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Continued fraction
Gauss transformation, Partial quotient

Gauss transformation 7" : [0,1) — [0, 1):

T(0):=0, T(x):= %(mod 1), for x € (0,1).

Partial quotient of x: an(z) = [7trs] = a1 (T (x)) (n > 1).
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Continued fraction
Convergent, cylinder

Convergent of order n of x:

pn(T) 1
— = [a1(z), az(x), -, an(x)],
qn(x) al (JI) + !

() = an() - pp—1(x) + pPp—2(x),
qn(7) = an(v) - gn-1(x) + gn-2(z).

Cylinder of order n:

I(a1, - ,a,) ={x €[0,1): ax(x) = ag,1 < k < n}.
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Diophantine approximation

Best approximation

Theorem (Lagrange)

Every convergent of x is a best approximation of z, i.e., if £ 7

Z:g; ,0 < q < qu(x) there follows
|z — £| > |z — pn($)| and |qr —p| > |gn(z)x — pp(2)].
d Gn(2)

Theorem (Legendre

—
~

Every irreducible fraction % satisfying the inequality

1
|ac—p|<

2q>

is a convergent of x.
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Diophantine approximation
Upper and lower bounds

Upper and lower bounds for Diophantine approximations:

1

an11(2)q; (%)

pn(®)
qn(z)

1

< ‘x -
(an+1(z) +2)g5 (2)

A badly approximable number is an x for which there exists ¢ > 0

such that for all rational %, we have

\ <

The badly approximable numbers are precisely those with bounded
partial quotients.
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Diophantine approximation
Well approximable sets

A number x is said to be 7-well approximable if one can find infinitely
many p/q such that |z —p/q| < ¢~ 7.
Jarnik-Besicovitch set:

1 .
T — ‘ < —, for infinitely many p}‘
q q

Irrationality exponent of z: §(x) = sup{7 : z € J(7)}.
For any irrational = € [0,1], 6(z) > 2.

Theorem (Jarnik, 1931 & Besicovitch, 1934)

For any T > 2,

dimpg {z € [0,1]: 6(z) > 7} = dimpg {z € [0,1]: 6(z) =7} =
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Diophantine approximation
General error function

For a function ¢ : RT — R, denote

W) = {:c e [0,1]: b

r— =
q

< (q), for infinitely many p}
q

and

Ezact(1) )\ U W((1-—
k>2

Theorem (Bugeaud,2003)

Let ¢y : RT — R* be a function such that x + x%¢(x) is non-
increasing and 3 -, x(z) < oo, then

dimyg Ezxact(v) = dimg W (¢) = ;

where A = lim inf — fglﬁ( ).
T—00 0
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Diophantine approximation
A localized Jarnik-Besicovitch set

Theorem (Barral and Seuret, 2011)

Let f :]0,1] — [2,+00) be a continuous function,
dimg{z € [0,1]: §(z) > f(z)} = dimg{x € [0,1]: §(z) = f(z)}
2
B min{ f(z): x € [0,1]}

Applications:(Barral and Seuret)
@ For all real numbers 0 < a < b < 1,

dimg {z € [a,b]: 0(z) =2(1 +2)} = —

o for all real numbers % <a<b< %.

dimpg {z € [a,b]: §(x) = 4sin(rz)} = 2 min{sin(ma), sin(rb)}"
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Gene. J-B set
Jarnik-Besicovitch revisited

Jarnik-Besicovitch set can be revisited, in terms of continued frac-
tions, as
—9 .
{z: any1(z) > ¢ *(z), io.neN},

or

T—2 mn—1 .
{x: i () > 772 (08 T'al - Hlog [T/ (T 12)) oy N} ,

by noticing that ¢Z(z) < |(T")'(z)| < 442 ().
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Gene. J-B set

A generalized Jarnik-Besicovitch set

Let f, g be two positive functions defined on [0, 1], denote by S,,g(x)
for the ergodic sum g(x) + --- + g(T™ 'z). Define

D(f,g) = {x € [0,1]: anyi(x) > f@59@) o e N}

and

E(f,g9) = ﬂ {x € [0,1]: anyi(z) > 1= @S9@) o
e>0

but ap1(z) < 1)/ (@)Sng(@) eventually}.

For special case when g(z) = log |T" x|,
° D(f,9) ={z €0,1]: 6(x) = 2(f(x) + 1)},
° E(f,9) ={x €[0,1]: 6(z) = 2(f (=) + 1)}
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Gene. J-B set
Notations

Tempered Distortion Property: if ¢ satisfying

Vari(¢) < oo and lim Varn(Sn(9)) =0,

n—00 n

where Var, (¢) := sup {|p(z) — ¢(y)|: In(xz) = I,(y)} denotes the
n-th variation of ¢.

Let A C N, define
Xa={x€[0,1] : an(x) € A, for all n > 1}.

Let ¢ be a potential function satisfying the tempered distortion prop-
erty, the pressure function restricted to the subsystem (X 4,7) is
defined by

1
Pu(T, ) := ,}i_%loﬁbg Z e~ Sndllaran),

(a1, ,an)EA™

When A = N, also denote Py(T', ¢) by P(T, ¢).



Gene. J-B set
Main results

Let f : [0,1] — R™ be a continuous function and let g : [0,1] — R*
satisfies the tempered distortion condition. Then

dimg D(f, g) = inf {s: P(T,s(f.g +log|T"])) < 0},

where f, = min{f(z): x € [0,1]}.

Let f :[0,1] — R be a continuous function and let g : [0,1] — R*
satisfies:

@ the tempered distortion condition;

@ a growth condition: Yx € [0,1], lirginf S"+(x) >4 >0.
Then dimyg E(f, g) = inf {s: P(T, s(f«g +1log|T’|)) < 0}.
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Gene. J-B set
Outline of the proof of the second result

Let A CN. Foreachn >1 and s >0, let
Noals) = % ( ! >
n,A(8) = — 5~ |
ai, - ,an€A ef+SnaW g (y)

where y = [a1,- -+ ,ay]. Define

sp(A) =inf{s > 0: N, a(s) <1},
s(A) = inf{s : PA(T, s(f«g +log|T"])) < 0}.

When A = {1,---, B}, write s(53) for s(A).
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Upper bound: Using natural cover.
Lower bound: Constructing Cantor set. For a fixed ¢ > 0. Let
yo € [0,1] be an irrational and ¢y € N such that for any n > t,

fly) < (1+¢e)f, forall y € I,(yo).
Level 1'. (al(yo)," : )ato(yo)abgl)a" : )bgz)
1

Level 1. (al(y(])?"' 7at0(y0)7bg P abgbivanl):

FWSHIW) < < 2eF WS I,

where 1 =n1 — 1 and y1 = [a1(vo), - - 7at0(yo),b§1)7“. 7b7(11L3]_

Level 2'. For each (a1 (yo), - - - ,ato(yo),bgl), e ,bﬁ,i},am) € Level 1,

1)

(a1<y0)v"' 7at0(y0)7bg1)v"' ab%,am,
al(y0)7'” 1at[)(y0)7b51)7bg2))"' 7b1(72Lg) :
2
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Level 2.
(al(yO)"" )ato(yO)ab( ) : )bg)%,zvanp
al(yO)a sy Qg (1/0)7 b(1 )7 b?) ’ 7b7(7%g> anz) :

eFW2)51902) < < 2T W2)5129(y2)
where ly =ng —n; — 1 and y2 = [a1(yo), - - - ,b(ll),b?), e ,bgg%].
Level 3". For each (a1(yo), -, a,(Yo), bgl),b?), +e L, ap,) € Level 2,
(ar(yo). -+ ary (o). D1, 05+ (1)
ar(yo)s- -+ s ary (90), by b@ e B2 an,,
ar(yo), -+ ary (o), 01, 057,07, - b3
1 gbg),..- ,bggg < B.

The next level is constructed by looking locally at each block from
the previous level.

) ) fWr)Si, 9(yk)
Notice that klgl;o W]ilg(x)
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Gene. J-B set
Supporting measure

Mass distribution of Level I:

M(Ito(al(yo)’ . 7ato(yo))> 1

Define s; as the solution to

1 S
> =1
F(y)Si,9(y) 2 ’
<e 19Wq (y)>
b <B h

1
al:al(yo)v"' Aty =0atg (yo), 1Sb§ )7'

where Yy = [al(yO)v T 7ato(y0)a bgl)a T 7b£72]
Then for each Ij, (a1(yo), - - - ,ato(yo),bgl), e ,bg,lli), define

51
(1) _ 1
M(Ill(al(yo)"" (o (Y0), by - 76%2)) B (ef(y)Szlg(y)qu (y)) '
1
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pD

When n > t1, for the predecessors I,,(a1(vo), - - - , at, (Y0), bgl), b Zy)

of I;, € Level 1, define

M(In(al(y0)7 Tty Qg (y0)7 651)7 e 7b£zl—)to)>

1
= > a(Iamo) b b B

1 1
1<b0, e bl <8

For each I,, (a1(yo), - - ,b,(%z,anl) € Level 1, define

1
M(Inl(al(yo)"" »bféivam)) = mﬂ(h(m(%)w“ 75%3)»

where y1 = [a1(yo), - ,bﬁ}g], i.e., the measure of I;, are evenly
distributed on its offsprings.

Notice that |s; — s(N)| < 3e.
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Gene. J-B set
Remark

In the second result, g is assumed to fulfill a growth condition, we
remark that if g satisfying the bounded distortion property, then the
result is still valid without the growth assumption of g.

Application: f(x) =7, g(x) = logai(z),

N
Il
i

=inf {s: P(T,s(rloga; +log|T"[)) <0} .
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Gene. J-B set

Thanks

THANK YOU!
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