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0 Main Question

Given a “Laplacian” A, let p:(x,vy) be the heat
kernel (transition density of the diffusion):

et f(x) = / pe(z, ) F(y)dy.

Question. How does p;(x, x) behave as t | 07
cf. M%¢: Riem. mfd

— pM (z,x) ‘E (ant)~¥2(1 4+ My 4 012)),

(5]
\M t10 volg (M)
M cpt = % t) := An t — M ~ .

Q. What happens for the heat kernels on fractals?
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Examples of nested fractals
Solid circles: “Boundary” V

o #V() < OO
® highly symmetric
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1 Dirichlet form and B.M. on Sierpir'lski carpets

> [ : Self-similar measure K
with weight (%,..., L .I5.EN.E
(N, , N) 1 1/N each 1/NN? each

>71 (&€, F): canonical self-sim. Dirich. form on L*(K, 1)
“E(u,v) = [a(Vu, Vv)dx”

Existence: Barlow-Bass '89, '99, Kusuoka-Zhou '92
Uniqueness: Barlow-Bass-Kumagai-Teplyaev '10
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> [A : Self-similar measure
with weight (&,..., &) R annan
N N 1 1/N each 1/N? each

Dal(f, JF): canonical self-sim. Dirich. form on L*(K, )

E(u,v)=(— Au'v)u T, —etA
(8 ) A < l {Tt}t
Dirichlet &(~/—Au,~/—Av) selfad, <0 A_iim Ttt—f Markov
form “Laplacian” tlo semigry.

T T f(2) = Ea[£(X0)]

X =({Xt}t>051{1Pz tzc Kk ): u-symm. conservative diffusion

> p¢(x,y): Heat kernel
Tif(x) = Eo[f(Xt)] = [ pe(z,v) F(y)du(y)



6/11
Sub-Gaussian bound of p;(x, y)

Thm (Barlow-Bass '92, '99). For t € (0,1], ,y € K,

1

Pt\ L,y = 1d./2 XP 2 . :

® ds := 2ds/dvw, df:= dimug guc K
e dy, > 2 (Barlow-Bass '90, 92, '99)




6/11
Sub-Gaussian bound of p;(x, y)

Thm (Barlow-Bass '92, '99). For t € (0,1], ,y € K,

1

Pt\ L,y = 1d./2 XP 2 . :

® ds := 2ds/dvw, df:= dimug guc K
e dy, > 2 (Barlow-Bass '90, 92, '99)

= 3 < t%=2p(z,x) <cq, t€(0,1], xz € K.



6/11
Sub-Gaussian bound of p;(x, y)

Thm (Barlow-Bass '92, '99). For t € (0,1], ,y € K,

1

(z,y) < €1 expl| —c (‘a}'—y‘dw)dw_l
Dt Y Atds/2 P 2 P "

® ds := 2ds/dvw, df:= dimug guc K
e dy, > 2 (Barlow-Bass '90, 92, '99)

= 3 < t%=2p(z,x) <cq, t€(0,1], xz € K.

Q. 3lim t4=/2p,(x,z)? If not, HOW it oscillates?



6/11
Sub-Gaussian bound of p;(x, y)

Thm (Barlow-Bass '92, '99). For t € (0,1], ,y € K,

1

C1 ‘QZ o y‘dw dw — 1
pe(xz,y) < exp —Cz( ) -

tds/2 t

® ds := 2ds/dvw, df:= dimug guc K
e dy, > 2 (Barlow-Bass '90, 92, '99)

= 3 < t%=2p(z,x) <cq, t€(0,1], xz € K.

Q. 3lim t4=/2p,(x,z)? If not, HOW it oscillates?

cf. M%: Riem. mfd = lim; | o td/zpiv‘[ (x, ) = (471')_d/2.



2 Thm 1. pi(xz,x) NOT vary reg. & non-periodic

Thm (K.). “¢5 € (0,00), ° N C K Borel, vy(N) = 0

for any self-similar measure v,

> UV : Self-similar measure a7 g6 | a5
with weight q = (q;);—; 1 B B
(¢: > 0, 27],\;1 q;i = 1)

l1on K gq;on K;
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Thm (K.). “¢5 € (0,00), ° N C K Borel, vy(N) = 0
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(NRV)|p.y(x, ) does NOT vary regularly at 0|,

and hence Alimy g tds/zpt(ac, x).

® f:(0,00) — (0,00) varies regularly at 0

E&S Vo e (0, 00), E'ltif(r)lf(at)/f(t) e (0, 00).
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2 Thm 1. pi(x,x) NOT vary reg. & non-periodic

Thm (K.). “¢5 € (0,00), ° N C K Borel, vy(N) = 0

for any self-similar measure v, and "z € K\ N:

(NRV)|p.y(x, ) does NOT vary regularly at 0|,

and hence Alimy g tds/zpt(ac, x).

(NP)|lim Suptw‘tds/zpt(wa r)— G(—log t)| > Cs

for any periodic G : R — R,



Key to the proof of Thm 1

Y,z € K\ 0K,

21
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Key to the proof of Thm 1

Y,z € K\ 0K,

# . ' . pt(y7 y)
= o llm —— =
y Bl 110 p(z, 2)

21

® Valid for most nested fractals (might not for S.G.!)



3 Thm 2. Periodic asymp. expansion of Zx (1)

> Zpc(t) 1= Y e Mt = [ py(@, 2)dp(x)
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3 Thm 2. Periodic asymp. expansion of Zx (1)
> Zxc () 1= Yoy et = [y pe(@, @)dp()

>T € (1, 00): the time scaling factor for { X;}:>¢

Thm (K.). ”Gj : R — R continuous log T-periodic
for0< k<d, Gop,G; >0and, ast | O,

1

d _
Zr(t)= ) t_dk/dWGk(— log t)—I—O(e_Ct dw_l) :
k=0

®d, = dlmH(Kﬂ {il?l — e = g = O})
(do = dimy K, di = dimy 8K, dg_1 = 1 and dg = 0)
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Thm (K.). °GL : R — R continuous log T-periodic
for0< k<d, Gg,G1 >0and, ast | O,

1

d _
Zr(t)= > t=%/dw G (— logt)—l—O(e_Ct d""_l).
k=0

Remarks on Thm 2
®"Go:R — (0,00) is due to Hambly '11
® Valid also for 2\ g with G the same, &G; < 0

® NOT known whether Gy and G are non-const.
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> K := the standard Sierpinski gasket
> I := the bottom line of K
> df := log, 3, d, := log, 5

Thm (K.). °Go, G1, Gr : R — (0, co) continuous log 5-
periodic (7 Go: Kigami-Lapidus '93), as t | O,

2 (t) = t~9/dw Gy (—logt) + 3 G1(—log t)
O(exp(—ct_ dwl—l )),
Zi\1(t) = t~4/9wGo(—logt)—t~ /4w G (—logt)

+ G1(—logt) + O(exp(—ct_ Z— ))




