MATH 2010 Chapter 12

Question:
When does f have global extrema subject to constraint g = ¢ ?
A sufficient condition:

e The level set S = {g = ¢} is closed and bounded
e fis continuous on .S

By EVT, f has global extrema on S.

12.1 Quadratic Constraint on 2 Variables (Conic Sec-
tion)

g(z,y) = Az* + 2Bxy + Cy* + Dx + Ey + F
Some typical examples of g = ¢ :

I. & +% =1,a,b> 0 (Ellipse. Circle if a = b)
IFRAME

2

2. & — Z—j = 1,a,b > 0 (Hyperbola)

a2

IFRAME

Remark. xy = ¢, ¢ # 0 also a hyperbola.
IFRAME

3. y = ax?, a # 0 (Parabola) (only 1 quadratic term)
IFRAME

4. Degenerate Cases


https://www.desmos.com/calculator/8pzowhtbpa?embed
https://www.desmos.com/calculator/abzngyn0ga?embed
https://www.desmos.com/calculator/d7d6wuzkpo?embed
https://www.desmos.com/calculator/ctei8azedj?embed

¥
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e %+ 4% =0~ apoint (0,0)
° 2—3—1—2—5 = —1 ~» empty set
2 2
s H-f=0wzoay
(a pair of intersecting lines)

[\

e 1’ =c~1x==2/c
(a pair of parallel lines (double line if ¢ = 0))

By a change of coordinates, any quadratic constraint g(z,y) = ¢ can be trans-
formed to one of the forms above:

= Ellipse, Hyperbola, Parabola, Degenerate

Each quadratic constraint corresponds to the intersection of a plane with a
cone:

IFRAME

Example 12.1.

1722 — 12zy + 8y + 165z — 8v/5y = 0

1) 2 2x — 2
(ut) -I—U—:l,whereu: - v:x—i_ Y

RS v V5

Remark. In the last example, u and v are chosen so that u-axis L v-axis.

Such u and v can be found using theory of symmetric matrices in linear alge-
bra. Among the non-degenerate quadratic constraints above, only ellipse is closed
and bounded.

Any continuous f(z,y) restricted to an ellipse has both global maximum and
global minimum.

It is not true for hyperbola and parabola:

A continuous f(z,y) restricted to a hyperbola or parabola may not have global
maximum or minimum.

12.2 Quadratic Constraint for 3-variable

g(x,y,z) = Ax® + By* + C2* 4+ 2Pxy + 2Quz + 2Rz + Dx + Ey + Fz + G


https://www.math.cuhk.edu.hk/~pschan/surfaceplot/?data=%7B%22sidebar%22%3A0%2C%22zscale%22%3A%22-0.5%22%2C%22domain%22%3A%222%22%2C%22numsamples%22%3A%2240%22%2C%22autozscale%22%3A%221%22%2C%22showaxes%22%3A%221%22%2C%22centeredaxes%22%3A%221%22%2C%22xmin%22%3A%22-2%22%2C%22xmax%22%3A%222%22%2C%22ymin%22%3A%22-2%22%2C%22ymax%22%3A%222%22%2C%22zmin%22%3A%22-10%22%2C%22zmax%22%3A%2210%22%2C%22xticks%22%3A%225%22%2C%22yticks%22%3A%229%22%2C%22zticks%22%3A%2210%22%2C%22equations%22%3A%5B%7B%22isParam%22%3Afalse%2C%22formula%22%3A%221%22%2C%22color%22%3A%22d797d8%22%2C%22alpha%22%3A%220.9%22%7D%2C%7B%22isParam%22%3Atrue%2C%22formula%22%3A%22s*cos(t)%2C%20s*sin(t)%2Cs%22%2C%22domain%22%3A%7B%22s%22%3A%22-2%2C2%22%2C%22t%22%3A%220%2C7%22%7D%2C%22color%22%3A%22b8b8b8%22%2C%22alpha%22%3A%220.9%22%7D%2C%7B%22isParam%22%3Atrue%2C%22formula%22%3A%22-1%2Cs%2Ct%22%2C%22domain%22%3A%7B%22s%22%3A%22-2%2C2%22%2C%22t%22%3A%22-2%2C2%22%7D%2C%22color%22%3A%2297d8b0%22%2C%22alpha%22%3A%220.9%22%7D%2C%7B%22isParam%22%3Atrue%2C%22formula%22%3A%22s%2Ct%2C1-s%22%2C%22domain%22%3A%7B%22s%22%3A%22-1%2C1.5%22%2C%22t%22%3A%22-2%2C2%22%7D%2C%22color%22%3A%226d9cd9%22%2C%22alpha%22%3A%220.9%22%7D%2C%7B%22isParam%22%3Atrue%2C%22formula%22%3A%22s%2Ct%2C0.75-0.5s%22%2C%22domain%22%3A%7B%22s%22%3A%22-2%2C2%22%2C%22t%22%3A%22-2%2C2%22%7D%2C%22color%22%3A%22d8c397%22%2C%22alpha%22%3A%220.9%22%7D%5D%2C%22rotationMatrix%22%3A%5B-0.59%2C-0.33%2C0.49%2C0%2C0.58%2C-0.3%2C0.47%2C0%2C0.03%2C0.66%2C0.43%2C0%2C0%2C0%2C0%2C1%5D%7D&dimensions=[480,480]

12.2.1 Some typical examples of g = ¢

Graphi—i +z—§+z—§ =1,a,b,c>0
How to graph it?
Start with the unit sphere:

$2+y2+22:1

IFRAME

Then, stretch in z, y, z directions according to the values of a, b, c:
IFRAME

Graphz—z—l—z—j—i—izl

Up to rescaling, can assume a =b=c =1

oty =2 =1

Letr = /22 + y2 = distance from (x,y, z) to z-axis r* — 2% = 1 Hyperbola
IFRAME
P+t —22=1---(2)
Hyperboloid of 1 sheet
IFRAME , .

Graph & + % — 5 = —1

r? — 22 = —1 Hyperbola

IFRAME

2? +y? — 2 = —1 Hyperboloid of 2 sheets
IFRAME

Exercise 12.2. Graph
o 22+ y? — 22 = 0 (Elliptical cone)
e 2z = 2 + y? (Elliptical Paraboloid)

e 2z = 2% — y? (Hyperbolic Paraboloid)

12.2.2 Graph of standard quadratic surfaces
Example 12.3.


https://www.math.cuhk.edu.hk/~pschan/surfaceplot/?data=%7B%22sidebar%22%3A0%2C%22zscale%22%3A%220%22%2C%22domain%22%3A%2210%22%2C%22numsamples%22%3A%2240%22%2C%22autozscale%22%3A%221%22%2C%22showaxes%22%3A%221%22%2C%22centeredaxes%22%3A%221%22%2C%22xmin%22%3A%22-5%22%2C%22xmax%22%3A%225%22%2C%22ymin%22%3A%22-5%22%2C%22ymax%22%3A%225%22%2C%22zmin%22%3A%22-10%22%2C%22zmax%22%3A%2210%22%2C%22xticks%22%3A%225%22%2C%22yticks%22%3A%229%22%2C%22zticks%22%3A%2210%22%2C%22equations%22%3A%5B%7B%22isParam%22%3Atrue%2C%22formula%22%3A%22sin(s)cos(t)%2Csin(s)sin(t)%2Ccos(s)%22%2C%22domain%22%3A%7B%22s%22%3A%220%2C4%22%2C%22t%22%3A%220%2C7%22%7D%2C%22color%22%3A%22d998b7%22%2C%22alpha%22%3A%220.9%22%7D%5D%2C%22rotationMatrix%22%3A%5B-0.8%2C-0.31%2C0.69%2C0%2C0.76%2C-0.25%2C0.76%2C0%2C-0.05%2C1.04%2C0.39%2C0%2C0%2C0%2C0%2C1%5D%7D&dimensions=[480,480]
https://www.math.cuhk.edu.hk/~pschan/surfaceplot/?data=%7B%22sidebar%22%3A0%2C%22zscale%22%3A%220.5%22%2C%22domain%22%3A%2210%22%2C%22numsamples%22%3A%2240%22%2C%22autozscale%22%3A%221%22%2C%22showaxes%22%3A%221%22%2C%22centeredaxes%22%3A%221%22%2C%22xmin%22%3A%22-5%22%2C%22xmax%22%3A%225%22%2C%22ymin%22%3A%22-5%22%2C%22ymax%22%3A%225%22%2C%22zmin%22%3A%22-10%22%2C%22zmax%22%3A%2210%22%2C%22xticks%22%3A%225%22%2C%22yticks%22%3A%229%22%2C%22zticks%22%3A%2210%22%2C%22equations%22%3A%5B%7B%22isParam%22%3Atrue%2C%22formula%22%3A%225*sin(s)cos(t)%2C3*sin(s)sin(t)%2C2*cos(s)%22%2C%22domain%22%3A%7B%22s%22%3A%220%2C4%22%2C%22t%22%3A%220%2C7%22%7D%2C%22color%22%3A%2297d8d4%22%2C%22alpha%22%3A%220.9%22%7D%5D%2C%22rotationMatrix%22%3A%5B-0.71%2C-0.42%2C0.72%2C0%2C0.84%2C-0.45%2C0.56%2C0%2C0.09%2C0.93%2C0.61%2C0%2C0%2C0%2C0%2C1%5D%7D&dimensions=[480,480]
https://www.desmos.com/calculator/dtup6ligcw?embed
https://www.math.cuhk.edu.hk/~pschan/surfaceplot/?data=%7B%22sidebar%22%3A0%2C%22zscale%22%3A%220%22%2C%22domain%22%3A%2210%22%2C%22numsamples%22%3A%2240%22%2C%22autozscale%22%3A%221%22%2C%22showaxes%22%3A%221%22%2C%22centeredaxes%22%3A%221%22%2C%22xmin%22%3A%22-5%22%2C%22xmax%22%3A%225%22%2C%22ymin%22%3A%22-5%22%2C%22ymax%22%3A%225%22%2C%22zmin%22%3A%22-10%22%2C%22zmax%22%3A%2210%22%2C%22xticks%22%3A%225%22%2C%22yticks%22%3A%229%22%2C%22zticks%22%3A%2210%22%2C%22equations%22%3A%5B%7B%22isParam%22%3Atrue%2C%22formula%22%3A%22sqrt(1%2Bt%5E2)cos(s)%2Csqrt(1%2Bt%5E2)sin(s)%2C%20t%22%2C%22domain%22%3A%7B%22s%22%3A%220%2C7%22%2C%22t%22%3A%22-5%2C5%22%7D%2C%22color%22%3A%2299d897%22%2C%22alpha%22%3A%220.9%22%7D%5D%2C%22rotationMatrix%22%3A%5B-0.59%2C-0.5%2C0.63%2C0%2C0.81%2C-0.34%2C0.49%2C0%2C-0.02%2C0.79%2C0.61%2C0%2C0%2C0%2C0%2C1%5D%7D&dimensions=[480,480]
https://www.desmos.com/calculator/hlfmveccwl?embed
https://www.math.cuhk.edu.hk/~pschan/surfaceplot/?data=%7B%22sidebar%22%3A0%2C%22zscale%22%3A%220%22%2C%22domain%22%3A%2210%22%2C%22numsamples%22%3A%2240%22%2C%22autozscale%22%3A%221%22%2C%22showaxes%22%3A%221%22%2C%22centeredaxes%22%3A%221%22%2C%22xmin%22%3A%22-5%22%2C%22xmax%22%3A%225%22%2C%22ymin%22%3A%22-5%22%2C%22ymax%22%3A%225%22%2C%22zmin%22%3A%22-10%22%2C%22zmax%22%3A%2210%22%2C%22xticks%22%3A%225%22%2C%22yticks%22%3A%229%22%2C%22zticks%22%3A%2210%22%2C%22equations%22%3A%5B%7B%22isParam%22%3Atrue%2C%22formula%22%3A%22t*cos(s)%2C%20t*sin(s)%2C%20sqrt(1%20%2B%20t%5E2)%22%2C%22domain%22%3A%7B%22s%22%3A%220%2C7%22%2C%22t%22%3A%22-3%2C3%22%7D%2C%22color%22%3A%2297a8d8%22%2C%22alpha%22%3A%220.9%22%7D%2C%7B%22isParam%22%3Atrue%2C%22formula%22%3A%22t*cos(s)%2C%20t*sin(s)%2C%20-sqrt(1%20%2B%20t%5E2)%22%2C%22domain%22%3A%7B%22s%22%3A%220%2C7%22%2C%22t%22%3A%22-3%2C3%22%7D%2C%22color%22%3A%2296a9d5%22%2C%22alpha%22%3A%220.9%22%7D%5D%2C%22rotationMatrix%22%3A%5B-0.65%2C-0.41%2C0.63%2C0%2C0.76%2C-0.28%2C0.6%2C0%2C-0.06%2C0.86%2C0.51%2C0%2C0%2C0%2C0%2C1%5D%7D&dimensions=[480,480]

2?2 + y? = 1 Cylinder of Ellipse
IFRAME
z = x? Cylinder of parabola
IFRAME

Similar to the case of 2-variable:

Any quadratic constraint g(z,y, z) = ¢ can be transformed to one of the stan-
dard forms by a change of coordinates. Among the cases above, only ellipsoid is
closed and bounded.

Any continuous f(x,y) restricted to an ellipsoid has both global maximum and
global minimum.

This is not the case for other quadratic surfaces.
Back to finding maximum/minimum under constraint.

Example 12.4. Find the point on the ellipse:
2 +ay+yt =9
(Exercise. Show that this is indeed an ellipse.) with maximum z-coordinate.
Solution. Let f(z,y) = x
g(z,y) = 2" + 2y +y°

Maximize f under constraint g = 9
The ellipse g = 9 is closed and bounded.
f is continuous. By EVT, maximum exists.

Vi=[1 0

Vg=[_2x+y x+ 2y

Note Vg =[0 0] < (x,y) = (0,0)
(0, 0) is not on the ellipse. Use Lagrange Multipliers,

B 1 = MN2z+y) ---(9)
{ Vi B S\Vg = 0 = Mz +2y) ---(i1)
g = ?Hry+y? = 9 )
(1) =A#0

)= r+2y=0=2=-2y---(iv)
Put (iv) into (i) ,

(=29 + (2y)y +4* =9=3° =9,y = +V3

By (“]) > (I7 y) - <_2\/§7 \/g) or (2\/§7 _\/g)

Comparing x-coordinates, answer is (2\/_ , —\/§) .


https://www.math.cuhk.edu.hk/~pschan/surfaceplot/?data=%7B%22sidebar%22%3A0%2C%22zscale%22%3A%220.5%22%2C%22domain%22%3A%2210%22%2C%22numsamples%22%3A%2240%22%2C%22autozscale%22%3A%221%22%2C%22showaxes%22%3A%221%22%2C%22centeredaxes%22%3A%221%22%2C%22xmin%22%3A%22-5%22%2C%22xmax%22%3A%225%22%2C%22ymin%22%3A%22-5%22%2C%22ymax%22%3A%225%22%2C%22zmin%22%3A%22-10%22%2C%22zmax%22%3A%2210%22%2C%22xticks%22%3A%225%22%2C%22yticks%22%3A%229%22%2C%22zticks%22%3A%2210%22%2C%22equations%22%3A%5B%7B%22isParam%22%3Atrue%2C%22formula%22%3A%22cos(s)%2Csin(s)%2Ct%22%2C%22domain%22%3A%7B%22s%22%3A%220%2C7%22%2C%22t%22%3A%22-3%2C3%22%7D%2C%22color%22%3A%2297d1d8%22%2C%22alpha%22%3A%220.9%22%7D%5D%2C%22rotationMatrix%22%3A%5B-0.69%2C-0.42%2C0.57%2C0%2C0.72%2C-0.39%2C0.59%2C0%2C-0.02%2C0.81%2C0.59%2C0%2C0%2C0%2C0%2C1%5D%7D&dimensions=[480,480]
https://www.math.cuhk.edu.hk/~pschan/surfaceplot/?data=%7B%22sidebar%22%3A0%2C%22zscale%22%3A%221%22%2C%22domain%22%3A%2210%22%2C%22numsamples%22%3A%2240%22%2C%22autozscale%22%3A%221%22%2C%22showaxes%22%3A%221%22%2C%22centeredaxes%22%3A%221%22%2C%22xmin%22%3A%22-5%22%2C%22xmax%22%3A%225%22%2C%22ymin%22%3A%22-5%22%2C%22ymax%22%3A%225%22%2C%22zmin%22%3A%22-10%22%2C%22zmax%22%3A%2210%22%2C%22xticks%22%3A%225%22%2C%22yticks%22%3A%229%22%2C%22zticks%22%3A%2210%22%2C%22equations%22%3A%5B%7B%22isParam%22%3Atrue%2C%22formula%22%3A%22s%2Ct%2Cs%5E2%22%2C%22domain%22%3A%7B%22s%22%3A%22-3%2C3%22%2C%22t%22%3A%22-3%2C3%22%7D%2C%22color%22%3A%22d89797%22%2C%22alpha%22%3A%220.9%22%7D%5D%2C%22rotationMatrix%22%3A%5B-0.69%2C-0.42%2C0.57%2C0%2C0.72%2C-0.39%2C0.59%2C0%2C-0.02%2C0.81%2C0.59%2C0%2C0%2C0%2C0%2C1%5D%7D&dimensions=[480,480]

Example 12.5. Find the point(s) on the hyperboloid xy — yz — zx = 3 closest to
the origin.

Remark. It may be shown such closest point(s) exist.
For example, after a suitable change of coordinates, the surface is equivalent
to the "two-piece" hyperboloid:

4yt -2 =1

The distance between the origin and any point (z, y, z) on the hyperboloid above
is simply:

Va2 +y? 22 = /202 + 22 +1 > 1,

which clearly has an absolute minimum.
However, the hyperboloid is not bounded = farthest point does not exist.

Solution. Let f(x,y,2) = ||(z,y, 2) — (0,0,0)|? = 22 + y? + 22
Minimize f under constraint

9(x,y,2) =y —yz —zx =3

V=2 2y 2z] Vg=ly—2z xz—2z —z—1y]

Note Vg # [0,0,0] on g = 3
Use Lagrange Multipliers,

g = 3 (Ex) A =1

Note f(1,1,—1) = f(~1,-1,1) =3

.. Closest points are +(1,1, —1)
Corresponding distance = v/3

12.3 Lagrange Multipliers - Multiple Constraints

Theorem 12.6. Lagrange Multipliers with multiple constraints
Let f,91,92, " , gx be C! functions on Q C R"

S:{l'GQgZ(IL'):CZ,Z:l,,]{?}

Suppose



1. ais alocal extremum of f on S

2. Vgi(a), -+ ,Vagx(a) are linearly independent

Then
Vfila) = ¥ \NVgla) forsomeh,---,\, €R
gz(a) = G fori:17”'7k
. . 2 2 . 21' — y -
Example 12.7. Maximize f(z,y, z) = 2°4+2y—z* on the line L = Ytz =
in R3
It is given that f has maximum on L
Solution. Let g (z,y,2) = (2¢ — y) and go(z,y,2) =y + 2
Vi=1[2z 2 —2z]
V91 = [2 -1 0] . .
linearly independent
Use Lagrange Multipliers,
VI = MVg+ Vg
g =0
g =0
2 = —A+ XA -(2)
Hence -2z = 0\ +X - (3)
y+z =0 -(5)
4),(5) =>2r=y=—=2
(1), (3) = /\1 =X )\2 = —2z
2)=—2-22=2=—<c+4dr=2=2=2
=y = %, z= —% Since solution is unique and maximum exists, it must occur
at (z,y,2) = (2,4, —%) with maximum value f(%,1,-3) =2

Example 12.8. Find the minimum distance (provided that it exists) between

15
C:xyzlandL::U—Hly:g

IFRAME


https://www.desmos.com/calculator/lolnewifyf?embed

Solution. Let f(x7y> u, ’U) = H(xa y) - (ua U)HQ = (x - U)Z + (y - U)Q
To find distance:
Minimize f(z,y, u,v) under constraints

91(1’7%“7”) =Y = 1

15
g2z, y,u,v) =u+4v = 5

Vi=[2x-u) 2y—v) —2x—-u) —2(y—u)
Voo=y = 0 0
Vg =[0 0 1 4

Vg1, Vgs are linearly independent < (x,y) # (0,0)
But zy = 1 = Vgy, Vg, are linearly independent on g; = 1 and g, = %5
Use Lagrange Multipliers,

2 —u) = Ay (1)

Vi = MVg+ XV _22((9151 _ Z; _ i;x g%
9 = %5 = =2y —v) = 4N -+ (4)
92 = 3 xy = 1 (5)
u+4v = %5 (6)

\

Case 1:
If \; =0o0r Ay =0, then

T=UYy="0

(6) =z=2—4y
(5)= (2 —dyy=1= —4*+ Ly —1=0
No real solution
Case 2:
If )\1, )\2 7£ 0 , then




%_U—Zl:>8—4u:§—v
{ —qu+v = -8
_
u+4v 5
15
= (u,v) = (=,0)
8
If (z,y) = (-2, %) ,
By similar calculation, (u,v) = (—222, 12) Comparing the two solutions,
f attains minimum at (z,y, u,v) = (2, 3, 2,0)
Distance between C' and L = 4/ f(2, %, %7 ) = @

12.3.1 Where the Lagrange Multipliers Method ''Fails"'

Example 12.9. Provided that it exists, find the minimum of f(x,y) = = on:

g(z,y) =2" —y* =0.

IFRAME
It is easy to see that The absolute minimum of f occurs at (x,y) = (0,0).
But:

V=1 0]

while:
Vg=[32% -2

Hence,
Vf=AVyg

has no solutions.

So, a naive (i.e. fail to check all conditions) application of Lagrange Multipli-
ers would "miss" the point (0, 0) where the minimum occurs.

In general, when Vg is not necessarily nonzero, one has to separately consider
the points where Vg is zero, after solving for the Lagrange multipliers.


https://www.math3d.org/fbsvjNLX

Example 12.10. Provided that it exists, find the maximum of f(z,y, z) = —y on:

g(z,y,2)=2"—y =y —2=0
92(5E7ya2) :y2+220

The function f in fact attains its absolute maximum at (0, 0, 0) (why?).
IFRAME
But:
vi=[0 -1 o0

while:
Vo =20 —2y—3y° —1]
Vg =10 2y 1]
Hence, there are no A\, A\, such that:
V£(0,0,0) = A\1Vg1(0,0,0) + A2V g2(0,0,0),
which is a direct consequence of the linear dependence of the vectors:
V¢:(0,0,0)=[0 0 —1]

Vg2(0,0,0)=1[0 0 1].
(Their span is not "large enough" to accomodate V (0, 0,0).)

12.4 Implicit Function Theorem

Question When can we ’solve” a constraint?
For example, if g(z,y) = ¢, can we find y = h(z) such that g(z, h(x)) = ¢ ?

Example 12.11. Consider level set g(z,y) = 2> —y*> =0
IFRAME
Near (0,0),y = 2?7 y = —x? or £|z|?
y 1s not uniquely determined by x

Example 12.12. S : 2% + 9> + 22 =2inR?
IFRAME
Question: 3 variables, 1 equation = S'is 2-dimensional surface?
Solve for z = h(z,y)?
x=k(y,2)?


https://www.math.cuhk.edu.hk/~pschan/surfaceplot/?data=%7B%22sidebar%22%3A0%2C%22zscale%22%3A%22-0.5%22%2C%22domain%22%3A%222%22%2C%22numsamples%22%3A%2240%22%2C%22autozscale%22%3A%221%22%2C%22showaxes%22%3A%221%22%2C%22centeredaxes%22%3A%221%22%2C%22xmin%22%3A%22-2%22%2C%22xmax%22%3A%222%22%2C%22ymin%22%3A%22-2%22%2C%22ymax%22%3A%222%22%2C%22zmin%22%3A%22-10%22%2C%22zmax%22%3A%2210%22%2C%22xticks%22%3A%225%22%2C%22yticks%22%3A%229%22%2C%22zticks%22%3A%2210%22%2C%22equations%22%3A%5B%7B%22isParam%22%3Afalse%2C%22formula%22%3A%22x%5E2%20-y%5E2-%20y%5E3%22%2C%22color%22%3A%2298d9b2%22%2C%22alpha%22%3A%220.9%22%7D%2C%7B%22isParam%22%3Afalse%2C%22formula%22%3A%22-y%5E2%22%2C%22color%22%3A%2297cbd8%22%2C%22alpha%22%3A%220.9%22%7D%5D%2C%22rotationMatrix%22%3A%5B-0.56%2C-0.45%2C0.57%2C0%2C0.69%2C-0.42%2C0.28%2C0%2C0.16%2C0.61%2C0.63%2C0%2C0%2C0%2C0%2C1%5D%7D&dimensions=[480,480]
https://www.desmos.com/calculator/u4ehdirup1?embed
https://www.math.cuhk.edu.hk/~pschan/surfaceplot/?data=%7B%22sidebar%22%3A0%2C%22zscale%22%3A%220%22%2C%22domain%22%3A%2210%22%2C%22numsamples%22%3A%2240%22%2C%22autozscale%22%3A%221%22%2C%22showaxes%22%3A%221%22%2C%22centeredaxes%22%3A%221%22%2C%22xmin%22%3A%22-5%22%2C%22xmax%22%3A%225%22%2C%22ymin%22%3A%22-5%22%2C%22ymax%22%3A%225%22%2C%22zmin%22%3A%22-10%22%2C%22zmax%22%3A%2210%22%2C%22xticks%22%3A%225%22%2C%22yticks%22%3A%229%22%2C%22zticks%22%3A%2210%22%2C%22equations%22%3A%5B%7B%22isParam%22%3Atrue%2C%22formula%22%3A%222sin(t)cos(s)%2C2sin(t)sin(s)%2C2cos(t)%22%2C%22domain%22%3A%7B%22s%22%3A%220%2C7%22%2C%22t%22%3A%220%2C4%22%7D%2C%22color%22%3A%22d998b7%22%2C%22alpha%22%3A%220.9%22%7D%5D%2C%22rotationMatrix%22%3A%5B-0.67%2C-0.49%2C0.56%2C0%2C0.75%2C-0.42%2C0.51%2C0%2C-0.01%2C0.76%2C0.66%2C0%2C0%2C0%2C0%2C1%5D%7D&dimensions=[480,480]

We focus locally near (0, 1,1)
If we can solve for z as a differentiable function z = z(z, y) near (0, 1,1) ,by
implicit differentiation on 22 + 3% + 22 = 2

0 0z
0 0z
— 2 22— =
3y Y+ zay 0

0+2% = 0
Moy =01 > { 510
) ) 2 + 28_y — 0
= [éaa_;] = [O _1] at (07171>
How about z as a differentiable function x = z(y, z) near (0,1,1) ?

If so, by implicit differentiation,

0 ox
— :2z— +2y=20
dy x@y 2y
0 ox
— 20— +2y=0
0z x@y Ty
0+2 = 0 (coefficient of 2% is %2 = ()
Put =(0,1,1) = oy ° Oz
o) =010 ={ 073 0
Contradiction!
.. x is not a differentiable function of y, z near (0,1, 1)
Reason:

For 2% + y* + 22 = 2,

If y, z > 1 a little bit, no solution for x.
If y, z < 1 alittle bit, 2 solution for z.
Let g(z,y,2) = 22 + y* + 2°.
Difference in the two cases:

At (0,1,1),
dg
“J_9
0z 270
dg

In general, given constraint F'(x,y, z) = ¢
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If z = z(z,y) , then by implicit differentiation,

o) OF OF 0z
.9 G 0}@
dy ° Oy 0z Oy

If F(@) = ¢, %£(d@) # 0, then @ has solution (No contradiction)
..z = z(x,y) may exist and

[ —— )

9z (@)

Example 12.13. Multiple Constraints

o 22 +y*+ 22 = 2 3variables
xr+z = 1 2equations

IFRAME
Question: Is C' a 1-dimensional curve? y = y(z)? z = z(z)?

If we can solve for y, z as differentiable functions y(x), z(z)

2x+2y§—i+2zg—; = 0

Implicit Differentiation = { 1+% = 0

V-]
dz | —
0 1]|& -1
If this linear system has a solution, then y = y(z), 2 = z(z) may exist.
For instance, if (z,y,2) = (0,1,1),

o -
~[E-6 1]

In general, given F(x,y, z) = ¢; and Fy(z,y,2) = ¢
Suppose Fi(a,b,c) = ¢;,i=1,2.

Do there exist differentiable functions y = y(z),z = z(z) near (a, b, ¢) such
that

&

{ e

S— —
I
—~
8
S~—
S~—
|


https://www.math.cuhk.edu.hk/~pschan/surfaceplot/?data=%7B%22sidebar%22%3A0%2C%22zscale%22%3A%220%22%2C%22domain%22%3A%2210%22%2C%22numsamples%22%3A%2240%22%2C%22autozscale%22%3A%221%22%2C%22showaxes%22%3A%221%22%2C%22centeredaxes%22%3A%221%22%2C%22xmin%22%3A%22-5%22%2C%22xmax%22%3A%225%22%2C%22ymin%22%3A%22-5%22%2C%22ymax%22%3A%225%22%2C%22zmin%22%3A%22-10%22%2C%22zmax%22%3A%2210%22%2C%22xticks%22%3A%225%22%2C%22yticks%22%3A%229%22%2C%22zticks%22%3A%2210%22%2C%22equations%22%3A%5B%7B%22isParam%22%3Atrue%2C%22formula%22%3A%222sin(t)cos(s)%2C2sin(t)sin(s)%2C2cos(t)%22%2C%22domain%22%3A%7B%22s%22%3A%220%2C7%22%2C%22t%22%3A%220%2C4%22%7D%2C%22color%22%3A%22d998b7%22%2C%22alpha%22%3A%220.9%22%7D%2C%7B%22isParam%22%3Atrue%2C%22formula%22%3A%22s%2Ct%2C1-s%22%2C%22domain%22%3A%7B%22s%22%3A%22-2%2C2.5%22%2C%22t%22%3A%22-2.5%2C2.5%22%7D%2C%22color%22%3A%22a9d998%22%2C%22alpha%22%3A%220.9%22%7D%5D%2C%22rotationMatrix%22%3A%5B-0.67%2C-0.49%2C0.56%2C0%2C0.75%2C-0.42%2C0.51%2C0%2C-0.01%2C0.76%2C0.66%2C0%2C0%2C0%2C0%2C1%5D%7D&dimensions=[480,480]

If so, by implicit differentiation,

OF, | OF dy | 0F ds  _
aa}%: + 883/ gllx + 862 dr 0
OFy | OFydy | OFadz _
ox + Oy dx + 0z dz 0

O OF | rdy ok
0 0z dr | — |~ oz
ofy Oy {%} = [_@}
dy 0z dx ox

1
] exists at @ = (a,b,c),

Generally,

given n + k variables
k equations

Fl(xla"'axnaylf"ayk’) =

Fk(xlv"'uxnuy17”'7yk) = Ck

When can yy, - - -,y be expressed as functions of x4, - - - , z,, locally?
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