MATH 2010 Chapter 2

2.1 Linear Objects in R"

In this section, we will study linear objects in R™. Typical examples are 1-
dimensional lines and 2-dimensional planes. We will also look at their higher
dimensional analog.

2.1.1 Line

Consider the line L passing through A = (1,0) and B = (0, 2) in R%.
Two standard ways to represent L is

e Equation form

20 +y=2

e Parametric form

(x,y) = O—1>4+t1@
=(1,0) +t(—1,2)
=(1-1¢,2t)

Varying ¢t € R gives all the points X on L.
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e Symmetric form The parametric equation above implies

z—1
y =2 t:g
2

By eliminating ¢ from the parametric form, we obtain another way to repre-
sent L. It is called the symmetric form :
r—1 y—0

—1 2

2.1.2 Parametric form of a line in R"

—
Let L be a line in R". Let A be a point on it with @ = OA and v is a vector
representing a direction of L. Then A parametric form of L is given by

¥ =da+tv, te&Riscalledaparameter

T+t

t=-1/2 4"
a
t/
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L is said to be parametrized by t € R

Example 2.1. A line L passes through A = (1,2,3) and B = (-1, 3,5). To find
a parametric form of L, we can take

G=(1,2,3) and T=AB=(-1-1,3-25-3)=(-21,2)
Hence, a parametric form is given by
(v,y,2) = (1,2,3) + t(—2,1,2)
Remark. 1. Parametric form is not unique. For instance,
(x,y,2) =(—=1,3,5) +t(2,—1,—-2) and (z,y,2) =(—1,3,5) +t(—4,2,4)
are two other parametrizations of L.

2. By eliminating ¢ from the parametric equation, we get a symmetric form of
L

2.2 Planes in R?

A plane P in R? can be uniquely determined by different sets of data, for example,

e 3 non-collinear points on P ; or

e A point on P and 2 linearly independent directions (not same or opposite) ;
or

e A point on P and a normal vector

We will study how to represent a plane in equation or parametric form. Suppose P
is a plane in R3, A is a point on it, @ and ¥’ are two linearly independent directions
ofit. Leta = O—;l Then the position vector of any point on P is given by the sum
of @ and a linear combination of « and .




Hence, a parametric form of P can be given by
T=ad+su+10

Here s,t € R are parameters. By varying s,¢ € R, we obtain all the points on P.
In another situation, suppose @ = (a1, as, az) is a point on P and 77 = (ny, na, ng)
is a normal vector of P (that is, a vector perpendicular to the plane P). Let
7 = (v,y,2) € R3. Then:

The plane P can be described by the equation

nixT + Nay + N3z = ainy + aaNo + asns

Remark. If (a, b, ) # 0, the equation
ar +by+cz=d
describes a plane in R? with normal vector (a, b, c).

Normal Vector

IFRAME

Normal Vector as Cross Product
IFRAME

Example 2.2. Suppose P is a plane passing through
A=1(0,0,1),B=(0,2,0),C =(-1,1,0)

Represent P using parametric and equation form.
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https://www.geogebra.org/material/iframe/id/myVDsRRt/width/1600/height/876/border/888888/sfsb/true/smb/false/stb/false/stbh/false/ai/false/asb/false/sri/false/rc/false/ld/false/sdz/false/ctl/false
https://www.geogebra.org/material/iframe/id/ZzBsgAeY/width/1374/height/725/border/888888/sfsb/true/smb/false/stb/false/stbh/false/ai/false/asb/false/sri/false/rc/false/ld/false/sdz/false/ctl/false

Solution. For parametric form,

AB = (0,2,0) — (0,0,1) = (0,2, —1)
AC = (—1,1,0) — (0,0,1) = (~1,1,-1)

Hence
(x,y,2) =(0,0,1) + s(0,2,—1) + t(—1,1,—1)

To represent P by an equation, we take

~

1
ﬁ:ﬁx@: 0

—1

=(-1,1,2) L P

— N o
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Then for any point (z,y, z) on P,

[(x,y,z) - (O’ 0, 1)] ’ (_1’ 172) =0
(—Dx+1)y+2(z—-1)=0
—r+y+22=2

Example 2.3. Let two planes in R3 be given:
a T+ by +ciz =dy,

s + bay + o2 = ds,

where 77; 1= (a;, b;, ¢;) # 0 (i = 1,2).

Suppose 77; and 75 are not parallel to each other. Then, the two planes are
non-parallel, and the intersection of the two planes is a line parallel to the vector
U = 71 X 1». Note that the vector ¥ is nonzero, since 72, and 77, are by assumption
non-parallel.

Theorem 2.4. Given a plane in R? corresponding to:
a(z — xo) + by — yo) + c(z — 2) =0,

The (minimal) distance between a point P € R? and the plane is:

d= ]Projﬁﬁoﬁ\ - Fo?%

Y

where Py = (0, Yo, 20) and i = {(a, b, c).



Example 2.5. Find the distance between A = (2,1, 1) and the plane P: —z +
20 — z = —4.

Solution. From the equation of P, 7 = (—1,2,—1) L P. Consider the line L
defined by

X(t) = A +tit = (2,1,1) + (1,2, ~1)

Let B = L N P be the intersection of L and P.

Then B is the point of P closest to A. To find B, put:
X(t)=(2—t,1+2,1—1)

into the equation of P. Then:

1
—@2-D 42142 ~(1-H)=4=60—1=4=60=-3=t=—

We have B = ?(—%) = (2,0, 2). The distance between A and P is

1 (g o G -2

Exercise 2.6. Find the distance between the lines

Li(s) = (—4,9, —4) + s(4, —3,0)
La(t) = (5,2,10) + t(4, 3, 2)

Hint: Find A on L, B on L4 such that ﬁ 1 Ly, Ly



2.2.1 Line in R? by equations

Can we describe the a straight line in R® by an equation? Note that each non-trivial
linear equation in x, y, z can only represent a plane. At least two such equations
are needed to describe a line. For instance,

Example 2.7. Consider the y-axis in R3. A point (x,y, z) is on the y-axis if and
only if both the z and 2 coordinates are zero. Hence, y-axis can be described using

the equations
x =0
z=10

Geometrically, each of the equations z = 0 and z = 0 represents a plane in R3.
The y-axis is the intersection of the two planes.
IFRAME

Given a linear object, for example, a line or a plane, we can describe it us-
ing either parametric form or a system of linear equations. It is easy to convert
between the two using linear algebra.

Example 2.8. Let L be the line represented by the system

rT+y+6z=0
rT—y—2z=-2

By Gaussian elimination,

T 2 -2
y|=14]|+t]| -4
z 0 1

The solution describes L in parametric form.
Conversely, from the above parametric form

r =2-—2t
y =4—4t
z =t

The first two equations imply 2x — y = 0 while the last two imply y = 4 — 4z.
We obtain another set of linear equation representing L:

20—y =0
y+4z=4
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https://www.math3d.org/NbwHLYHn

2.2.2 Intersection of Planes

Example 2.9. Consider a system of three non-trivial equations of the form ax +
by + cz = d. Bach of them represents a plane in R®. What can be their intersec-

tions?

Case 1: Unique solution
Case 2: Infinitely many solutions

Case 3: No solution

All three planes are parallel to each other.
IFRAME

Only two planes are parallel to each other.

IFRAME

The intersection of each pair of planes is a line and three such lines are
parallel to each other.

IFRAME

Their intersection is a line.

IFRAME

Their intersection is a point, e.g. the xy-plane, yz-plane and zx-plane inter-
sect at (0,0,0).

IFRAME

2.2.3 General linear objects in R"

Similar to lines in R3, we need a system of equations to describe a 2-dimensional
plane in R™ when n > 4. Generally in R", an equation of the form

X =ayxy + agrs + -+ apr, =c, a#0

Sl

describes a hyperplane (dimension = n — 1) with normal vector a:


https://www.math.cuhk.edu.hk/~pschan/surfaceplot/?data=%7B%22sidebar%22%3A0%2C%22zscale%22%3A%220%22%2C%22domain%22%3A%222%22%2C%22numsamples%22%3A%2220%22%2C%22autozscale%22%3A%221%22%2C%22showaxes%22%3A%221%22%2C%22centeredaxes%22%3A%221%22%2C%22xmin%22%3A%22-2%22%2C%22xmax%22%3A%222%22%2C%22ymin%22%3A%22-2%22%2C%22ymax%22%3A%222%22%2C%22zmin%22%3A%22-10%22%2C%22zmax%22%3A%2210%22%2C%22xticks%22%3A%225%22%2C%22yticks%22%3A%229%22%2C%22zticks%22%3A%2210%22%2C%22equations%22%3A%5B%7B%22isParam%22%3Afalse%2C%22formula%22%3A%22-x-y%22%2C%22color%22%3A%22a9d998%22%2C%22alpha%22%3A%220.9%22%7D%2C%7B%22isParam%22%3Afalse%2C%22formula%22%3A%225-x-y%22%2C%22color%22%3A%22989ad9%22%2C%22alpha%22%3A%220.9%22%7D%2C%7B%22isParam%22%3Afalse%2C%22formula%22%3A%22-3-x-y%22%2C%22color%22%3A%22d9a398%22%2C%22alpha%22%3A%220.9%22%7D%5D%2C%22rotationMatrix%22%3A%7B%220%22%3A-0.6681551756499045%2C%221%22%3A-0.3461336260898458%2C%222%22%3A0.6566204642988319%2C%223%22%3A0%2C%224%22%3A0.7397576828607286%2C%225%22%3A-0.17450758490192098%2C%226%22%3A0.6531423049608275%2C%227%22%3A0%2C%228%22%3A-0.11421297988147322%2C%229%22%3A0.924675165595799%2C%2210%22%3A0.3725877281603162%2C%2211%22%3A0%2C%2212%22%3A0%2C%2213%22%3A0%2C%2214%22%3A0%2C%2215%22%3A1%7D%7D&dimensions=[480,480]
https://www.math.cuhk.edu.hk/~pschan/surfaceplot/?data=%7B%22sidebar%22%3A0%2C%22zscale%22%3A%220%22%2C%22domain%22%3A%222%22%2C%22numsamples%22%3A%2220%22%2C%22autozscale%22%3A%221%22%2C%22showaxes%22%3A%221%22%2C%22centeredaxes%22%3A%221%22%2C%22xmin%22%3A%22-2%22%2C%22xmax%22%3A%222%22%2C%22ymin%22%3A%22-2%22%2C%22ymax%22%3A%222%22%2C%22zmin%22%3A%22-10%22%2C%22zmax%22%3A%2210%22%2C%22xticks%22%3A%225%22%2C%22yticks%22%3A%229%22%2C%22zticks%22%3A%2210%22%2C%22equations%22%3A%5B%7B%22isParam%22%3Afalse%2C%22formula%22%3A%22-5x%2By%22%2C%22color%22%3A%22a9d998%22%2C%22alpha%22%3A%220.9%22%7D%2C%7B%22isParam%22%3Afalse%2C%22formula%22%3A%225-x-y%22%2C%22color%22%3A%22989ad9%22%2C%22alpha%22%3A%220.9%22%7D%2C%7B%22isParam%22%3Afalse%2C%22formula%22%3A%22-3-x-y%22%2C%22color%22%3A%22d9a398%22%2C%22alpha%22%3A%220.9%22%7D%5D%2C%22rotationMatrix%22%3A%7B%220%22%3A-0.44780719442575995%2C%221%22%3A-0.43076271022781987%2C%222%22%3A0.781852392823963%2C%223%22%3A0%2C%224%22%3A0.8979821444653157%2C%225%22%3A-0.21278218901067344%2C%226%22%3A0.3906854689727617%2C%227%22%3A0%2C%228%22%3A-0.0045634344299610285%2C%229%22%3A0.8794823520016938%2C%2210%22%3A0.48308667451606263%2C%2211%22%3A0%2C%2212%22%3A0%2C%2213%22%3A0%2C%2214%22%3A0%2C%2215%22%3A1%7D%7D&dimensions=[480,480]
https://www.math.cuhk.edu.hk/~pschan/surfaceplot/?data=%7B%22sidebar%22%3A0%2C%22zscale%22%3A%220%22%2C%22domain%22%3A%224%22%2C%22numsamples%22%3A%2220%22%2C%22autozscale%22%3A%221%22%2C%22showaxes%22%3A%221%22%2C%22centeredaxes%22%3A%221%22%2C%22xmin%22%3A%22-4%22%2C%22xmax%22%3A%224%22%2C%22ymin%22%3A%22-4%22%2C%22ymax%22%3A%224%22%2C%22zmin%22%3A%22-10%22%2C%22zmax%22%3A%2210%22%2C%22xticks%22%3A%225%22%2C%22yticks%22%3A%229%22%2C%22zticks%22%3A%2210%22%2C%22equations%22%3A%5B%7B%22isParam%22%3Afalse%2C%22formula%22%3A%221%2By%22%2C%22color%22%3A%22a9d998%22%2C%22alpha%22%3A%220.9%22%7D%2C%7B%22isParam%22%3Afalse%2C%22formula%22%3A%22-0.5%22%2C%22color%22%3A%22989ad9%22%2C%22alpha%22%3A%220.9%22%7D%2C%7B%22isParam%22%3Afalse%2C%22formula%22%3A%221-y%22%2C%22color%22%3A%22d9a398%22%2C%22alpha%22%3A%220.9%22%7D%5D%2C%22rotationMatrix%22%3A%7B%220%22%3A-0.36834073393728306%2C%221%22%3A-0.37969840344556705%2C%222%22%3A0.847071306234456%2C%223%22%3A0%2C%224%22%3A0.9313329355701181%2C%225%22%3A-0.20870204743694964%2C%226%22%3A0.30552003366904357%2C%227%22%3A0%2C%228%22%3A0.05829691910576267%2C%229%22%3A0.9039839705094088%2C%2210%22%3A0.4316178948420431%2C%2211%22%3A0%2C%2212%22%3A0%2C%2213%22%3A0%2C%2214%22%3A0%2C%2215%22%3A1%7D%7D&dimensions=[480,480]
https://www.math.cuhk.edu.hk/~pschan/surfaceplot/?data=%7B%22sidebar%22%3A0%2C%22zscale%22%3A%220%22%2C%22domain%22%3A%224%22%2C%22numsamples%22%3A%2220%22%2C%22autozscale%22%3A%221%22%2C%22showaxes%22%3A%221%22%2C%22centeredaxes%22%3A%221%22%2C%22xmin%22%3A%22-4%22%2C%22xmax%22%3A%224%22%2C%22ymin%22%3A%22-4%22%2C%22ymax%22%3A%224%22%2C%22zmin%22%3A%22-10%22%2C%22zmax%22%3A%2210%22%2C%22xticks%22%3A%225%22%2C%22yticks%22%3A%229%22%2C%22zticks%22%3A%2210%22%2C%22equations%22%3A%5B%7B%22isParam%22%3Afalse%2C%22formula%22%3A%221%2By%22%2C%22color%22%3A%22a9d998%22%2C%22alpha%22%3A%220.9%22%7D%2C%7B%22isParam%22%3Afalse%2C%22formula%22%3A%221%22%2C%22color%22%3A%22989ad9%22%2C%22alpha%22%3A%220.9%22%7D%2C%7B%22isParam%22%3Afalse%2C%22formula%22%3A%221-y%22%2C%22color%22%3A%22d9a398%22%2C%22alpha%22%3A%220.9%22%7D%5D%2C%22rotationMatrix%22%3A%7B%220%22%3A-0.6923530853172555%2C%221%22%3A-0.2321299161520656%2C%222%22%3A0.6812730367202934%2C%223%22%3A0%2C%224%22%3A0.7254173801075492%2C%225%22%3A-0.19681138467460027%2C%226%22%3A0.662805866347692%2C%227%22%3A0%2C%228%22%3A-0.02224389185846868%2C%229%22%3A0.9558860896399896%2C%2210%22%3A0.30440803551162765%2C%2211%22%3A0%2C%2212%22%3A0%2C%2213%22%3A0%2C%2214%22%3A0%2C%2215%22%3A1%7D%7D&dimensions=[480,480]
https://www.math.cuhk.edu.hk/~pschan/surfaceplot/?data=%7B%22sidebar%22%3A0%2C%22zscale%22%3A%220%22%2C%22domain%22%3A%224%22%2C%22numsamples%22%3A%2220%22%2C%22autozscale%22%3A%221%22%2C%22showaxes%22%3A%221%22%2C%22centeredaxes%22%3A%221%22%2C%22xmin%22%3A%22-4%22%2C%22xmax%22%3A%224%22%2C%22ymin%22%3A%22-4%22%2C%22ymax%22%3A%224%22%2C%22zmin%22%3A%22-10%22%2C%22zmax%22%3A%2210%22%2C%22xticks%22%3A%225%22%2C%22yticks%22%3A%229%22%2C%22zticks%22%3A%2210%22%2C%22equations%22%3A%5B%7B%22isParam%22%3Afalse%2C%22formula%22%3A%221%2By%22%2C%22color%22%3A%22a9d998%22%2C%22alpha%22%3A%220.9%22%7D%2C%7B%22isParam%22%3Afalse%2C%22formula%22%3A%22-1.5x%22%2C%22color%22%3A%22d1cde5%22%2C%22alpha%22%3A%220.9%22%7D%2C%7B%22isParam%22%3Afalse%2C%22formula%22%3A%221-y%22%2C%22color%22%3A%22d9a398%22%2C%22alpha%22%3A%220.9%22%7D%5D%2C%22rotationMatrix%22%3A%7B%220%22%3A-0.6189590598260968%2C%221%22%3A-0.6190820285370049%2C%222%22%3A0.4806108751181716%2C%223%22%3A0%2C%224%22%3A0.7809725093402085%2C%225%22%3A-0.3916293095051436%2C%226%22%3A0.490892887347542%2C%227%22%3A0%2C%228%22%3A-0.11847570790746975%2C%229%22%3A0.6813982580024979%2C%2210%22%3A0.7269975257202569%2C%2211%22%3A0%2C%2212%22%3A0%2C%2213%22%3A0%2C%2214%22%3A0%2C%2215%22%3A1%7D%7D&dimensions=[480,480]

/ Rn

QL

Hyperplane

A k-dimensional “plane” P (called k-plane) in R™ can be described in para-
metric form or by equation(s).

1. Parametric form

k
i=1

where
e jeP
e Up,--- Uy are k linearly independent vectors parallel to P
e {y,--- 1} are parameters

2. n — k non-redundant equations

n
E aijxj:ciforizl,l--- ,TL—]{?

j=1

Here non-redundant means that the (n — k) x n coefficient matrix A = (a;;)
has rank n — k. The solution of the system of n — k equations corresponds
to the intersection of the n — k hyperplanes.

2.3 Curvesin R"

Definition 2.10. Let / C R be an interval.
A curve in R" is a continuous function:

r:l — R"”



That is, Z is defined as:
Z(t) = (z1(t), z2(t), ..., z,(t)), teR
where z; i1s a continuous real-valued function on [ for each 1.
IFRAME

Example 2.11. Let ¢ : [—1,1) — R? be defined by #(t) = (¢%,¢). Then 3> =
t? = x and the curve lies on the parabola z = y°.
IFRAME

Example 2.12. Let 5,7 € R3 ¢ # 0. Define 7 : R — R3 by Z(t) = j + {q.
Then Z(¢) is a straight line.

Definition 2.13. A curve 7 : [a,b] — R" is said to be:
e closed if Z(a) = Z(b).

e simple if ¥(t;) # Z(ty) for any a < t; < ¢ < b, except possibly at
tl =a, t2 =b.

Example 2.14.
7 [1,00) — R?

11

Definition 2.15. Let Z(t) = (x1(t), x2(t), ..., x,(t)), where z; are real-valued
functions. The derivative of 7 at ¢ is:

For any « in the domain of Z, if #’(a) exists, then 2’(a) is called the tangent
vector of 7 at t = a.

IFRAME
Theorem 2.16. Let ¥(t) = (x1(t), z2(t), ..., z,(t)). Then:
[ ]

lim Z(t) = <lim x1(t), %g)% xo(t), ... ,lim xn(t)>

t—a t—a —a

o [f X (t) exists, then each x; is differentiable at t, and:
F(t) = (24(1), 25(1), ... 2, (1))
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https://christopherchudzicki.github.io/MathBox-Demos/parametric_curves_3D.html?settings=eyJmdW5jdGlvbnMiOnsiYSI6eyJ4IjoiY29zKHQpIiwieSI6InNpbih0KSIsInoiOiJ0IiwiZGlzcGxheUVxdWF0aW9uIjpmYWxzZSwidCI6MC45MDAwMDAwMDAwMDAwMDA2fSwiYiI6eyJhbmltYXRlIjp0cnVlLCJ0IjoxLjMwMDAwMDAwMDAwMDAwMTZ9LCJjIjp7ImFuaW1hdGUiOnRydWUsInQiOjEuMzAwMDAwMDAwMDAwMDAxNn19LCJjb250YWluZXJJZCI6Im15LW1hdGgtYm94IiwiY2FtZXJhIjp7InBvc2l0aW9uIjpbLTAuNTMsMS4xMSwtMS4wNV19LCJub1pvb20iOnRydWUsImZvY3VzIjoxLjY5NTU4MjQ5NTc4MTMxN30=
https://www.desmos.com/calculator/x1hoxiztdn?embed
https://www.geogebra.org/material/iframe/id/jRFEr2tB/width/1280/height/631/border/888888/sfsb/true/smb/false/stb/false/stbh/false/ai/false/asb/false/sri/false/rc/false/ld/false/sdz/false/ctl/false

In physics, if we let Z(t) be the displacement (position) of a moving particle
at time t. Then:

e 7’(t) is the velocity of the particle at time .
i/

o '(t) = (&) (t) is the acceleration of the particle at time ¢.

Example 2.17.

Z(t) = (cost,sint),0 <t < 27

v(t) = 2'(t) = (—sint,cost) L Z(t)
a(t) =" (t) = (—cost,—sint) = —Z(t)

Also speed = ||U(t)|| = 1

Example 2.18. Let 7 : [1,00) — R? be defined by
11
)= (>, = ).
w0 = (7.5)

lim Z(t) = (lim 1, lim l)

t—o0 t—oo t t—oo 12

Then:

= (07 O)

Theorem 2.19. Let Z(t), i(t) be curves in R", and ¢ € R a scalar constant. Let
f iR — R be a real-valued function.

11



2.4 Arclength

IFRAME

Definition 2.20. Let 7 : [a,b] — R" be a curve such that 7" exists and is contin-

uous on (a, b).
5= [ I#0la

The arclength of % on [a, b] is:
Remark. In physics, if Z(¢) is the displacement of a moving particle at time ¢,
then the arclength of & on [a, b] is the distance travelled by the particle over the
time period [a, b].

If #(t) = displacement at time ¢.

Then, Z'(t) = velocity

and || 7" ( )|| = speed.

f |2 (t)||dt = distance travelled.

From a mathematical point of view, approximate a curve by line segments:

Take: a = tg < t; <ty < ---<t, =>b. Then,

S ~ Z |7 () = 7 (ti0) (Recall (1) = lim 20T h}i - f@))

h—0
NZH tll (¢ —ti1)

Take Limit = S = f |2 (t)]|dt

Example 2.21 (Helix). Z(t) = (cost,sint,t),t € [0, 27]
IFRAME

1. Find the tangent line of 7' att = 7

2. Find arclength of the helix.

Z(t) = (cost,sint,t)
Solution. . @'(t) = (—sint,cost, 1)
f’(ﬂ) = (0,—1,1) <« direction of tangent

Also, Z(m) = (—1,0,m) < a point on tangent line

.. Parametric form of tangent line

= (—1,0,7) +¢(0,—-1,1)

12


https://www.geogebra.org/material/iframe/id/GrTpNKnJ/width/1366/height/568/border/888888/sfsb/true/smb/false/stb/false/stbh/false/ai/false/asb/false/sri/true/rc/false/ld/false/sdz/true/ctl/false
https://christopherchudzicki.github.io/MathBox-Demos/parametric_curves_3D.html?settings=eyJmdW5jdGlvbnMiOnsiYSI6eyJ4IjoiY29zKHQpIiwieSI6InNpbih0KSIsInoiOiJ0IiwiZGlzcGxheUVxdWF0aW9uIjpmYWxzZSwidCI6MC45MDAwMDAwMDAwMDAwMDA2fSwiYiI6eyJhbmltYXRlIjp0cnVlLCJ0IjoxLjMwMDAwMDAwMDAwMDAwMTZ9LCJjIjp7ImFuaW1hdGUiOnRydWUsInQiOjEuMzAwMDAwMDAwMDAwMDAxNn19LCJjb250YWluZXJJZCI6Im15LW1hdGgtYm94IiwiY2FtZXJhIjp7InBvc2l0aW9uIjpbLTAuNTMsMS4xMSwtMS4wNV19LCJub1pvb20iOnRydWUsImZvY3VzIjoxLjY5NTU4MjQ5NTc4MTMxN30=

1Z()]] = /(= sint)? + (cost)? + 12

=2
2
5= [l
0
2. o
= [ Voat
0
= Vet
=221
Theorem 2.22. Arclength is independent of parametrization.
Example 2.23.
F(t) = (t,t) 0<t <4
gt) = (1% 0<t <2

X,y are two parametrization of the same line segment:

y(t) = (2t,2¢)

arclength of (¢
#(t) = (1) et

arclength of Z(¢) :/0 7' (t)]|dt
= | IE®ldt :fzgw+gwﬁ
~ V2t = / oV
-2 = [V
=4v2

13
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