous function.
Then f has a global maximum and a global minimum.

Remark. 1. A closed and bounded subset of R" is said to be compact.

2. The theorem provides a sufficient, but not necessary, condition for the exis-
tence of global extrema.

Example 9.12. Let:
f:A=10,4 — R,

IFRAME

Observe that A is closed and bounded, and f is continuous.

Hence, by Extreme Value Theorem (EVT), the function f has a global maxi-
mum and a global minimum on A.

Recall that in one-variable calculus: local extrema can only occur at:

1. Critical points (i.e. points a in the interior of the domain where f'(a) = 0
or DNE.)

2. The boundary points of the domain.

Definition 9.13. Let:
f:A—=R, aeclnt(A).

Then, a is called a critical point of f if either of the following conditions holds:

1. Vf(a) DNE (i.e. 52 (a) DNE for some i)

2. Vf(a)=0(.e §L(a)=0foralli)

Theorem 9.14. Suppose f : A C R" — R attains a local extremum at a €
Int(A), then a is a critical point of f.

Proof of Theorem 9.14. Suppose f has a local extremum at a € Int(A).
If V f(a) DNE, then « is a critical point.
If V f(a) exists, then all %(a) exist.
Forany:=1,.---  n,let:

Note that a € Int(A) implies that g;(¢) is defined for ¢ near 0.
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By assumption, g}(0) = %(a) exists.

Hence, f has a local extremum at a.
This implies that g; has a local extremum at 0.

This in turn implies that g;(0) = 0 since by assumption g;(0) exists.

We conclude that:

of
8$i

(@) =0 (foralli=1,2,--- n).

Hence, V f(a) = 0. So, a is a critical point.

9.2.1 Finding Extrema on a Bounded Region

Strategy for finding extrema:
Given:
frACR" - R

To find the extrema of f:
1. Find critical points of f in Int(A).
2. Consider the restriction of f to the boundary 0 A of A.
Find maximum/minimum of f on 0A
3. Comparing values of f at points found in 1. and 2.
Example 9.15. Find global maximum/minimum of
flr,y) =2 +2y* —x +3

on the region:
A={(x,y) eR*: 2” +3y* < 1}

Remark. The region A is is closed and bounded.
Moreover, since f is polynomial, it is continuous.

So, by Extreme Value Theorem (EVT), the function f has global maximum

and minimum on A.

Solution. We follow the strategy above:
Step 1 Consider the critical points of f in Int(A):

First, notice that V f = (2 — 1, 4y) exists everywhere. Moreover:

- 2r—1=0
V=0 < {4y=0


https://www.math.cuhk.edu.hk/~pschan/cranach-dev/?xml=content/math2010/chap9.xml&slide=14&item=9.11

Also, (3,0) lies in Int(A) = {(z,y) € R? : 2? + 3y < 1}.
So, we conclude that f has only one critical point (%, 0) in Int(A), with:

(o) = (L 2+0—1+3—11
2°7) \2 2 4
Step 2 Consider f on 0A = {(z,y) € R? : 2% + y* = 1}.

Parametrize 0 A as follows:

(z,y) = (cosf,sinh),0 € [0, 27]

f(cos®,sinf) = cos? 6 + 2sin* 6 — cosf + 3
= cos? 0 +2(1 — cos® ) — cos O + 3
= —cos’f —cosf +5

1 1
= (cosO+ )+ +5
(cos —|—2) -|-4+
21 1
=" —(cosf + =)?

4 2

Maximum value of f on 0A is %. It is attained when:

<[5

1 1
$:C089:—§ ie. (z,y) = (—§,i—)
Minimum value of f on A is 3. It is attained when:
r=cosf =1 ie. (z,y)=(1,0)

Step 3 Reviewing the values of f at the points obtained in Steps 1 and 2, we have:

f (1 O) = % (minimum)

27
1 V3 21 ,
f <—§;i7> =7 (maximum)
f(1,0)=3

Hence, the maximum value of f is 2. It is attained at (—%, :|:73>

The minimum value of f is L. It is attained at (1, 0).

Example 9.16. Find the global extrema of

flx,y) =22 +y' —y
onR={(r,y) eR?: -1 < x,y <1}
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IFRAME

Solution. R is the square [—1,1] x [—1,1] C R?
R is closed and bounded.
Also, f is continuous.

By Extreme Value Theorem (EVT), the function f has a global maximum and
a global minimum.

First, observe that: Int(R) = {(z,y) € R?, -1 < z,y < 1}
Exercise : Show that %(O, 0) DNE. (Hint: (f(z,0)) = |z]).)
For(z,y) # (0,0), the gradient V f exists, with:

_(Of Of\ _ x 293
vI= <%78_?J> B <\/x2+y47 Va4 y _1>

Hence:
oyt 0
Vi=1(0,0) 28 B
A —1=0

Hence, V f(x,y) = 0 if and only if: z = 0, and

2 3

=

Y

which holds if and only if y = %
Therefore, f has two critical points in Int(R):

1
(07 ) ) (07 _>
~—— 2
V f DNE SN——
V=0
Note that: . .
Consider f on OR:

fl,y) =22 +yt—y

OR ={(z,y) :Ja| =1, -1 <y <1} U{(z,y) : Jyl =1, -1 <z <1}

Consider different parts of OR:
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fla,)=vVr2+1-1=0< f<v2-1
2.y=—1,—-1<zr<1

flao,-1) =V2+1+1=2< f<V2+1
3. |z =1,-1<y<1

flz,y) =vV1+yt—y.

If—1<y<Il,thenl < /1+y*< V2, and —1 < —y < 1. Hence:

0=1-1<1+y'—y<V2+1.

Restricted to C' = {(x,y)||z| = 1,—1 < y < 1}, the maximum value of

f(z,y) is therefore f(£1,—1) = V2 + 1.

Since we already know that f(0,1) = 0, which is less than all possible
values of f restricted to C'. The exact minimum of f on C'is of little interest

to us.

Hence, on OR, the function f has a minimum value of 0 at (0, 1), and a maximum

value of v/2 + 1 at (1, —1).
Comparing values of f at points obtained in Steps 1 and 2:

f(0,0) =
f(0, %) = —— (minimum)
f(07 1) =

f(£1,-1) = \/_ 241 (maximum)
fl= 1, 1) =v2 -1,

we conclude that the maximum value of f is V2 + 1, attained at (1,

the minimum value is —1, attained at (0, 1).

9.2.2 Finding Extrema on an Unbounded Region
Example 9.17. Find the global extrema of
flx,y) =2 +9y* —4x+6y+7

on R?,
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Remark. R? is not bounded. So f might not have global extrema. Observe that:

lim f(z,y) = +o0
(z,y)—00

——

"(z,y) are far away from origin.'

Hence,
1. f has no global maximum on R?

2. Strategy for finding global minimum

Find a closed and bounded region A such that f is “large enough” outside
R. Then, the minimum of f on A is equal to the minimum of f of R.

min on R = min on R?

Solution. Find the critical points of f.

af of

Vf:(£,a—y):(2x—4,2y+6)

is defined everywhere on R

20 —4=0
Vf-(0,0)@{ 2y+6=0

< (7,y) = (2,-3)

Hence, the function f has only one critical point (2, —3), with f(2, —3) = —6.
We want to show that f has a global minimum at (2, —3):

For (z,y) € R%, letr = /22 + 32
Then f(x,y) = 2° +y* — 4o + 6y + 7
>r2 Ay —6r+7
=r(r—10)+7.

This is because:

r=va?+y* >zl yl,

r<r= —dx > —4r
—y < r = 6y > —06r

which implies:
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Hence, if /22 + y? = r > 10, then f(x,y) > 7 > f(2,-3).

Let A = Byy(0,0). Let f|r denote the restriction of f on R.

By Extreme Value Theorem (EVT) , the function f|z has global a minimum.

In Int(R), the point (2, —3) is the only critical point, with:

f(2,-3)=—-6

On 0A, we have f(z,y) > 7 > f(2,—3). Hence, f|r has a global minimum at
(2,-3).

For (xz,y) ¢ R, we have f(z,y) > 7 > f(2,—3). Hence, f has no global
maximum, but it has a global minimum value of —6 at (2, —3).
Remark. 1. Itis in fact easier to solve this problem using elementary algebra:

Since
flzy) =2 +y* —dx +6y +7
=(x—-2°+(y+3)*—6,
it is quite clear what the global minimum of f is.

2. A function can have neither global maximum nor global minimum.
For example, let g(x,y) = 2*> —y* — 4o + 6y + 7
Along the line z = 0, we have ¢(0,y) = —y* + 6y + 7. So:

lim ¢(0,y) = —oo = no global minimum.
y—Foo

Along y = 0, we have g(z,0) = 22 — 4z + 7. So:

lirf g(x,0) = 0o = no global maximum.
T—>L 00

Another example of extrema on unbounded region.

Example 9.18. Make a box (without top) with volume = 16
Cost:
Base $2/unit area
Side $0.5/unit area
Question :
How to minimize cost?

Solution. Want to minimize
16

16
C =2 — —)(2)(0.5
(z,y) = 2zy + (xyrH xyy)( )(0.5)
on the domain Q = {(z,y) € R? : z,y > 0}
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e () is neither closed nor bounded. Hence, Extreme Value Theorem (EVT)
cannot be applied directly.

e (' islarge if z or y is small or large.

Strategy: Find a rectangle R such that the values of C'|g2\  are all greater than the
minimum of C'| .

Step 1

Find critical points

16
VC = (2y — —;, 2z — —;) exists everywhere
Y
4

y2 bl
one critical point (2,2), C(2,2) = 24.
Step 2
Choose R s.t. C' > 24 on OR and outside R.

16 16
Clr,y) = 2oy + — + —
r Yy

One possible choice: R = [0.1,1000] x [0.1, 1000]

o I[fz <0lory<0.1,

1 1 1
thenC’>—6+—6>—6:160>24
T Y 0.1

e If (x > 0.1,y > 1000) or (y > 0.1,z > 1000) ,
then C' > 2(0.1)(1000) = 200 > 24

Step 3
Analysis
e R is closed and bounded, C'is continuous.

By Extreme Value Theorem (EVT), C'|g has minimum.

e (C has only one critical point (2,2) € Q (2,2) € Int(R),C(2,2) = 24
C > 24 on OR = C'|g has minimum value 24 at (2, 2)

o (' > 24 outside R

Hence, C' has the minimum value of 24 at (2, 2) on ).
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MATH 2010 Chapter 10

10.1 Taylor Series Expansion

Recall
Taylor expansion for 1-variable function g(t) at ¢t = 0 up to order k.

1 1
g(t) = g(0) + ¢'(0)t + Eg//(O)tQ + -4+ —¢®(0)t* + remainder ®

k!
We want a similar formula for a multi-variable function f(z) defined near a,
where z = (x1, -+ ,x,), a= (a1, - ,an).

Let g(t) = f(a +t(z — a))
If ||z — al| is small, then for |¢| < 1,

[t(x = a)|| = [t]l|x — al| < [lz — al| is small
and ¢(t) is defined.
By ®,

1 1
fla+t(x —a)) =g(0)+ ¢'(0)t + 59”(0)t2 + -4 —g®(0)t* + remainder

Hg
Putt =1,
/ 1 " 1 (k) .
f(x) =g(0)+4'(0) + 519 0)+---+ 719 (0) + remainder

Next, express ¢(*)(0) in terms of f :

9(0) = fla+t(x —a)) = f(a)

9(0) = Vot e —a))- 50+ tr —a)
=Vfla+tlx—a)) (r—a)
= o (a+t(x —a))(z; — a;)
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= ¢(0) = V(@) (z—0)
= - B (a)(zi — a;)
9'(t) = %g'@f)

N Z c‘)xajafxz (@ +t(z — a))(z; — a;)(x; — a;)

=1 j=1

70 =33 5 @)~ 0o - a)

f(z) = fa) + Z 8f' (a)(z; — a;) + l 2 i -(a)(z; — a;)(z; — a;) + remainder

Similarly, the general term is
g™ (0) = | Z m(a)(% —ay) - (2, — )
=
Example 10.1. If n = 2, ie. f = f(2,y),a = (o, y0) [ is C? (50 fuy = fyz )
then
f(z,y) =f(20,v0) + fe(zo, y0)(x — x0) + f,(%0,Y0) (Y — ¥o)

+ %[fm(l‘o, Yo)(z — $0)2 + 2fxy<I07 Yo)(z — 20)(y — yo) + fyy<1707 Yo)(y — yo)z]
+ remainder

Theorem 10.2 (Taylor’s Theorem). Let Q C R™ be open, f : Q — R be C*.
Then for any x,a € (),

1 «— 0*f
)+ 30 G @ a4 g 32 e~y )+

1 ok f
Z M( a)(wy, —aq,) - (@, — a;,) + ex(z, @) ’

Zk—
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with:

Definition 10.3.

pe(z) = fla) + Z D, (a)(z; — a;) + -

k! ~_ 8$i1 c. 81;% 11 11 Tk ik
11y 5=
is called the k-th order Taylor polynomial of f at a.
Remark. e pi(z) = L(x) = Linearization of f at a
e p; and f have equal partial derivatives up to order £ at a.

IFRAME
open in new window

Example 10.4. f(z,y) = e® cosy Find the 2"¢ order Taylor polynomial at a =

(0,0)
Solution.
Je =€ cosy fy = —€"siny
fex = € cos Y fye = —€"siny
fzy = —€"siny fyy = —€" cosy
= f(0,0)=1,
f:(0,0) =1 f,(0,0) =0
fﬂcx(oa()) =1 fyy(070) =1

fffy(()ao) = fyz(O,O) =0

pa(,) = F(0,0) + £o(0, 00 + £,(0,0)y + 5 (Fer(0,0)2 + 212y (0,0)2y + £, (0. 0)5?)

1 1
-1 L2 19
+$+2I 2y

How about p3(z,y) at (0,0) ?
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1
p3(z,y) = pa(,y) + §;9°”(0)

N
37d order terms
Jrae = €" cOSY fa:xy:f:cyx:fym: —e’siny
fyyy = €”siny Jayy = fyay = fyya = —€" cosy
= [222(0,0) =1 J2ay(0,0) =0
fryy(oao) =-1 fyyy(oa()) =0

9(3) (O) = fmcz(oa 0)1:3 + Bfftﬂiy((]? O>$2y + 3fmyy<0a O)Iy2 + fyyy(oy 0)y3
= 23 — 3xy?

1
mmwzmmm+§w—wm

1 1 1 1
—1 L2 L2, -3 - 2
+:c—|—2a: 2y —|—6x 2a:y

Question If f = f(x,y,z) is C°®, then coefficient of zy*23 in ps(z,y, 2) at
(0,0,0) i8 @ fryy222(0,0,0), ¢ =7

10.1.1 Matrix form for 2nd order Taylor Polynomial

Definition 10.5. Let 2 C R" be open, f : 2 — R be C?.
Then the Hessian matrix of f ata € () is:

frlzl (CL) T fxlxn (CL)
Hf(a) = : :
Jenar (@) - fre,(a)

Remark. e Hf(a) is a symmetric n X n matrix by the mixed derivatives
theorem.

e In Thomas’ Calculus, Hessian of f is defined to be the determinant of our
Hessian matrix.
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With the Hessian matrix, the 2nd order Taylor polynomial of f at a can be
written as:

p2(z) = fla) + V f(a)(z —a) + %(l‘ —a)' Hf(a)(z - a)

1x1 1x1 1xn nx1 1xn nxn nx1

where z,a € R" are written as column vectors:

(z —a)" = Transpose of z — a

= [1’1—&1,--- axn_an]
Remark.

(x —a) Hf(a)(z —a)

_faclacl (a) e f:len (a) T1 —aq
:[xl—al,"',fn—an] .

_fxnxl (a) Tt fxnxn ((I) Ty — Ap

_fr1m1(a)(x1 —a1) + -+ faw, (@) (20 — an)
:[xl—ah...7xn_an] .

o (@)1= 1) 4+ fanan (@) (0 — )

=frrz (@) (21 — 1) (21 — @1) ++ + fayu, (@) (21 — ar1) (20 — ay)
+ e

+ frpe (@) (@1 — a1)(Tn — @) + -+ + frpe, (@) (20 — an) (20 — an)

= Z Jui; (@) (@i — ai)(z; — ay)

ij=1
=g(0)
Example 10.6.
f(x,y) =e"cosy
Find py(z,y) at a = (0,0) using matrix form.
Solution.

f(070) =1

V£(0,0) = (1,0)
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.0 =) 1]

pa(e,y) = £(0,0) + V£(0,0) [;“" B 8} +ie—0 y—0HF©0,0) B - 8}

2
T 1 1 0 T
S L/]+§[x v [0 —J M
1 1
=1 T2 -2
+l'+2£(} 2y

Example 10.7.

Inz
9(r.9) =1
Find py(z,y) at (1,0).
Solution.
1 Inz
Vg =199, = { , }
90 = | ST T g7

J— 1 L 1
Hg = [gm gzy} — | TP
Jyz  Gyy z(1—y)? (1-y)* |

—1 1]

Vg(1,0)=[1 0] Hg(1,0)= {

pa(,) = 9(0,0) + Vg(0,0) {x . 1} et gm0 {7” . 1}
o e
=(w—1)—%(x—1)2+<x_1)y
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10.1.2 Application to local maximum / minimum

Suppose f : R* — R is C?, and a is a critical point of f.
Then, V f(a) = 0. For x near a ,

£(&) ~ o)
= () + V(@) ~ a) + 5(r — ) Hf @)z~ a)
= @+ 5 a) Hi (@) - a)

2

~ J/
-

This term determines whether f(x)>f(a) or f(x)<f(a)

Forn = 1,i.e. f is 1-variable.

1 T _ 1 " 2
S —a) Hf(@)x—a) = 3f"(@)(z —a)

Recall: Second Derivative Test
This may be viewed as a consequence of Taylor’s Theorem. That is, if f'(a) =
0, then near x = a, we have:

F(@) ~ fa) + f'(a)(x — a) 45 f(a)(z — a)
—_——

=0

IFRAME

The sign of the second derivative at + = a essentially tells us whether locally
the graph of the function looks like an upward or downward parabola.

For n = 2, the 2™ order term is:

1 Y — 0] [fm(l’o, Yo)  Jfay(To, yo)] {IE — xo]

—\r — X
2[ 0 yx(x07y0) fyy($07y0) Y—1%Y

TV
f is C2=-Symmetric

To understand the nature of critical points, we study quadratic forms of 2 vari-

ables.
q(z,y) = [z | [g g] m

= Ax® 4+ 2Bxy + Cy?
Does ¢(z,y) have a definite sign (always positive or always negative) for (z,y) #

(0,0)?
We can determine it by completing square.
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Example 10.8.

q(w,y) = 2y (: [z y] {(1) tl)} [ZD
IFRAME )

Note g(z,y) = 3(x +y)? — 5(x —y)? Along z + y = 0, i.e. y = —u,
q(z,—x) = —22* < Oforx # 0
Alongz —y=0,ie.y=2x
q(z,7) =22° > 0 forz # 0

Hence, ¢ has no definite sign, i.e. indefinite.

Clearly (0, 0) is a critical point of ¢(x, y) but neither local maximum nor min-
imum.

Such a critical point is called a saddle point .

Example 10.9.
o 2 2 ( 17 —6 T
q(z,y) = 172" — 122y + 8y (— [z y] {_6 s | 1y
IFRAME
Does ¢(z,y) have a definite sign?
Solution.
2-6 6 36
— 172 20 D2 2 99, o
6
= 17(z — 1—7y)2 + 10y ®

Hence, ¢(z,y) > 0 = ¢(0,0) for (z,y) # (0,0) Hence, The critical point (0, 0) is
a local minimum. Also global minimum of ¢(z, y).

Remark. Expression like ® is called diagonalization of quadratic form. It is not
unique!

For example ¢(z,y) = 5(%)2 + 20(%—\/_5@’)2 is another diagonalization.
0 0

"Orthogonal" change of coordinates
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10.1.3 Higher dimension example

Example 10.10.
q(z,y,2) = vy +yz+ 2z
Definite sign for (x,y, z) # (0,0,0) ?
Solution.

4= 3ty = 1 -9+ (o +y)

=~ =

Letu = % v:x—;y.Then

q=u*—v?+2uz
= (u® + 2uz + 2%) —v? — 2

= (u+2)2—2? — 22

Tty 2 (T =Y 2
(o - (-
1 2 1 2 2
= 1 (z+y+22) _Z(x_y) —z
1 ro T
positive negative
Ontheplanex+y+2z:0,i.e.z:—xTer
r+y
qzq(x,y,— 9 )
1 2 1 2

Alongthelinerz —y=2z=0,ie.y=2,2=0

Q(xmwa) - q(ZE,I,O)
=22 >0forz#0

Hence, the critical point (0,0, 0) is a saddle point. For general theory, need linear
algebra:
Diagonalization of quadratic form, eigenvalues - - -

Definition 10.11. Let A be a n x n symmetric matrix.
Then A is said to be

e positive definite if 27 Az > 0 for all column vectors = € R™\ {0}
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e negative definite if 7 Az < 0 for all column vectors = € R™\ {0}

e indefinite if 3 column vectors z,y € R™\{0} such that 2T Az > 0 and
yTAy <0

Remark. These are not all the possible cases:
There are symmetric matrix which is not positive definite, negative definite
nor indefinite.

Example 10.12.

lz 9] [(1) Z] m =22+ 4y>>0 forall m € R\ {0}

Hence, [(1) 2] is positive definite.

Example 10.13.

[z [_01 _04} m = —2? —4y> <0 forall m e R*\{0}

Hence, [_O _O 4] is negative definite.

Example 10.14.
A [
[1 0] _01 2 (1) =-1<0
[0 1] _01 2 (1) =4>0

-1 0f. . .
Hence, [ 0 4] is indefinite.
Example 10.15.

lz 9] B 8} m —22>0 forall m € R2

0 1] [(1) 8} {ﬂ = 0 = not positive definite

Hence, [(1) 8} is neither positive/negative definite nor indefinite.
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Example 10.16.

= ala 3
Y2 5 (Y
=(2 + doy + 4%) + ¢
=(z+2y)* +y* >0 forall Bj} € R*\{0}

Hence, B g] is positive definite.
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MATH 2010 Chapter 11

11.1 Second Derivative Test

Last time: Definiteness of symmetric matrix

Theorem 11.1. Suppose 2 C R" isopen, f : Q@ — Ris C? anda € Qisa
critical point (i.e. V f(a) = 0).
If Hf(a) is:

e positive definite, then a corresponds to a local minimum.
e negative definite, then a corresponds to a local maximum.
e indefinite, then a is a saddle point.

Idea of proof:
Use Taylor’s Theorem.
V f(a) = 0 = For x near a,

(x —a)"Hf(a)(z — a)

DO | —

flx) = fla) =

If H f(a) is positive definite
R.H.S. > 0forallz # a
= f(x) — f(a) > 0 for all x # a and near a.
= f has a local minimum at a.
”Proof” is similar for the other two cases.
Geometrically,

1. H f(a) is positive definite (e.g. f = 22 + y? at (0,0) )
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3. Hf(a) is indefinite (e.g. f = x* — y* at (0,0))
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How do we determine the definiteness of H f(a)?
For the simple case n = 2, it can be done easily by completing square.

A

Theorem 11.2. Let M = { B

B
C} be a symmetric 2 X 2 matrix with real coeffi-

cients. Then:
o M is positive definite < det(M) > 0,A >0
e M is negative definite < det(M) > 0, A < 0
o M is indefinite < det(M) < 0
Remark. det(M) = AC — B2
Proof of Theorem 11.2. Let q(z,y) = [z y]|M B] = Ax? + 2Bzy + Cy?
Casel (A#0)

Aq(z,y) = A*x* + 2ABxy + ACY?
= (Az + By)* + (AC — B*)y?

Clearly,

q(z,y) >0 VY(x,y) # (0,0) < AC —B*>0,A>0
q(z,y) <0 VY(x,y) # (0,0) < AC —B*>0,A<0
q(w, y) change signs < AC — B* < 0
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Casell (A=0)AC —B?=-B?><0
q(z,y) = 2Bxy + Cy* = y(2Bx + Cy)

Clearly q is neither positive or negative definite and is indefinite < B # 0
& AC - B? <0 O]

Theorem 11.3 (Second Derivative Test for functions of two variables). If Q) C R?
isopen, f : Q) = Ris C?% a €, Vf(a) =0. Then,

1. foofyy — m2y > 0, foz > 0at a = ais a local minimum
2. foulyy — fy > 0, fre < 0ata = ais alocal maximum
3. feafyy — f2, < 0ata = aisasaddle point

4. feafyy — f2, = 0at a = inconclusive

Y

Remark. o f..f,, — f2 =det(Hf)

zy

e In Item 4, the point a can correspond to a local maximum/minimum or
saddle point.

Example 11.4.
f(z,y) = 32> — 102y + 3y + 2v + 2y + 3
Find and classify critical points of f.

Solution. f is polynomial, so is differentiable on R?

vf:[fa: fy]
= [6x — 10y +2 — 10z + 6y + 2]

= 6r — 10y +2 =0
Vf—0<:>{ —10r +6y+2=0
11

. (3, 1) is the only critical point.
fox fx] [6 —10]
H p— y p—
e

fzxfyy - 511 — (_6)2 - (—10)2 = —64 < 0.
By 2"¢ derivative test, (1, 1) is a saddle point.
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Example 11.5.
f(z,y) = 3z — 2 — 3xy®
Find and classify critical points of f.

Solution. f is a polynomial, so is differentiable on R?.

V= [fac fy]
=[3—32* - 3y* — 6ay]

Vf=0
- {3—3:152 3y =0---(1)
—6zy =0---(2)

(2)=x=00ry=0
Ifz=0(1)=3-32=0=y==%1
Ify=0,(1)=3-322=0=12=+1
Hence, there are 4 critical points: (0,+1), (£1,0).

_ facac f:vy _ —6x _6y
Hf N |:fyx fyy] N {_Gy —6x

e a=(0,1)

Then, H f(a) = {—06 _06}

det H f(a) = —36 < 0.

|

Hence, the point (0, 1) corresponds to a saddle point.

e a=(0,-1)

6 0
det H f(a) = —36 < 0.

Then, H f(a) = {0 6} .

Hence, the point (0, —1) corresponds to a saddle point.

e a=(1,0)
Then, H f(a) = {_06 —06}
det H f(a) = 36 > 0.
fez(a) = —6 < 0.

Hence (1,0) corresponds to a local maximum.
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e a=(-1,0)

Then, H f(a) — {6 0} .

0 6

det H f(a) = 36 > 0.
fez(a) =6 > 0.
Hence (—1, 0) corresponds to a local minimum.

IFRAME

Example 11.6. Inconclusive from 2" derivative test

flay) =2 +y'  glry) =2 -y h(z,y) = —2* —y'

Vfi=[2r 4y’ Vg=1[2r —4y° Vh=[-2r —4y°]

= (0,0) is a critical point of f, g, h.
2 0 2 0 -2 0
Hi= {0 12y2} Hy = {o —12y2} Hh = {0 —12y2}

oo-so- 1 mao-[ 3

= Each Hessian matrix has zero determinant at (0, 0), so the 2"¢ derivative test is
inconclusive.

Remark. Clearly, f, g, h has local minimum, saddle point and local maximum at
(0, 0) respectively.

11.1.1 Second Derivative Test for Functions of n Variables
Let f: QCR*" -5 RbeC?acQ, Vf(a)=0.

fxlasl fxlxg e fmlxn
fxle fo:):Q e fmzxn

Aty =17~
fa:nzl fa:nazg fznxn

fis C? = H f(a) is symmetric. From linear algebra, there exists an orthogonal
n x n matrix P (i.e. P' P = I,,) such that:

A 0 - 0
PTHf(@)P = | " Ao

TR

0 0 A


https://www.math.cuhk.edu.hk/~pschan/surfaceplot/?data=%7B%22sidebar%22%3A0%2C%22zscale%22%3A%220%22%2C%22domain%22%3A%223%22%2C%22numsamples%22%3A%2220%22%2C%22autozscale%22%3A%221%22%2C%22showaxes%22%3A%221%22%2C%22centeredaxes%22%3A%221%22%2C%22xmin%22%3A%22-2%22%2C%22xmax%22%3A%222%22%2C%22ymin%22%3A%22-2%22%2C%22ymax%22%3A%222%22%2C%22zmin%22%3A%22-10%22%2C%22zmax%22%3A%2210%22%2C%22xticks%22%3A%225%22%2C%22yticks%22%3A%229%22%2C%22zticks%22%3A%2210%22%2C%22equations%22%3A%5B%7B%22isParam%22%3Afalse%2C%22formula%22%3A%223x-x%5E3-3x*y%5E2%22%2C%22color%22%3A%226dbed9%22%2C%22alpha%22%3A%220.9%22%7D%2C%7B%22isParam%22%3Afalse%2C%22formula%22%3A%22-6x*(y-1)%22%2C%22color%22%3A%22a9d998%22%2C%22alpha%22%3A%220.9%22%7D%2C%7B%22isParam%22%3Afalse%2C%22formula%22%3A%226x*(y%2B1)%22%2C%22color%22%3A%22989ad9%22%2C%22alpha%22%3A%220.9%22%7D%2C%7B%22isParam%22%3Afalse%2C%22formula%22%3A%222-3(x-1)%5E2-3y%5E2%22%2C%22color%22%3A%22a48465%22%2C%22alpha%22%3A%220.9%22%7D%2C%7B%22isParam%22%3Afalse%2C%22formula%22%3A%22-2%2B3(x%2B1)%5E2%2B3y%5E2%22%2C%22color%22%3A%22d89797%22%2C%22alpha%22%3A%220.9%22%7D%5D%2C%22rotationMatrix%22%3A%5B-0.56%2C-0.4%2C0.51%2C0%2C0.66%2C-0.2%2C0.55%2C0%2C-0.13%2C0.74%2C0.4%2C0%2C0%2C0%2C0%2C1%5D%7D&dimensions=[480,480]

where ); are eigenvalues of H f(a). Hence,

positive definite < All \; > 0
Hf(a)is ¢ negative definite < All\; <0
indefinite < Some \; > 0,some \; <0

11.1.2 Another way to check definiteness of H f(a)
Let Hy, be the k by k submatrix

fl’wl fwlm fxlﬂck

e

fkaEl kam fivklvk
1. Hf(a) is positive definite < det H, > O0fork =1,2,--- | n

< 0if k is odd

2. Hf(a) is negative definite < det Hy, { < 0if k is even
Forn = 2,

det Hy = det[fre] = fon

det Hy = det ny jﬁzﬂ = foalyy — [2,

Same result as before.

11.2 Lagrange Multiplier

Finding extrema under constraints.

Example 11.7. Find the point on the parabola z* = 4y closest to (1, 2).

Find minimum of f(x,y) = (z — 1)?> + (y — 2)? under constraint g(z,y) =
2?2 — 4y = 0.

(Constraint: expressed as a level set g = 0)

IFRAME

https://www.math3d.org/Z2YmkbAD

IFRAME

Theorem 11.8 (Lagrange Multipliers). Let f, g be C! functions on Q C R"
S=g7(c)={r€Q:g(x) =}
Suppose
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https://www.desmos.com/calculator/zdsqgisveg?embed
https://www.math3d.org/Z2YmkbAD

1. a corresponds to a local extremum of f on S

2. Vyg(a) #0
Then { Vf(a) = AVyg(a)forsome A € R
g(a) = c

Remark. 1. )is called a Lagrange Multiplier.

2. Let F(xz,\) = f(z) — AMg(z) — ¢
Then VF(z,\) = (V(f(z) — Ag(x)), g(x) — ¢)

~~
m components

Find critical points point of f under constraint g = ¢

)

Find critical point of F' without constraint

Back to Example 11.7,

Minimize f(z,y) = (x — 1)* + (y — 2)*

Constraint g(x,y) = 2% — 4y = 0
Solution. f, g are C'! on R2.

Vi=[2-1) 2(y-2)

Vg=[2z — 4]+ 0onR?

Suppose (x,y) is a local extremum of f(z,y) on g(x,y) = 0.
Then, by Lagrange multipliers,

{ Vf(z,y) = AVg(x,y) for some A € R
glz,y) = 0

= {2y—2) = —4x ---(2)


https://www.math.cuhk.edu.hk/~pschan/cranach-dev/?xml=content/math2010/chap11.xml&slide=13&item=11.7

=z-1=X=2z(1-X)=1

2)=2>y—2=-22=>y=21-))=2

B)=>a2?-2=0,"-8=0=2=2

.y =2 =1, and now it is easy to check (z,y) = (2,1) is a solution.

Geometrically, f must have a minimum on g = 0.

By the Lagrange Multipliers Theorem, only one point can be that minimum
point.

= f has minimum at (2, 1) on g = 0.

To summarize, to find the minimum of f(z,y) = (z — 1)? + (y — 2)? under
the constraint g(x,y) = 2% — 4y, we solve:

Vf = AVg
g = 0

Exercise 11.9. Find the point on the parabola 22 = 4y closest to (2, 5).
fle,y) = (x=2)* + (y = 5)°
g(z,y) =2* — 4y

Remark. The system:

Vf = A\Vyg
g =0

has solutions. Global minimum on g = 0: (4,4).
Not local extremum on g = 0: (—2,1).

Example 11.10. Maximize xy? on the ellipse
?+ 4yt =4
Solution.

Let f(z,y) = 2y?
g(z,y) = 2 + 4y

Note f is continuous and the ellipse g = 4 is closed and bounded.
By EVT, f has global maximum and minimum on g = 4.

Vi=1[/ 2y

Vg=1[2r 8

Note: Vg # 0 on 2% + 4y* = 4.
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Lagrange multipliers:

2
B y° = 2 ---(1)
{Vf B i\Vg & 2ry = 8\y ---(2)
7 = 244y = 4 (3)

Case 1: If y = 0, then

(B) =2’ =4= 1 =22,
A=0by (1)
L (z,y) = (£2,0).
Case 2: If y # 0, then:

@2y Sy
(1) y?  2\x y x

By (3), 6¢° 4;»y_i\[

Lt =2r == \/;

L@y) = (/512
Compare Values of f at the 6 points found using Lagrange Multipliers:

flz,y) = :vy
F(£2,0)

\/; , i\/7 \/7 f (maximum)
\/g ; ﬂ:\/7 \/7 = WE (minimum)

Hence for f(z,y)ong =4,
_ 4 2
Global maximum value = WE at (y/3, j:\/; )

. . o 4 4 2
Global minimum value = — === at (— \/; : j:\/; )

Remark. We may use another form of Lagrange Multiplier.
Let F(z,y,\) = f(z,y) — Mg(x,y) — 4) = 2y? — M2? + 49> — 4).

2

y° — 2 \x

Then, VF = (y*—2)\z, 22y—8\y, 2°+4y*—4),VF = 0 & 2xy — 8\y
22 +4y? — 4

Same system as before.

For problems of finding maximum/minimum of f : A — R,
Lagrange Multipliers can be used to study f on JA. Consider a previous
example:
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Example 11.11. Find global maximum/minimum of:

flr,y) =2 +2y* —x +3fora* +y* <1
Solution. Domain = A = {(z,y) € R*: 2?2 + ¢y* < 1}

As found before, f has only one critical point (3, 0) in Int(A), with f(1,0) =
1

1

—

To study f on A = {(x,y) € R? : 2% + y*> = 1} by Lagrange Multipliers:
Let g(x,y) = 2% + 32

Vg = (2x,2y) # 0on dA(g = 1)

B 20 —1 = 2z ---(1)
VIii= AVe By = 2y - (2)

g =1
2yt o= 1 - (3)

(2)=@4-2N)y=0
= A=2o0ry=0

For \ = 2:
By (1),
20 — 1 =4z
1
=735
By (3),
3
y = ig
Fory =0,
By (3),
r ==l
Comparing values of f at five points:
1 11
f(5:00 =~
[ESC Ry .
27 2 27 2 4
f(1,0) =3
f(=1,0)=5

Hence, maximum value = 2 at (—1 4+¥3) and minimum value = & at (1, 0).
1 20179 4
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MATH 2010 Chapter 12

Question:
When does f have global extrema subject to constraint g = ¢ ?
A sufficient condition:

e The level set S = {g = ¢} is closed and bounded
e fis continuous on .S

By EVT, f has global extrema on S.

12.1 Quadratic Constraint on 2 Variables (Conic Sec-
tion)

g(z,y) = Az* + 2Bxy + Cy* + Dx + Ey + F
Some typical examples of g = ¢ :

I. & +% =1,a,b> 0 (Ellipse. Circle if a = b)
IFRAME

2

2. & — Z—j = 1,a,b > 0 (Hyperbola)

a2

IFRAME

Remark. xy = ¢, ¢ # 0 also a hyperbola.
IFRAME

3. y = ax?, a # 0 (Parabola) (only 1 quadratic term)
IFRAME

4. Degenerate Cases
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https://www.desmos.com/calculator/8pzowhtbpa?embed
https://www.desmos.com/calculator/abzngyn0ga?embed
https://www.desmos.com/calculator/d7d6wuzkpo?embed
https://www.desmos.com/calculator/ctei8azedj?embed

¥
[N

e %+ 4% =0~ apoint (0,0)
° 2—3—1—2—5 = —1 ~» empty set
2 2
s H-f=0wzoay
(a pair of intersecting lines)

[\

e 1’ =c~1x==2/c
(a pair of parallel lines (double line if ¢ = 0))

By a change of coordinates, any quadratic constraint g(z,y) = ¢ can be trans-
formed to one of the forms above:

= Ellipse, Hyperbola, Parabola, Degenerate

Each quadratic constraint corresponds to the intersection of a plane with a
cone:

IFRAME

Example 12.1.

1722 — 12zy + 8y + 165z — 8v/5y = 0

1) 2 2x — 2
(ut) -I—U—:l,whereu: - v:x—i_ Y

RS v V5

Remark. In the last example, u and v are chosen so that u-axis L v-axis.

Such u and v can be found using theory of symmetric matrices in linear alge-
bra. Among the non-degenerate quadratic constraints above, only ellipse is closed
and bounded.

Any continuous f(z,y) restricted to an ellipse has both global maximum and
global minimum.

It is not true for hyperbola and parabola:

A continuous f(z,y) restricted to a hyperbola or parabola may not have global
maximum or minimum.

12.2 Quadratic Constraint for 3-variable

g(x,y,z) = Ax® + By* + C2* 4+ 2Pxy + 2Quz + 2Rz + Dx + Ey + Fz + G
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https://www.math.cuhk.edu.hk/~pschan/surfaceplot/?data=%7B%22sidebar%22%3A0%2C%22zscale%22%3A%22-0.5%22%2C%22domain%22%3A%222%22%2C%22numsamples%22%3A%2240%22%2C%22autozscale%22%3A%221%22%2C%22showaxes%22%3A%221%22%2C%22centeredaxes%22%3A%221%22%2C%22xmin%22%3A%22-2%22%2C%22xmax%22%3A%222%22%2C%22ymin%22%3A%22-2%22%2C%22ymax%22%3A%222%22%2C%22zmin%22%3A%22-10%22%2C%22zmax%22%3A%2210%22%2C%22xticks%22%3A%225%22%2C%22yticks%22%3A%229%22%2C%22zticks%22%3A%2210%22%2C%22equations%22%3A%5B%7B%22isParam%22%3Afalse%2C%22formula%22%3A%221%22%2C%22color%22%3A%22d797d8%22%2C%22alpha%22%3A%220.9%22%7D%2C%7B%22isParam%22%3Atrue%2C%22formula%22%3A%22s*cos(t)%2C%20s*sin(t)%2Cs%22%2C%22domain%22%3A%7B%22s%22%3A%22-2%2C2%22%2C%22t%22%3A%220%2C7%22%7D%2C%22color%22%3A%22b8b8b8%22%2C%22alpha%22%3A%220.9%22%7D%2C%7B%22isParam%22%3Atrue%2C%22formula%22%3A%22-1%2Cs%2Ct%22%2C%22domain%22%3A%7B%22s%22%3A%22-2%2C2%22%2C%22t%22%3A%22-2%2C2%22%7D%2C%22color%22%3A%2297d8b0%22%2C%22alpha%22%3A%220.9%22%7D%2C%7B%22isParam%22%3Atrue%2C%22formula%22%3A%22s%2Ct%2C1-s%22%2C%22domain%22%3A%7B%22s%22%3A%22-1%2C1.5%22%2C%22t%22%3A%22-2%2C2%22%7D%2C%22color%22%3A%226d9cd9%22%2C%22alpha%22%3A%220.9%22%7D%2C%7B%22isParam%22%3Atrue%2C%22formula%22%3A%22s%2Ct%2C0.75-0.5s%22%2C%22domain%22%3A%7B%22s%22%3A%22-2%2C2%22%2C%22t%22%3A%22-2%2C2%22%7D%2C%22color%22%3A%22d8c397%22%2C%22alpha%22%3A%220.9%22%7D%5D%2C%22rotationMatrix%22%3A%5B-0.59%2C-0.33%2C0.49%2C0%2C0.58%2C-0.3%2C0.47%2C0%2C0.03%2C0.66%2C0.43%2C0%2C0%2C0%2C0%2C1%5D%7D&dimensions=[480,480]

12.2.1 Some typical examples of g = ¢

Graphi—i +z—§+z—§ =1,a,b,c>0
How to graph it?
Start with the unit sphere:

$2+y2+22:1

IFRAME

Then, stretch in z, y, z directions according to the values of a, b, c:
IFRAME

Graphz—z—l—z—j—i—izl

Up to rescaling, can assume a =b=c =1

oty =2 =1

Letr = /22 + y2 = distance from (x,y, z) to z-axis r* — 2% = 1 Hyperbola
IFRAME
P+t —22=1---(2)
Hyperboloid of 1 sheet
IFRAME , .

Graph & + % — 5 = —1

r? — 22 = —1 Hyperbola

IFRAME

2? +y? — 2 = —1 Hyperboloid of 2 sheets
IFRAME

Exercise 12.2. Graph
o 22+ y? — 22 = 0 (Elliptical cone)
e 2z = 2 + y? (Elliptical Paraboloid)

e 2z = 2% — y? (Hyperbolic Paraboloid)

12.2.2 Graph of standard quadratic surfaces
Example 12.3.
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https://www.math.cuhk.edu.hk/~pschan/surfaceplot/?data=%7B%22sidebar%22%3A0%2C%22zscale%22%3A%220%22%2C%22domain%22%3A%2210%22%2C%22numsamples%22%3A%2240%22%2C%22autozscale%22%3A%221%22%2C%22showaxes%22%3A%221%22%2C%22centeredaxes%22%3A%221%22%2C%22xmin%22%3A%22-5%22%2C%22xmax%22%3A%225%22%2C%22ymin%22%3A%22-5%22%2C%22ymax%22%3A%225%22%2C%22zmin%22%3A%22-10%22%2C%22zmax%22%3A%2210%22%2C%22xticks%22%3A%225%22%2C%22yticks%22%3A%229%22%2C%22zticks%22%3A%2210%22%2C%22equations%22%3A%5B%7B%22isParam%22%3Atrue%2C%22formula%22%3A%22sin(s)cos(t)%2Csin(s)sin(t)%2Ccos(s)%22%2C%22domain%22%3A%7B%22s%22%3A%220%2C4%22%2C%22t%22%3A%220%2C7%22%7D%2C%22color%22%3A%22d998b7%22%2C%22alpha%22%3A%220.9%22%7D%5D%2C%22rotationMatrix%22%3A%5B-0.8%2C-0.31%2C0.69%2C0%2C0.76%2C-0.25%2C0.76%2C0%2C-0.05%2C1.04%2C0.39%2C0%2C0%2C0%2C0%2C1%5D%7D&dimensions=[480,480]
https://www.math.cuhk.edu.hk/~pschan/surfaceplot/?data=%7B%22sidebar%22%3A0%2C%22zscale%22%3A%220.5%22%2C%22domain%22%3A%2210%22%2C%22numsamples%22%3A%2240%22%2C%22autozscale%22%3A%221%22%2C%22showaxes%22%3A%221%22%2C%22centeredaxes%22%3A%221%22%2C%22xmin%22%3A%22-5%22%2C%22xmax%22%3A%225%22%2C%22ymin%22%3A%22-5%22%2C%22ymax%22%3A%225%22%2C%22zmin%22%3A%22-10%22%2C%22zmax%22%3A%2210%22%2C%22xticks%22%3A%225%22%2C%22yticks%22%3A%229%22%2C%22zticks%22%3A%2210%22%2C%22equations%22%3A%5B%7B%22isParam%22%3Atrue%2C%22formula%22%3A%225*sin(s)cos(t)%2C3*sin(s)sin(t)%2C2*cos(s)%22%2C%22domain%22%3A%7B%22s%22%3A%220%2C4%22%2C%22t%22%3A%220%2C7%22%7D%2C%22color%22%3A%2297d8d4%22%2C%22alpha%22%3A%220.9%22%7D%5D%2C%22rotationMatrix%22%3A%5B-0.71%2C-0.42%2C0.72%2C0%2C0.84%2C-0.45%2C0.56%2C0%2C0.09%2C0.93%2C0.61%2C0%2C0%2C0%2C0%2C1%5D%7D&dimensions=[480,480]
https://www.desmos.com/calculator/dtup6ligcw?embed
https://www.math.cuhk.edu.hk/~pschan/surfaceplot/?data=%7B%22sidebar%22%3A0%2C%22zscale%22%3A%220%22%2C%22domain%22%3A%2210%22%2C%22numsamples%22%3A%2240%22%2C%22autozscale%22%3A%221%22%2C%22showaxes%22%3A%221%22%2C%22centeredaxes%22%3A%221%22%2C%22xmin%22%3A%22-5%22%2C%22xmax%22%3A%225%22%2C%22ymin%22%3A%22-5%22%2C%22ymax%22%3A%225%22%2C%22zmin%22%3A%22-10%22%2C%22zmax%22%3A%2210%22%2C%22xticks%22%3A%225%22%2C%22yticks%22%3A%229%22%2C%22zticks%22%3A%2210%22%2C%22equations%22%3A%5B%7B%22isParam%22%3Atrue%2C%22formula%22%3A%22sqrt(1%2Bt%5E2)cos(s)%2Csqrt(1%2Bt%5E2)sin(s)%2C%20t%22%2C%22domain%22%3A%7B%22s%22%3A%220%2C7%22%2C%22t%22%3A%22-5%2C5%22%7D%2C%22color%22%3A%2299d897%22%2C%22alpha%22%3A%220.9%22%7D%5D%2C%22rotationMatrix%22%3A%5B-0.59%2C-0.5%2C0.63%2C0%2C0.81%2C-0.34%2C0.49%2C0%2C-0.02%2C0.79%2C0.61%2C0%2C0%2C0%2C0%2C1%5D%7D&dimensions=[480,480]
https://www.desmos.com/calculator/hlfmveccwl?embed
https://www.math.cuhk.edu.hk/~pschan/surfaceplot/?data=%7B%22sidebar%22%3A0%2C%22zscale%22%3A%220%22%2C%22domain%22%3A%2210%22%2C%22numsamples%22%3A%2240%22%2C%22autozscale%22%3A%221%22%2C%22showaxes%22%3A%221%22%2C%22centeredaxes%22%3A%221%22%2C%22xmin%22%3A%22-5%22%2C%22xmax%22%3A%225%22%2C%22ymin%22%3A%22-5%22%2C%22ymax%22%3A%225%22%2C%22zmin%22%3A%22-10%22%2C%22zmax%22%3A%2210%22%2C%22xticks%22%3A%225%22%2C%22yticks%22%3A%229%22%2C%22zticks%22%3A%2210%22%2C%22equations%22%3A%5B%7B%22isParam%22%3Atrue%2C%22formula%22%3A%22t*cos(s)%2C%20t*sin(s)%2C%20sqrt(1%20%2B%20t%5E2)%22%2C%22domain%22%3A%7B%22s%22%3A%220%2C7%22%2C%22t%22%3A%22-3%2C3%22%7D%2C%22color%22%3A%2297a8d8%22%2C%22alpha%22%3A%220.9%22%7D%2C%7B%22isParam%22%3Atrue%2C%22formula%22%3A%22t*cos(s)%2C%20t*sin(s)%2C%20-sqrt(1%20%2B%20t%5E2)%22%2C%22domain%22%3A%7B%22s%22%3A%220%2C7%22%2C%22t%22%3A%22-3%2C3%22%7D%2C%22color%22%3A%2296a9d5%22%2C%22alpha%22%3A%220.9%22%7D%5D%2C%22rotationMatrix%22%3A%5B-0.65%2C-0.41%2C0.63%2C0%2C0.76%2C-0.28%2C0.6%2C0%2C-0.06%2C0.86%2C0.51%2C0%2C0%2C0%2C0%2C1%5D%7D&dimensions=[480,480]

2?2 + y? = 1 Cylinder of Ellipse
IFRAME
z = x? Cylinder of parabola
IFRAME

Similar to the case of 2-variable:

Any quadratic constraint g(z,y, z) = ¢ can be transformed to one of the stan-
dard forms by a change of coordinates. Among the cases above, only ellipsoid is
closed and bounded.

Any continuous f(x,y) restricted to an ellipsoid has both global maximum and
global minimum.

This is not the case for other quadratic surfaces.
Back to finding maximum/minimum under constraint.

Example 12.4. Find the point on the ellipse:
2 +ay+yt =9
(Exercise. Show that this is indeed an ellipse.) with maximum z-coordinate.
Solution. Let f(z,y) = x
g(z,y) = 2" + 2y +y°

Maximize f under constraint g = 9
The ellipse g = 9 is closed and bounded.
f is continuous. By EVT, maximum exists.

Vi=[1 0

Vg=[_2x+y x+ 2y

Note Vg =[0 0] < (x,y) = (0,0)
(0, 0) is not on the ellipse. Use Lagrange Multipliers,

B 1 = MN2z+y) ---(9)
{ Vi B S\Vg = 0 = Mz +2y) ---(i1)
g = ?Hry+y? = 9 )
(1) =A#0

)= r+2y=0=2=-2y---(iv)
Put (iv) into (i) ,

(=29 + (2y)y +4* =9=3° =9,y = +V3

By (“]) > (I7 y) - <_2\/§7 \/g) or (2\/§7 _\/g)

Comparing x-coordinates, answer is (2\/_ , —\/§) .
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https://www.math.cuhk.edu.hk/~pschan/surfaceplot/?data=%7B%22sidebar%22%3A0%2C%22zscale%22%3A%221%22%2C%22domain%22%3A%2210%22%2C%22numsamples%22%3A%2240%22%2C%22autozscale%22%3A%221%22%2C%22showaxes%22%3A%221%22%2C%22centeredaxes%22%3A%221%22%2C%22xmin%22%3A%22-5%22%2C%22xmax%22%3A%225%22%2C%22ymin%22%3A%22-5%22%2C%22ymax%22%3A%225%22%2C%22zmin%22%3A%22-10%22%2C%22zmax%22%3A%2210%22%2C%22xticks%22%3A%225%22%2C%22yticks%22%3A%229%22%2C%22zticks%22%3A%2210%22%2C%22equations%22%3A%5B%7B%22isParam%22%3Atrue%2C%22formula%22%3A%22s%2Ct%2Cs%5E2%22%2C%22domain%22%3A%7B%22s%22%3A%22-3%2C3%22%2C%22t%22%3A%22-3%2C3%22%7D%2C%22color%22%3A%22d89797%22%2C%22alpha%22%3A%220.9%22%7D%5D%2C%22rotationMatrix%22%3A%5B-0.69%2C-0.42%2C0.57%2C0%2C0.72%2C-0.39%2C0.59%2C0%2C-0.02%2C0.81%2C0.59%2C0%2C0%2C0%2C0%2C1%5D%7D&dimensions=[480,480]

Example 12.5. Find the point(s) on the hyperboloid xy — yz — zx = 3 closest to
the origin.

Remark. It may be shown such closest point(s) exist.
For example, after a suitable change of coordinates, the surface is equivalent
to the "two-piece" hyperboloid:

4yt -2 =1

The distance between the origin and any point (z, y, z) on the hyperboloid above
is simply:

Va2 +y? 22 = /202 + 22 +1 > 1,

which clearly has an absolute minimum.
However, the hyperboloid is not bounded = farthest point does not exist.

Solution. Let f(x,y,2) = ||(z,y, 2) — (0,0,0)|? = 22 + y? + 22
Minimize f under constraint

9(x,y,2) =y —yz —zx =3

V=2 2y 2z] Vg=ly—2z xz—2z —z—1y]

Note Vg # [0,0,0] on g = 3
Use Lagrange Multipliers,

g = 3 (Ex) A =1

Note f(1,1,—1) = f(~1,-1,1) =3

.. Closest points are +(1,1, —1)
Corresponding distance = v/3

12.3 Lagrange Multipliers - Multiple Constraints

Theorem 12.6. Lagrange Multipliers with multiple constraints
Let f,91,92, " , gx be C! functions on Q C R"

S:{l'GQgZ(IL'):CZ,Z:L 7k}
Suppose
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1. ais alocal extremum of f on S

2. Vgi(a), -+ ,Vagx(a) are linearly independent

Then
Vfila) = ¥ \NVgla) forsomeh,---,\, €R
gz(a) = G fori:17”'7k
. . 2 2 . 21' — y -
Example 12.7. Maximize f(z,y, z) = 2°4+2y—z* on the line L = Ytz =
in R3
It is given that f has maximum on L
Solution. Let g (z,y,2) = (2¢ — y) and go(z,y,2) =y + 2
Vi=1[2z 2 —2z]
V91 = [2 -1 0] . .
linearly independent
Use Lagrange Multipliers,
VI = MVg+ Vg
g =0
g =0
2 = —A+ XA -(2)
Hence -2z = 0\ +X - (3)
y+z =0 -(5)
4),(5) =>2r=y=—=2
(1), (3) = /\1 =X )\2 = —2z
2)=—2-22=2=—<c+4dr=2=2=2
=y = %, z= —% Since solution is unique and maximum exists, it must occur
at (z,y,2) = (2,4, —%) with maximum value f(%,1,-3) =2

Example 12.8. Find the minimum distance (provided that it exists) between

15
C:xyzlandL::U—Hly:g

IFRAME
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Solution. Let f(x7y> u, ’U) = H(xa y) - (ua U)HQ = (x - U)Z + (y - U)Q
To find distance:
Minimize f(z,y, u,v) under constraints

91(1’7%“7”) =Y = 1

15
g2z, y,u,v) =u+4v = 5

Vi=[2x-u) 2y—v) —2x—-u) —2(y—u)
Voo=y = 0 0
Vg =[0 0 1 4

Vg1, Vgs are linearly independent < (x,y) # (0,0)
But zy = 1 = Vgy, Vg, are linearly independent on g; = 1 and g, = %5
Use Lagrange Multipliers,

2 —u) = Ay (1)

Vi = MVg+ XV _22((9151 _ Z; _ i;x g%
9 = %5 = =2y —v) = 4N -+ (4)
92 = 3 xy = 1 (5)
u+4v = %5 (6)

\

Case 1:
If \; =0o0r Ay =0, then

T=UYy="0

(6) =z=2—4y
(5)= (2 —dyy=1= —4*+ Ly —1=0
No real solution
Case 2:
If )\1, )\2 7£ 0 , then
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%_U—Zl:>8—4u:§—v
{ —qu+v = -8
_
u+4v 5
15
= (u,v) = (=,0)
8
If (z,y) = (-2, %) ,
By similar calculation, (u,v) = (—222, 12) Comparing the two solutions,
f attains minimum at (z,y, u,v) = (2, 3, 2,0)
Distance between C' and L = 4/ f(2, %, %7 ) = @

12.3.1 Where the Lagrange Multipliers Method ''Fails"'

Example 12.9. Provided that it exists, find the minimum of f(x,y) = = on:

g(z,y) =2" —y* =0.

IFRAME
It is easy to see that The absolute minimum of f occurs at (x,y) = (0,0).
But:

V=1 0]

while:
Vg=[32% -2

Hence,
Vf=AVyg

has no solutions.

So, a naive (i.e. fail to check all conditions) application of Lagrange Multipli-
ers would "miss" the point (0, 0) where the minimum occurs.

In general, when Vg is not necessarily nonzero, one has to separately consider
the points where Vg is zero, after solving for the Lagrange multipliers.
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Example 12.10. Provided that it exists, find the maximum of f(z,y, z) = —y on:

g(z,y,2)=2"—y =y —2=0
92(5E7ya2) :y2+220

The function f in fact attains its absolute maximum at (0, 0, 0) (why?).
IFRAME
But:
vi=[0 -1 o0

while:

Vo =20 —2y—3y° —1]
Vg =1[0 2y 1]

Hence, there are no A\, A\, such that:
V£(0,0,0) = A\1Vg1(0,0,0) + A2V g2(0,0,0),
which is a direct consequence of the linear dependence of the vectors:
V¢:(0,0,0)=[0 0 —1]

Vg2(0,0,0)=1[0 0 1].
(Their span is not "large enough" to accomodate V (0, 0,0).)

12.4 Implicit Function Theorem

Question When can we ’solve” a constraint?
For example, if g(z,y) = ¢, can we find y = h(z) such that g(z, h(x)) = ¢ ?

Example 12.11. Consider level set g(z,y) = 2> —y*> =0
IFRAME
Near (0,0),y = 2?7 y = —x? or £|z|?
y 1s not uniquely determined by x

Example 12.12. S : 2% + 9> + 22 =2inR?
IFRAME
Question: 3 variables, 1 equation = S'is 2-dimensional surface?
Solve for z = h(z,y)?
x=k(y,2)?
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https://www.desmos.com/calculator/u4ehdirup1?embed
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We focus locally near (0, 1,1)
If we can solve for z as a differentiable function z = z(z, y) near (0, 1,1) ,by
implicit differentiation on 22 + 3% + 22 = 2

0 0z
0 0z
— 2 22— =
3y Y+ zay 0

0+2% = 0
Moy =01 > { 510
) ) 2 + 28_y — 0
= [éaa_;] = [O _1] at (07171>
How about z as a differentiable function x = z(y, z) near (0,1,1) ?

If so, by implicit differentiation,

0 ox
— :2z— +2y=20
dy x@y 2y
0 ox
— 20— +2y=0
0z x@y Ty
0+2 = 0 (coefficient of 2% is %2 = ()
Put =(0,1,1) = oy ° Oz
o) =010 ={ 073 0
Contradiction!
.. x is not a differentiable function of y, z near (0,1, 1)
Reason:

For 2% + y* + 22 = 2,

If y, z > 1 a little bit, no solution for x.
If y, z < 1 alittle bit, 2 solution for z.
Let g(z,y,2) = 22 + y* + 2°.
Difference in the two cases:

At (0,1,1),
dg
“J_9
0z 270
dg

In general, given constraint F'(x,y, z) = ¢
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If z = z(z,y) , then by implicit differentiation,

o) OF OF 0z
.9 G 0}@
dy ° Oy 0z Oy

If F(@) = ¢, %£(d@) # 0, then @ has solution (No contradiction)
..z = z(x,y) may exist and

[ —— )

9z (@)

Example 12.13. Multiple Constraints

o 22 +y*+ 22 = 2 3variables
xr+z = 1 2equations

IFRAME
Question: Is C' a 1-dimensional curve? y = y(z)? z = z(z)?

If we can solve for y, z as differentiable functions y(x), z(z)

2x+2y§—i+2zg—; = 0

Implicit Differentiation = { 1+% = 0

V-]
dz | —
0 1]|& -1
If this linear system has a solution, then y = y(z), 2 = z(z) may exist.
For instance, if (z,y,2) = (0,1,1),

o -
~[E-6 1]

In general, given F(x,y, z) = ¢; and Fy(z,y,2) = ¢
Suppose Fi(a,b,c) = ¢;,i=1,2.

Do there exist differentiable functions y = y(z),z = z(z) near (a, b, ¢) such
that

&

{ e

S— —
I
—~
8
S~—
S~—
|


https://www.math.cuhk.edu.hk/~pschan/surfaceplot/?data=%7B%22sidebar%22%3A0%2C%22zscale%22%3A%220%22%2C%22domain%22%3A%2210%22%2C%22numsamples%22%3A%2240%22%2C%22autozscale%22%3A%221%22%2C%22showaxes%22%3A%221%22%2C%22centeredaxes%22%3A%221%22%2C%22xmin%22%3A%22-5%22%2C%22xmax%22%3A%225%22%2C%22ymin%22%3A%22-5%22%2C%22ymax%22%3A%225%22%2C%22zmin%22%3A%22-10%22%2C%22zmax%22%3A%2210%22%2C%22xticks%22%3A%225%22%2C%22yticks%22%3A%229%22%2C%22zticks%22%3A%2210%22%2C%22equations%22%3A%5B%7B%22isParam%22%3Atrue%2C%22formula%22%3A%222sin(t)cos(s)%2C2sin(t)sin(s)%2C2cos(t)%22%2C%22domain%22%3A%7B%22s%22%3A%220%2C7%22%2C%22t%22%3A%220%2C4%22%7D%2C%22color%22%3A%22d998b7%22%2C%22alpha%22%3A%220.9%22%7D%2C%7B%22isParam%22%3Atrue%2C%22formula%22%3A%22s%2Ct%2C1-s%22%2C%22domain%22%3A%7B%22s%22%3A%22-2%2C2.5%22%2C%22t%22%3A%22-2.5%2C2.5%22%7D%2C%22color%22%3A%22a9d998%22%2C%22alpha%22%3A%220.9%22%7D%5D%2C%22rotationMatrix%22%3A%5B-0.67%2C-0.49%2C0.56%2C0%2C0.75%2C-0.42%2C0.51%2C0%2C-0.01%2C0.76%2C0.66%2C0%2C0%2C0%2C0%2C1%5D%7D&dimensions=[480,480]

If so, by implicit differentiation,

OF, | OF dy | 0F ds  _
aa}%: + 883/ gllx + 862 dr 0
OFy | OFydy | OFadz _
ox + Oy dx + 0z dz 0

O OF | rdy ok
0 0z dr | — |~ oz
ofy Oy {%} = [_@}
dy 0z dx ox

1
] exists at @ = (a,b,c),

Generally,

given n + k variables
k equations

Fl(xla"'axnaylf"ayk’) =

Fk(xlv"'uxnuy17”'7yk) = Ck

When can yy, - - -,y be expressed as functions of x4, - - - , z,, locally?
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MATH 2010 Chapter 13

13.1 Implicit Function Theorem

Theorem 13.1 (Implicit Function Theorem). Let Q C R"** be open, I : ) — RF

be C1
Denote x = (1’1,‘ o 7xn)7y = (yb' e ayk’)
_Fl(;ag)
F(7,y) = :

Fl(xlv"' y Ly Y1, 0 7yk’)

Fk<x17"' y Lny Y1, 7 7yk)

Suppose (a,b) € O, where a = @ € R™, b= b € R¥, such that

C1
Fla,b)=¢c=|:| €¢R*
Ck
and the k x k matrix
Sit(a,b) -+ §ii(a,b)
(Dsz) |(a,b) = [g—i(a,b)} = : : is invertible.
1<hy<k i (. b) --- 2Lk(q,b)
Oy \7 Oy \ 7’

Then, there exist open sets U C R™ containing a, V C R¥ containing b and a C*
function

o: U=V
r= (a1, ,x,) €U —=y=(y1, -+ ,yp) €V

such that
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1. p(a) =10
2. F(z,¢(z)) =c
3. Forany (x,y) € U X V such that F(x,y) = ¢, we have y = ¢(x).

4. For1 <i<k 1<j5<n,

Bet0)] = [52@] = - ((DgF) " DsF)

ij
Remark. Provided that we know ¢ = () is a differentiable function of 7, the
last item follows from the Chain Rule.

If ¢/ is a differentiable function of Z, then (&, %) may be viewed as a vector-

valued function: .
¢:R" — R

5 = i)

Applying the chain rule for differentiation with respect to ' to both sides of:

where:

F(7,7) = ¢
Y
F($(2))
we have:
r O0¢1 dp1 7
ox1 Ozn
oz1 Ozn 8?}1 8yk 8¢n R 8¢n
. . . . . oz Oy — 6
S I i resa— e
oF, _ OF | 0B, . OF, 0w O,
ox1 Oxn | Oy1 Oy . . .
DF=[DzF | DyF| Onik . Obnik
L Ox1 Oxry -
N V_' o
D¢
or ., OF or, .. OFR .. Ou
Ox1 Oxn oY1 OYg oOx1 Oxn
: : : L, + : : : : : =0
oF, .. OF on |, OF Oy ... Ou
Ox1 Oxn, oY1 OYg Ox1 Oxn
Hence,
dy .. on oFL .. om (7 lroam . 8m
ox Oxn, oyl 0y oy Ozn,
Oye ... Ouk orm . Oh ok, Oh
Oz Oxn oY1 Yp ox1 Oxn
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Remark. Applying the theorem to the special case where we have a real-valued
differentiable function F' : R> — R satisfying:

F(x,y) = c,
we have:

9y L

or F,

Example 13.2. n =2k = 1.
Consider the surface (a sphere to be precise) desribed by the following equa-
tion:
2?4y’ 422 =2.
Is z implicitly a function of (z, y) near the point (0, 1, 1) on the surface?

2z 0z
If so, what is =, <= at (z,y, 2) = (0,1,1)?
sowalsaxaya(xyz) ( )

Solution. The equation describing the surface is equivalent to F(x,y,z) = 2,
where:
F(z,y,2) =2 +y* + 22 R* — R!

Observe that I is C' on R3. In the context of the IFT, wehave k = 1,n =3—1 =
2.

So, it is possible that any one (k = 1) of (z, y, z) is implicitly a function of the
other two (n = 2).

We have:

D(Z)F = [FZ] = [22’]
At (0,1,1), we have [F.]|,1,1) = [2- 1] = [2], which is an invertible 1 x 1 matrix,
with inverse: .
(D Flory) = [1/2]

Hence, the conditions of IFT are satisfied. The variable z is implicitly a C* func-
tion of (z,y) near (0, 1, 1) on the surface.
Moreover, we have:

% Elloiy =~ PoFlorn)” [Fe Fllowy
== [1/2] [Fm Fy} |(0,1,1)

=—[1/2][2z 2y] |01

=—[1/2][0 2]
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Hence: 9 1 9 ]
VA ya
—_ :——-0:0 —_ :——~2:—1
o |(0.1,1) 5 -y l(0.1,1) 5

Example 13.3. n = 1,k = 2 Consider the curve (a circle) which is the intersec-
tion the following two surfaces:

4yt 422 =2
T+ z =1
IFRAME

What does IFT say in this case?
Define F' : R**1 — R? as follows:

F 2+ y* + 22
= [F] [

Then, the curve in question corresponds to the constraint:

Fla,y,2) == m

Since the codomain of F' is R? (k = 2), and F has 3 variables, by IFT, any two
(k = 2) of the variables of F' could implicitly be a function of the remaining one
variable (n = 3 — k = 1).
We have:
Py P |2y 22
D(y’z)F B |:F27y FQ,z:| o |: 0 1

Hence, at, for example, the point (0, 1, 1), we have:

2 2
DW”F%mU:[Ol}’

which is invertible.
Hence, by IFT, on the curve the variables ¥, z are implicitly differentiable
functions of x near the point (0, 1, 1), with:

" ) . 171 =21[2-0
zﬂz—DwW [Lﬂ :__[ ]{ }
[a_z y ‘(0,171) Foy (0,1,1) 2002 1

[
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https://www.math.cuhk.edu.hk/~pschan/surfaceplot/?data=%7B%22sidebar%22%3A0%2C%22zscale%22%3A%220%22%2C%22domain%22%3A%223%22%2C%22numsamples%22%3A%2240%22%2C%22autozscale%22%3A%221%22%2C%22showaxes%22%3A%221%22%2C%22centeredaxes%22%3A%221%22%2C%22xmin%22%3A%22-3%22%2C%22xmax%22%3A%223%22%2C%22ymin%22%3A%22-3%22%2C%22ymax%22%3A%223%22%2C%22zmin%22%3A%22-10%22%2C%22zmax%22%3A%2210%22%2C%22xticks%22%3A%225%22%2C%22yticks%22%3A%229%22%2C%22zticks%22%3A%2210%22%2C%22equations%22%3A%5B%7B%22isParam%22%3Atrue%2C%22formula%22%3A%222sin(s)cos(t)%2C%202sin(s)sin(t)%2C%202cos(s)%22%2C%22domain%22%3A%7B%22s%22%3A%220%2C7%22%2C%22t%22%3A%220%2C7%22%7D%2C%22color%22%3A%22a9d998%22%2C%22alpha%22%3A%220.9%22%7D%2C%7B%22isParam%22%3Atrue%2C%22formula%22%3A%22s%2C%20t%2C%201-s%22%2C%22domain%22%3A%7B%22s%22%3A%22-3%2C3%22%2C%22t%22%3A%22-3%2C3%22%7D%2C%22color%22%3A%22b4a9cb%22%2C%22alpha%22%3A%220.9%22%7D%5D%2C%22rotationMatrix%22%3A%5B-0.59%2C-0.47%2C0.66%2C0%2C0.82%2C-0.29%2C0.52%2C0%2C-0.06%2C0.83%2C0.56%2C0%2C0%2C0%2C0%2C1%5D%7D&dimensions=[480,480]

Remark. There is no intrinsic ordering to the variables x, y, 2, so we might equally
ask whether x, y are implicitly functions of z on the curve.

Since
B lzx Qy] B [0 2]
(0,1,1) 1 0 (0,1,1) L0

is invertible, the IFT says that on the curve the variable x, y are implicity functions

of z near the point (0, 1, 1), with:
S1EEily
(0.1.1) 21-1 0 1

Fl,ac FL
D(x,y)F‘(o,l,l) - {sz F2z]

1
SRS

-1 Fl,z
] - D(z,y)F‘(o71,1) {FQJ
-1
-1
Example 13.4. Consider the constraints

Tz +sin(yz —2%) = 8
r+4y+32z = 18

Near (2,1,4), can we express 2 of the variables as functions of the remaining
variable?

1 2
Solution. Let F'(z,y,2) = |:F1<x7y7 Z)} _ {902 +sin(yz — )}

Fy(z,y, z) xr+ 4y + 32
Then:
z — 2z cos(yz — x?) zcos(yz —x®) x +ycos(yz — x?)
DF =
1 4 3
0 4 3
DF(2,1,4) = L b 3}

Dz Fl(2,1.0:

0 4
1 4

‘ =—4#0 r x,y can be expressed as functions of z near (2,1, 4)

D Fl 2,1,

‘03

| 3 ’ =—-3#0 r x, z can be expressed as functions of y near (2,1, 4)
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Dy Fl2,1.0):
4 3
PR
Hence, Dy . F' | (2,1,4) 18 not invertible. We may not conclude from the IFT whether

y, z are locally functions of z near (2, 1,4).

Remark. The variables y, z are in fact not differentiable functions of x near
(2,1,4).
Otherwise, by implicit differentiation, we have:

dy
Dy F|2,1,4) {%_4

0
ded 1(2,1,4)

Bl ]

which has no solutions, i.e. not satisfied for any values of g—z (2,1,4), gf|(2,1,4).
Hence, y, z cannot be differentiable functions of x near (2, 1,4).

Remark. Implicit Function Theorem has many important applications, such as
rigorous proofs of

1. Implicit differentiation
2. Tangent plane of surface F'(z,y,2) = ¢

3. Lagrange Multipliers

13.2 Inverse Function Theorem

Theorem 13.5 (Inverse Function Theorem). Let €2 C R"™ be open.
f:Q—=R"beCt, fa) =0
Suppose D f(a) is an invertible n x n matrix
Then, there exist open sets U1, Uy C R" a € U;,b € Uy and a C*' function
g : Uy — Uy such that:
1. g(b)=a
2. 9(f(z)) =2 forallx € Uy
flaw) =y forally e Us
(g is alocal inverse of [ : g = (fly,)™ ')
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3. Dg(b) = Df(a)™

Remark. The Inverse Function Theorem is equivalent to Implicit Function The-
orem.

Idea:

=: Given F(x,y) = ¢, where z € R" and y,c € R, apply the Inverse
Function Theorem to: H(x,y) = (x, F(x,y)) : Rtk — Rtk

<: Given H : R" — R", apply the Implicit Function Theorem to F'(x,y) =
0, where F'(z,y) =y — H(x) : R* — R"™.

Example 13.6. f : R? — R?
flz,y) = (2% = y?, 22y)
Clearly f(—z, —y) = f(r.y)
= f is not injective and has no global inverse.
How about local inverse?

Solution.

f(z,y) = [xz;f]

Df(z,y) = Bz _;Cy]

det Df(z,y) = 4(2* + ) > 0 & (z,y) # (0,0)

By the Inverse Function Theorem, f is locally invertible with differentiable local
inverse.

For instance, let g(u, v) be a local inverse of f(x,y) near (z,y) = (1, —1).
Then f(1,—1) = (0,—2) = ¢(0,—2) = (1, —1), and:

Dg(0,—2) = Df(1,—1)" = {_22 ﬂlzﬂi _111

In fact, we can find g(u, v) explicitly.

Let:
u = x?—y>?
v o= 2xy

Near(x,y) = (17—1)%7&0:?;: o



Let (z,y) = (1,—1), then (u,v) = (0, —2).

0+V4
2
So, we may reject the negative sign, and it follows that:

s u+Vu?+v?
B E—

=12 =

X

Ju+ Vu? +v? 20 2v/2v

Sr=——y =

2 Y z 2 1 02
Hence,
u + Vu? + v? 2v/2v
g(u,v) =

+ Vu? 4 v?

In both Implicit and Inverse Function Theorems,
we assume a Jacobi matrix to be invertible.

Without this assumption , the theorems are inconclusive on the existence of
local implicit or inverse function. See the examples below:
Implicit Function Theorem

o Flx,y)=a>—y*=0
&l0oy =0
o Flo,y)=2>—13>=0
G l00 =0
y = x locally (and in fact globally).

Inverse Function Theorem

138



o f(z)=2a?
f'(0)=0
Not injective near z = 0.

Hence, no local inverse near x = 0.

. fl2) =2’
f(0)=0
The function f has a global inverse: g(y) = ¥y
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