Exercise 1. Show that for all x > 0

Exercise 2. Let f(z) = z'/3.

(a) Find the Taylor polynomial ps(x) of f(x), centered at = = 8 with degree 2.

(b) Estimate |f(z) — p2(z)| for (i) x = 8.1 (ii) z = 7.9.

Exercise 3. Let f(z) = cos(x). Let p,(z) be the Taylor polynomial of f(x) at x = 1 with degree n. Find the

smallest possible n such that
|f(z) = pn(z)] < 0.00001

for |x — 1| < 0.1.

Exercise 4. Find the Taylor polynomial of degree n centered at x = c.

L. {45, c=1Ln=3 4. sin(9z), ¢ = 0, for general n.
2. cos(1+a2), ¢c=0, n=10. 5. In 1'” , ¢ = 0, for general n.
3. arctan(z), ¢ = 0, for general n. 6. §+x, c =0, for general n.

Exercise 5. Find the following integrations

(a) [(z—1)sin(z)dz (h) [ sin(5z) cos(3z)dx
b) f14 de. (i) fo% x| cos(z)|dx
) | o=da G) [eleda.
(d) f@% k) [sin®(z)cos?(v)dx
(e) [ xéﬂiil 1) [sect(x)tan®(x)dz.
f) [a?arctan zdz m) [ 1+}c;rsc(cf) sil(x) dz (Hint: use t = tanz).
g [ de n) [ ;r;ﬁféi) dx (Hint: use ¢ = tan .)

Exercise 6. Find F'(z) for the following functions.

¥ cosy

(a) F(x) = / =Y 4y (©) Flz) = /1\/71+t2dt

(b) Flz) = / esin 2t gy (d) F(z) = /0 D e

—T



Exercise 7.

(h) F(z) = ST g

/Vlm sint
—VInz t

dt (Note: there is x in the inte-

(i) P = [ =

grand, not a typo)

() Fla) = / "~ 1) n(1 + o)t

sin(z) 2 cos2 sin(x) 9 . sin(z) .
f(z) :/0 cos (t), o) :/0 cos(z) cos(¥) dt, h(t) :/O cos(t + x) it

Find f/(x), ¢’(7) and K/ (7).

Exercise 8.

2+t

/sin(tQ)dt
(a) lim+ 0
v0 /tsin(t)cos(tQ)dt
0

0
VA2 + t8dt
(b) lim f”C—Q

z—0t T

3z+1
/ V5 +t3 + 1dx
1

)
(€)1,

In(z + 1)

Exercise 9. (Level 3)

2+t 2+t

sin(z)
/ tsin(sin(t))dt

d 1 0
(d) Bm, p

(e) lim (14 /Om(etz —1)In(1 +t)dt>

z—0 \ T

(f) lim ( L /Oz(ef ~1)In(1 +x)dt)

Prove the following reduction formulas.

T

(a) I, = /x"e‘”dm; I, =

n

n
_771—17”21
a

coszsin” 'tz n-—1

(b) I, = /sin” xdz; I, = —

+ In727n22
n n

n—1

sin x cos r n-—1

(c) I, = /cos" xdx; I, =

1
(d) In:/ ——dx; I, = —
sin

+ In727n22
n n

cosT n—2

(n—1)sin" 'z

n_ljn—27 ”22

(e) I, = /x" cosxdx; I, = 2" sinz + nax" " tcosx —n(n — 1)1, o, n>2

2n —3
SU i I_l,’I‘LZI

" 2a2(n — 1) (22 —

a2)n=1 " 2¢2(n—1)"



d. 2™/ 2
(g) I, = a x;In: z $+a_ o Ly1,n>1
N 2n +1 2n +1

(h) I, = /(lnx)"dz; I, =xz(Inz)” —nl,_1,n > 1.

sin"zcos™ e m—1

(i) /sin" zcos™ xdr = sin” 2 cos™ 2 x dx, where m and n are natural numbers

n-—+m n—+m
and m > 2.

(j) Show that for any integer n > 2,

-2
sec"“zxrtanx n-—2 _
sec" xdr = + sec 2z dx
n—1 n—1

/2
Exercise 10. Let I, = / cos™ tdt where m=0,1,2,....
0

(a) (i) Evaluate Iy and I;.

—1
(ii) Show that I,,, = mTIm_Q for m > 2.

Hence, evaluate Is,, and I, 41 for n > 1.

(b) Show that I2n—1 2 Ign Z Ign+1 for n Z 1.

1 2.4.6---(2n) 17
Let A, — here n = 0,1,2, .. .
(c) Le 2n+1[1-3-5-.-(2n—1)] where 1= 0
2 1
(i) Using (a) and (b), show that nt Anzngn.
n

(ii) Show that {4, } is monotonic increasing.

Tl ey

) Evaluate 1i
(iii) valuate im o=

Exercise 11. FOr each non-negative real numbers «, 3, define

1
Inp = / (1 — z)Pdz.
0

(a) Show that whenever a >0, 5 > 1,
(Oé + A)IQ,B = /61a+1,[371-

Here A is an integer whose value you have to determine explicitly.

(b) Hence, or otherwise, show that whenever m,n are positive integers

(m+n+ B).

m!
Im,n 7'
n:

Here B is an integer whose value you have to determine explicitly.

Exercise 12. Evaluate the following integrals of rational functions.



@ [
1‘3

(b) /3+xd$
=

dz
(d) /x2+2ﬂc—3

dzx

© | ey

2 +1
0 | erve—n®

e

Exercise 13. (Level 3)
Compute the indefinite integrals below:

(a) i /2;j_24dx
. (x + 1)dx
) i /7(%1)2

“ / (x + 6)dx
") (+2)(z—3)

/ 4dx
iii. —_
2 —4
. x2dx
iv. —_
z2 -4

Exercise 14. (Level 3)
Compute the indefinite integrals below:

o [l

(@ +3)3

222 — 32 + 3)dx
[T

(32% — 4z + 4)dz
@)/‘dx—1Xx—%

(23 — 42? — x + 2)dw
(d) / z(x? —1)

vi

vii.

viii.

(22 + 1)dx
22+ 32+ 2
(222 — 2)dx
222 — ba + 2

2
4
(h) / T+ 5r + d

xt 4+ 522 +4’ v
. dx
(©) /(x+1)(x2+1)

23 — 42?2 —x -3
j d
(J)/ 72 —2x—3 v

4 -2
® [ e

<l>/x<xfi1>z

x2dz

(m) / (z—1)(z — 2)(z — 3)

xdz
() / x2(x? — 22+ 2)

3
T
111 /ﬁr—]_ i

. / z2dzx d
ix. -
2+ 4 v
/ (2x 4 5)dx
X. —_
2 — 22+ 10

Xi.

/ (2% + 15)dx
2 — 27+ 10

. / (—z+1)dx
xii. [ =————
202 +4x +5

(©) / (1022 — 10z — 20)dx
23 + 322 — 22

(22 — 2)dx
® / x(x —1)2

(32% — 4z + 2)dz
(&) / (z—2)(z + 1)2

132—1' X
w [

23 —4x? + 4z



. (422 + x + 12)dw
0 [ i

i) / (—z +3)dx
. w42+ +1

Exercise 15. (Level 3)

Compute the indefinite integrals below:

(3 + 422 — 22 — 1)dw
@) / x2(x —1)(z+1)

4z2dx
(b) / P ]

(422 + 8z + 2)dw
(c) / (z +1)2(22 + 4z + 5)

Exercise 16. (Level 3)

Evaluate the following integrals.

(@) / siizx
® [

dx
() / sin x cos*

| (2z% 4+ 23 + 32% — 3x)dz
) 23 —1

dzx

() /x6+2x4+2x2+2$+2
(22 +1)2

() /8x2d1‘
¢ x4 +4

¢ (=223 + 22 + 4)dz
G e

dx
(d) /2+sinx
1 —cosx
() /3+cosxdm

3 1
(f) / .cosx—k du
SN x + cosx



