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Backgrounds

@ Poincaré Recurrence Theorem
Let (X, B, u,T) be a measure-preserving dynamical system
(probability space) and B C X with positive measure. Then

u{x € B: T"x € B infinitely often (i.0.)} = p(B).

o Birkhoff ergodic theorem
Assume that p is ergodic, then

p{fre X : Tz € Bio.} =1.

@ dynamical Borel-Cantelli Lemma or shrinking target problem
Let {B,,}n>1 be a sequence of measurable sets with p(B,,)
decreasing to 0 as n — oco. Consider the metric properties of the

following set
{reX:T"'r € B, io.}
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Backgrounds

@ well-approximable set
Let d be a metric on X consistent with the probability space
(X, B, ). Given a sequence of balls B(yg, r,) with center yo € X
and shrinking radius {r,}, the set

F(yo, {rn}) ={zx € X : d(T"z,y0) < ry, i.0.}

is called the well-approximable set.

@ inhomogeneous Diophantine approximation
Let S, : © — x + « be the irrational rotation map on the circle with
a ¢ Q. The classic inhomogeneous Diophantine approximation can
be written as

{a € Q®:[S30 — yo| <7, i0. m € N}
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beta-transformations

e f>1
e [-transformation T : [0, 1] — [0, 1]
Ts(z) = Bz — | Bz],
where | Sz | denotes the integer part of Sx.
e Example : B = %
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o the orbit of 1 under T} is crucial (we will see later)
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Main problem

@ well-approximable set

Fix a point o € [0,1] and a given sequence of integers {£, },,>1

E({tp}nz1,20) = {B>1:|T§1 —zo| < B~ i.0.}

@ Question :

dimH E({gn}nz]., xo) :7
@ (Persson and Schmeling, 2008)

When xo = 0 and ¢,, = yn(y > 0), then

_ 1
dimg E({yn}n>1,0) =

1+~

[m]
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Main result

Let zy € [0,1] and let {¢,,},>1 be a sequence of integers such that
£, — oo asn — oco. Then

1
——, where a = lim inf E—n
1+« n—oo N

dimpr E({€a}n>1,70) =
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[S-transformation and [S-expansion
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Re

e f>1
@ [-transformation T : [0,1] — [0, 1]

Tp(x) = Bz — | Bz,

where |8z | denotes the integer part of Sx.

o Example : § = %
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Invariant measure

o (Rényi 1957)
When £ is not an integer, there exists a unique invariant measure g
which is equivalent to the Lebesgue measure.

oL odus, L
3= L W=

=

e Equivalent invariant measure pg (Parry 1960 and Gel'fond 1959)

sy = L
dﬁ()iFﬁ Z B"

n>0
:r<T7' (1)

where F(f) = fol Zn201<Tg(1) 1/8™dz is a normalizing factor.
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[-expansion

o digit set

:{{0,1, .., —1} when § is an integer
{0,1,..., 18]}

otherwise.
@ digit function

e1(+,8) 1 [0,1] = A as x — |fx]
o enle,f) = e1(T3 1z, B)

@ [-expansion (Rényi, 1957)

51(1!7/) 2(7 )+... M-’-...
+ -

E(ﬁ,ﬂ) = (51(.’)],5),&'2(1&,8), s ’5n(x7ﬂ)a .- )
"~ International conference on advances on fractals and related topics
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admissible sequence

@ admissible sequence/word

Ys={weAV: IFze[0,1) suchthat e(z,8) = w}

5 ={weA": Jx€]0,1) such that ¢;(z, ) = w; for alli = 1,
@ [ is an integer

Y5 = AV (except countable points)

e Example : By = @

Yp, = {w € {0,1}" : the word 11 dosen’t appear in w}
@ number of admissible words of length n

" " ,8n+1
pr < g¥5 <

51
T intemational conference on advances on fractals and related topics |
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admissible sequence

@ the infinite expansion of the number 1

e(1,8) if there are infinite many

en(1,8) #0in e(1,5)
e*(1,8) =< (e1(1,8), -+, (en(1,8) — 1)) otherwise, where ¢, (1, 8) is
the last non-zero element

in e(1, 8).

Theorem (Parry, 1960)

Let B > 1 be a real number and £*(1, 3) the infinite expansion of the
number 1. Then w € Yg if and only if

oF(w) < e*(1,B) forall k>0,

where < means the lexicographical order.

v
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self-admissible sequence

Corollary (Parry, 1960)

w is the B-expansion of 1 for some  <— ak(w) <w forall k>0

@ self-admissible sequence

ak(w)jw forall >0
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distribution of full cylinders

o cylinder of order n ((e1,€2," -+ ,&n) € Lf)
I.(e1,62, - yen) ={2 €[0,1) : ex(x) = e, 1 <k < n}
o full cylinder

|In(w17 e ,wn)| = 5771

Every n + 1 consecutive cylinders of order n contains a full cylinder.

@ The quantities n 4 1 can be improved, for example, if S3 satisfies
the specification property, then n + 1 can be optimally improved to a
constant just depends on ( and independent of n. But for the other
B's, we still do not the optimal estimate for this quantity.

Corollary

Let 3> 1. For any y € [0,1] and an integer ¢ € N, the ball B(y, 3~*) can
be covered by at most 4(¢ + 1) cylinders of order ¢ in the [3-expansion.
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Distribution of regular cylinders in parameter space
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cylinders in parameter space

@ Recall :
aword w = (g1, ,&p) is called self-admissible if o"w < w for all

1 <17 <mn, thatis,

0'7;(517... ,En) jgl’... ,En-

Definition

Let (g1, - ,&n) be self-admissible. A cylinder in the parameter space is
defined as

If(gl’...  En) = {5> 1:e1(1,8) =¢1, ,en(1,8) :En},

i.e., the collection of § for which the S-expansion of 1 begins with
€1, yEn-
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cylinders in parameter space

@ (Schmeling, 1997)
The cylinder I (1, -+ ,&,) is a half-open interval [Bo, 81). The left
endpoint f3y is given as the only solution in (1,00) to the equation

€1 En
1 = — _|_ .o + -
B pr
The right endpoint 31 is given as the limit of the solutions
{Bn}n>1in (1,00) to the equations

_ €1 En En+1 EN
1_§+'”+@+Bn+l _|_..._|_67N’
where (e1,...,&n,En+1,.--,&N) is the maximal self-admissible word
beginning with 1,--- , &, in the lexicographical order. Moreover,

|If(517...,5n)’ <pm™

@ Remark : If the left endpoint of I”(e1,--- ,&,) is 1, then the
cylinder will be an open interval. For example, I7’(1,0) = (1, 1£5).
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maximal self-admissible sequence

Definition

Let w = (g1, -+ ,&n) be a word of length n. The recurrence time 7(w) of
w is defined as

T(w) = inf{k >1:0%e,  ,en) =61, - 75n—k}-

If such an integer k does not exist, then 7(w) is defined to be n and w is
said to be of full recurrence time.

Theorem

| N

Then the periodic sequence
(En,000  ER)I™

is the maximal self-admissible sequence beginning with €1, --- ,&,.

International conference on advances on fractals and related topics Diophantine approximation of the orbit of 1 in beta-transformation dynamical



Diophantine approximation of the orbits of 1 under beta-transformations
3-transformation and /3-expansion
Distribution of regular cylinders in parameter space

lengths of cylinders in parameter space

Let w = (g1, -+ ,€n) be self-admissible with T(w) = k. Let By and (1 be
the left and right endpoints of IF (1, ,&,). Then we have

CB ™, when k=n;
IP E1.++ .E > 3
’ o @iy n)‘ =\ ¢ <;fflll R f?:ﬂh) , otherwise.
1 1

where C := (fy — 1)? is a constant depending on [3; ; the integers t and ¢
are given as tk <n < ({+ 1)k and t = n — (k.

v

@ regular cylinder
When (e1,--- ,&y) is of full recurrence time, the length

Cﬂl_n < |I71LD(€1’ e ,€n)| < /Bl_nv

in this case, I”(e1,--- ,&,) is called regular cylinder.
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distribution of regular cylinders in parameter space

Proposition

Let w1, wy be two self~-admissible words of length n. Assume that
wo < w1 and wy is next to wy in the lexicographic order. If T(wy) < n,
then

T(wg) > T(wl).

@ Denote by C" the collection of cylinders of order n in parameter
space.

Corollary

Among any n consecutive cylinders in CL, there is at least one with full
recurrence time, hence with regular length.

@ This corollary was established for the first time by Persson and
Schmeling (2008).
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Recall main result

Let zo € [0,1] and let {¢,,},>1 be a sequence of integers such that
b, — 00 asn — co. Then

. . n
——, where a = liminf —.
1+« n—oo N

dim g E({En}nzl, 170) =

@ The generality of {¢,,},>1 arises no extra difficulty compared with
special {£, }n>1.

@ The difficulty comes from that zg ## 0 has no uniform [-expansion
for different 3.

o When zg # 1, the set E({¢},,>1,20) can be regarded as a type of
shrinking target problem. While o = 1, it becomes a type of
recurrence properties.

@ The notion of the recurrence time of a word in symbolic space is
introduced to characterize the lengths and the distribution of
cylinders in the parameter space {f € R: § > 1}.
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Thanks for your attention !
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