MATH 2010 Chapter 13

13.1 Implicit Function Theorem

Theorem 13.1 (Implicit Function Theorem). Let Q C R"** be open, I : ) — RF

be C1
Denote x = (1’1,‘ o 7xn)7y = (yb' e ayk’)
_Fl(;ag)
F(7,y) = :

Fl(xlv"' y Ly Y1, 0 7yk’)

Fk<x17"' y Lny Y1, 7 7yk)

Suppose (a,b) € O, where a = @ € R™, b= b € R¥, such that

C1
Fla,b)=¢c=|:| €¢R*
Ck
and the k x k matrix
Sit(a,b) -+ §ii(a,b)
(Dsz) |(a,b) = [g—i(a,b)} = : : is invertible.
1<hy<k i (. b) --- 2Lk(q,b)
Oy \7 Oy \ 7’

Then, there exist open sets U C R™ containing a, V C R¥ containing b and a C*
function

o: U=V
r= (a1, ,x,) €U —=y=(y1, -+ ,yp) €V

such that



1. p(a) =10
2. F(z,¢(z)) =c
3. Forany (x,y) € U X V such that F(x,y) = ¢, we have y = ¢(x).

4. For1 <i<k 1<j5<n,

Bet0)] = [52@] = - ((DgF) " DsF)

ij
Remark. Provided that we know ¢ = () is a differentiable function of 7, the
last item follows from the Chain Rule.

If ¢/ is a differentiable function of Z, then (&, %) may be viewed as a vector-

valued function: .
¢:R" — R

5 = i)

Applying the chain rule for differentiation with respect to ' to both sides of:

where:

F(7,7) = ¢
Y
F($(2))
we have:
r O0¢1 dp1 7
ox1 Ozn
oz1 Ozn 8?}1 8yk 8¢n R 8¢n
. . . . . oz Oy — 6
S I i resa— e
oF, _ OF | 0B, . OF, 0w O,
ox1 Oxn | Oy1 Oy . . .
DF=[DzF | DyF| Onik . Obnik
L Ox1 Oxry -
N V_' o
D¢
or ., OF or, .. OFR .. Ou
Ox1 Oxn oY1 OYg oOx1 Oxn
: : : L, + : : : : : =0
oF, .. OF on |, OF Oy ... Ou
Ox1 Oxn, oY1 OYg Ox1 Oxn
Hence,
dy .. on oFL .. om (7 lroam . 8m
ox Oxn, oyl 0y oy Ozn,
Oye ... Ouk orm . Oh ok, Oh
Oz Oxn oY1 Yp ox1 Oxn
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Remark. Applying the theorem to the special case where we have a real-valued
differentiable function F' : R> — R satisfying:

F(x,y) = c,
we have:

9y L

or F,

Example 13.2. n =2k = 1.
Consider the surface (a sphere to be precise) desribed by the following equa-
tion:
2?4y’ 422 =2.
Is z implicitly a function of (z, y) near the point (0, 1, 1) on the surface?

z 0z
If so, what is —, == at (z,y, 2) = (0,1,1)?
sowalsaxaya(xyz) ( )
Solution. The equation describing the surface is equivalent to F(x,y,z) = 2,
where:
F(z,y,2) =2 +y* + 22 R* — R!

Observe that I is C' on R3. In the context of the IFT, wehave k = 1,n =3—1 =
2.

So, it is possible that any one (k = 1) of (z, y, z) is implicitly a function of the
other two (n = 2).

We have:

D(Z)F = [FZ] = [22’]

At (0,1,1), we have [F.]|,1,1) = [2- 1] = [2], which is an invertible 1 x 1 matrix,
with inverse: .
(Do) Flosn) = [1/2

Hence, the conditions of IFT are satisfied. The variable z is implicitly a C* func-
tion of (z,y) near (0, 1, 1) on the surface.
Moreover, we have:

% Elloiy =~ PoFlorn)” [Fe Fllowy
== [1/2] [Fm Fy} |(0,1,1)

=—[1/2][2z 2y] |01

=—[1/2][0 2]



Hence: 9 1 9 ]
VA ya
—_ :——-0:0 —_ :——~2:—1
o |(0.1,1) 5 -y l(0.1,1) 5

Example 13.3. n = 1,k = 2 Consider the curve (a circle) which is the intersec-
tion the following two surfaces:

4yt 422 =2
T+ z =1
IFRAME

What does IFT say in this case?
Define F' : R**1 — R? as follows:

F 2+ y* + 22
= [F] [

Then, the curve in question corresponds to the constraint:

Fla,y,2) == m

Since the codomain of F' is R? (k = 2), and F has 3 variables, by IFT, any two
(k = 2) of the variables of F' could implicitly be a function of the remaining one
variable (n = 3 — k = 1).
We have:
Py P |2y 22
D(y’z)F B |:F27y FQ,z:| o |: 0 1

Hence, at, for example, the point (0, 1, 1), we have:

2 2
DW”F%mU:[Ol}’

which is invertible.
Hence, by IFT, on the curve the variables ¥, z are implicitly differentiable
functions of x near the point (0, 1, 1), with:

" ) . 171 =21[2-0
zﬂz—DwW [Lﬂ :__[ ]{ }
[a_z y ‘(0,171) Foy (0,1,1) 2002 1

[



https://www.math.cuhk.edu.hk/~pschan/surfaceplot/?data=%7B%22sidebar%22%3A0%2C%22zscale%22%3A%220%22%2C%22domain%22%3A%223%22%2C%22numsamples%22%3A%2240%22%2C%22autozscale%22%3A%221%22%2C%22showaxes%22%3A%221%22%2C%22centeredaxes%22%3A%221%22%2C%22xmin%22%3A%22-3%22%2C%22xmax%22%3A%223%22%2C%22ymin%22%3A%22-3%22%2C%22ymax%22%3A%223%22%2C%22zmin%22%3A%22-10%22%2C%22zmax%22%3A%2210%22%2C%22xticks%22%3A%225%22%2C%22yticks%22%3A%229%22%2C%22zticks%22%3A%2210%22%2C%22equations%22%3A%5B%7B%22isParam%22%3Atrue%2C%22formula%22%3A%222sin(s)cos(t)%2C%202sin(s)sin(t)%2C%202cos(s)%22%2C%22domain%22%3A%7B%22s%22%3A%220%2C7%22%2C%22t%22%3A%220%2C7%22%7D%2C%22color%22%3A%22a9d998%22%2C%22alpha%22%3A%220.9%22%7D%2C%7B%22isParam%22%3Atrue%2C%22formula%22%3A%22s%2C%20t%2C%201-s%22%2C%22domain%22%3A%7B%22s%22%3A%22-3%2C3%22%2C%22t%22%3A%22-3%2C3%22%7D%2C%22color%22%3A%22b4a9cb%22%2C%22alpha%22%3A%220.9%22%7D%5D%2C%22rotationMatrix%22%3A%5B-0.59%2C-0.47%2C0.66%2C0%2C0.82%2C-0.29%2C0.52%2C0%2C-0.06%2C0.83%2C0.56%2C0%2C0%2C0%2C0%2C1%5D%7D&dimensions=[480,480]

Remark. There is no intrinsic ordering to the variables x, y, 2, so we might equally
ask whether x, y are implicitly functions of z on the curve.

Since
B lzx Qy] B [0 2]
(0,1,1) 1 0 (0,1,1) L0

is invertible, the IFT says that on the curve the variable x, y are implicity functions

of z near the point (0, 1, 1), with:
S1EEily
(0.1.1) 21-1 0 1

Fl,ac FL
D(x,y)F‘(o,l,l) - {sz F2z]

1
SRS

-1 Fl,z
] - D(z,y)F‘(o71,1) {FQJ
-1
-1
Example 13.4. Consider the constraints

Tz +sin(yz —2%) = 8
r+4y+32z = 18

Near (2,1,4), can we express 2 of the variables as functions of the remaining
variable?

1 2
Solution. Let F'(z,y,2) = |:F1<x7y7 Z)} _ {902 +sin(yz — )}

Fy(z,y, z) xr+ 4y + 32
Then:
z — 2z cos(yz — x?) zcos(yz —x®) x +ycos(yz — x?)
DF =
1 4 3
0 4 3
DF(2,1,4) = L b 3}

Dz Fl(2,1.0:

0 4
1 4

‘ =—4#0 r x,y can be expressed as functions of z near (2,1, 4)

D Fl 2,1,

‘03

| 3 ’ =—-3#0 r x, z can be expressed as functions of y near (2,1, 4)



Dy Fl2,1.0):
4 3
PR
Hence, Dy . F' | (2,1,4) 18 not invertible. We may not conclude from the IFT whether

y, z are locally functions of z near (2, 1,4).

Remark. The variables y, z are in fact not differentiable functions of x near
(2,1,4).
Otherwise, by implicit differentiation, we have:

dy
Dy F|2,1,4) {%_4

0
ded 1(2,1,4)

Bl ]

which has no solutions, i.e. not satisfied for any values of g—z (2,1,4), gf|(2,1,4).
Hence, y, z cannot be differentiable functions of x near (2, 1,4).

Remark. Implicit Function Theorem has many important applications, such as
rigorous proofs of

1. Implicit differentiation
2. Tangent plane of surface F'(z,y,2) = ¢

3. Lagrange Multipliers

13.2 Inverse Function Theorem

Theorem 13.5 (Inverse Function Theorem). Let €2 C R"™ be open.
f:Q—=R"beCt, fa) =0
Suppose D f(a) is an invertible n x n matrix
Then, there exist open sets U1, Uy C R" a € U;,b € Uy and a C*' function
g : Uy — Uy such that:
1. g(b)=a
2. 9(f(z)) =2 forallx € Uy
flaw) =y forally e Us
(g is alocal inverse of [ : g = (fly,)™ ')

6



3. Dg(b) = Df(a)™

Remark. The Inverse Function Theorem is equivalent to Implicit Function The-
orem.

Idea:

=: Given F(x,y) = ¢, where z € R" and y,c € R, apply the Inverse
Function Theorem to: H(x,y) = (x, F(x,y)) : Rtk — Rtk

<: Given H : R" — R", apply the Implicit Function Theorem to F'(x,y) =
0, where F'(z,y) =y — H(x) : R* — R"™.

Example 13.6. f : R? — R?
flz,y) = (2% = y?, 22y)
Clearly f(—z, —y) = f(r.y)
= f is not injective and has no global inverse.
How about local inverse?

Solution.

f(z,y) = [xz;f]

Df(z,y) = Bz _;Cy]

det Df(z,y) = 4(2* + ) > 0 & (z,y) # (0,0)

By the Inverse Function Theorem, f is locally invertible with differentiable local
inverse.

For instance, let g(u, v) be a local inverse of f(x,y) near (z,y) = (1, —1).
Then f(1,—1) = (0,—2) = ¢(0,—2) = (1, —1), and:

Dg(0,—2) = Df(1,—1)" = {_22 ﬂlzﬂi _111

In fact, we can find g(u, v) explicitly.

Let:
u = x?—y>?
v o= 2xy

Near(x,y) = (17—1)%7&0:?;: o



Let (z,y) = (1,—1), then (u,v) = (0, —2).

0+V4
2
So, we may reject the negative sign, and it follows that:

s u+Vu?+v?
B E—

=12 =

X

Ju+ Vu? +v? 20 2v/2v

Sr=——y =

2 Y z 2 1 02
Hence,
u + Vu? + v? 2v/2v
g(u,v) =

+ Vu? 4 v?

In both Implicit and Inverse Function Theorems,
we assume a Jacobi matrix to be invertible.

Without this assumption , the theorems are inconclusive on the existence of
local implicit or inverse function. See the examples below:
Implicit Function Theorem

o Flx,y)=a>—y*=0
&l0oy =0
o Flo,y)=2>—13>=0
G l00 =0
y = x locally (and in fact globally).

Inverse Function Theorem



o f(z)=2a?
f'(0)=0
Not injective near z = 0.

Hence, no local inverse near x = 0.
o flz) =2’

f(0)=0
The function f has a global inverse: g(y) = ¥y
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