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Schrodinger operator with Sturm potential

Schrodinger operator on [2(Z):

(Haw ) = ¥n1 + Ynt1 + ntbn, ¥n € Z, Vop € 13(Z).

@ (Up)nez: potential. Sturm potential:

U =V Xji—a,np(Ra+¢ mod 1), Vn€Z,
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@ (vn)nez: potential. Sturm potential:
Un =V Xji—an(na+¢ mod 1), Vne€Z,

e a=[0;a1,ae,---]: frequency
e V' > 0: coupling; ¢ € [0,1): phase (take ¢ = 0)



Schrédinger operator with Sturm potential Spectrum
study history
recent result

Schrodinger operator with Sturm potential

Schrodinger operator on [2(Z):

(Haw ) = ¥n1 + Ynt1 + ntbn, ¥n € Z, Vop € 13(Z).
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o(Hyv)={z €R : 2l — Hyy no bounded inverse } := 0.
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Schrodinger operator with Sturm potential

Schrodinger operator on [2(Z):

(Haw ) = ¥n1 + Ynt1 + ntbn, ¥n € Z, Vop € 13(Z).

@ (Up)nez: potential. Sturm potential:

U =V Xji—a,np(Ra+¢ mod 1), Vn€Z,

e a=[0;a1,ae,---]: frequency
e V' > 0: coupling; ¢ € [0,1): phase (take ¢ = 0)
@ Spectrum

o(Hyv)={z €R : 2l — Hyy no bounded inverse } := 0.

@ 1989, Bellissard and et. al.(BIST), Commun. Math. Phys.
VYV > 0, « irrational, Z[o] = 0.
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Fractal dimensions

Let « = [0; a1, a2, -],

K, =liminf(a; - - - an)/",

K* =limsup(a; - - - an) /"

@ 2004, L., Wen, Potential Analysis, V' > 20,
o if K, < o0, then 0 < dimpg o <1
o if K, = 00, then dimyg o = 1.

o L., Qu, Wen, preprint, V' > 25,
e if K* < oo, then 0 < dimpo < 1
o if K* = 00, then dimp o = 1.
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Asymptotic property of Fractal dimension

@ 2008, Damanik et. al., CMP, a = [0; a3, a2, -], ,
limy o (log V) dimpo = —log(v/2 — 1).

@ 2007, L., Peyriere, Wen, Comptes Randus Mathematique,
, V> 20, s,,s* pre-dim,

o dimgo < s, < s* <dimpo,
o lim s,logV = —log fu(c), lim s*logV = —log f*(«).
V—oo V—o0

e 2011, Fan, L., Wen, Ergodic Theory and Dynamical Systems,
, then dimgo = s, < s* =dimpgo

o L., Qu, Wen, preprint, V > 25, ;
(logV)dimpy o = —log fi(a),
(log V)dimpo = —log f*(a).

lim
V=00

lim
V—o00
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Case of bounded quotient

2011, Fan, L., Wen, Ergodic Theory and Dynamical Systems.

Let a = [0;a1,a2, -], , V> 20,

dimg o = s,, dimpo = s".

Theorem

| A

If a = [0;a1,a2,a3, - -] with V=20

Sy = S

N

For (an)n>1 ultimately periodic, we give an algorithm so that one
can estimation s, in any accuracy.
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Case of unbounded quotient

L., Qu, Wen, preprint.

Let « = [0;a1,a9, -], V > 25,

o dimy 0 =s,, dimpgo = s*.

o lim s,-logV = —log fi(a), lim s*-logV = —log f*(a).
V—o0 V—o0

@ s,,s™ are continuous on V.

Key techniques
@ Cookie-Cutter-like structure
@ trace formula

@ Homogeneous Moran set
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Cantor set

o Let I=10,1], f: I =R, f(x)

|
Vo e
w
—~
= oo
)
el
= O
A A
R =
IA INA
— DO

Then E={x€l:¥Yn>0, f"(x) € I} = Cantor set, and

e log 2 h
dimy E = dimp E = dimpFE = o= = ulf)

l0g3 oo [log [Dfldp’

@ Cookie-Cutter: f non-linear.

@ Cookie-Cutter-like: change f™ to f,o fn_10---0 f1
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Cantor set

Cookie-Cutter-like sets Cookie-Cutter set and Cookie-Cutter like set

Definition for Cookie-Cutter set

Let I =10,1], I1,I> C I, and f : I; U I, — I satisfy:
(i) flr,, flr, is an 1 — Imapping to I.

(i) fis ¢!t Holder: |Df(z) — Df(y)| < clz —y|".

(iii) fis Expansive, 1 <b < |Df(z)| < B < 0.

e E={zecl:¥Yn>0, f"(x) € I} Cookie-Cutter set of f.
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Cookie-Cutter-like sets

Definition of Cookie-Cutter like set

Given {(f, J " J,ck,fyk,bk,Bk)}k>1 satisfy:
(i") f/f|IJ’? is an 1 — Imapping to I.
(ii") fx is 7% Holder
(iii") fr is Expansive.
@ Cookie-Cutter-like set (CC-like set)
E = {z€l: fro---ofi(x)el, Vk>0}.
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Symbol system and pre-dimension

I
a=2 | L | 1 |

a3 I I I Ly L Iy

o Let Q0 = [I7_ {1, yak}, Fn=fao---0fi, ¥we
F,, is monotone on 1, Fda) =1

e Vn >0, {I,}weq, is a covering of E.

o Vk > 1, let sy, satisfies (3.1.) > |I,|%* =1, and

wEN

Sy = limkinf Sk, s = limsup sg.
k
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Cantor set
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Ma, Rao, Wen, Sci. China A, 2001

Cookie-Cutter-like sets

Let E be CC-like set for {(fx, ] 11 >Ck7’7k7bkaBk)}k21-

dimg E = s, dimp E = dimpFE = s*.

54, 8% depend continuously on {(fx, I, iy Vs bky Bi) b1

]1J’

@ o(H, ) has a kind of CC-like structure (multi-type).
o Let a =[0;a1,as,: -], ar partly determines fj.

@ (a)r>1 bounded implies bounded expansive.
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key properties [MRWO01]

Recall F}, = fro---0 f1, Vw € Qp, Fr(l,) = I.
e Bounded variation. 3¢ > 1, Vn> 1, w e Q,, z,y € 1,

_1 _ |DFy(z)| _
1 o [DEa(2)] <&, I,| ~ |DF,(z)|~*.
@ Bounded covariation. Vm >k > 1, wi,wsy € Q,

T E Qk+1,m1

5—2 |Iw2*‘r| < |Iw1*7’| < 52 |Iw2*7’| .
Loo| 7 Mol =7 [l
o Existence of Gibbs-like measure. Given 8 > 0, there exist
1 > 0 and a probability measure g supported by E such that
for any n > 1 and wy € 2,,, we have
—1 |Iw0|5 |Iw0|ﬁ
ESRTAL < pa(Lu) Sniz Tk

UJEQn weﬂn
13/19
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Method to proof bounded variation for spectrum

@ Let I,,41 C I, C I, be interval of order n+1, n and n — 1,

e F; is monotone on I;,
o Fi(I;) =[-2,2], i=n+1lnn—1

@ In stead of F}, = f, 0---0 fi in CC-like case, we have
Fn+1 = Z(Fn;Fn—l)Sp(Fn) _Fn—ISp—l(Fn)v *

where
o 2(z,y) is a solution of the equation 22 + y? + 22 — 2yz = V2,
o S, (-) chebishev polynomial,
e p determined by a,, and type of I,,11, I, In—1.

e From (%), for any z,y € I,+1, we can estimate by iteration

DFyi1(z) DFyy1(z)  DFnta(y)
DF,(z) DF,(x) DF,(y)
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Case of {a,} unbounded

@ lllustrate in simple case of F,, = f, 0 fr—10---0 f,

DF,(z)|

n{ZE = In|DFy()| - In|DF,(y)|
< ;unw.ﬂ;( 1(2))] = I |DF(Fra ()]
< Z\sz(z 1(2)) = Dfi(Fia(y))
< ir (&) ~ Fa)l < Ing

@ Forany b >a > 1,
replace Inb—Ina <b—a
by Inb—Ina < at(b—a).
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Deal with different types for unbounded {a,}

Fori=1,2,3, m > k > 1, define

b,(fi;i,) — Sum {’J’s : J is an order m interval, }

its order-k-father is of type 4

We have to estimate
@ ratio between bgfgl), 1=1,2,3.

@ ratio between bgij?, 1=1,2,3, m>k.
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Fractal dimensions

@ It is direct to prove that

dimgo < s, < s* <dimpo.
@ We only need to prove

dimgo > s,., dimpo < s*.

@ For {ax} unbounded, they are more difficult.

@ Our idea come from Feng, Wen, Wu's (Sci. China, 1997)
study on Homogeneous Moran set.
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Homogeneous Moran sets

o . ({nk},{ck}) a class of Homogeneous Moran sets (nj > 2)
any E € .#({nr},{cr}) has a Homogeneous Moran structure:

order k-1

der k& ;
et — n, intervals

o Classical Cantor set is in . ({ny}, {cx}) with

e multi-type, non-linear, throw e-interval away(e — 0)
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Sketch of proof Homogeneous Moran set

Thank you !
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