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Everyone knows calculus deals with deterministic objects. On the other
hand stochastic calculus deals with random phenomena. The theory was intro-
duced by Kiyosi Ito in the 40’s, and therefore stochastic calculus is also called
Ito calculus. Besides its interest in mathematics, it has been used extensively
in statistical mechanics in physics, the filter and control theory in engineering.
Nowadays it is very popular in the option price and hedging in finance. For

example the well-known Black-Scholes model is
dS(t) =rS(t)dt + oS(t)dB(t)

where S(t) is the stock price, o is the volatility, and r is the interest rate,
and B(t) is the Brownian motion. The most important notion for us is the
Brownian motion. As is known the botanist R. Brown (1828) discovered certain
zigzag random movement of pollens suspended in liquid. A. Einstein (1915)
argued that the movement is due to bombardment of particle by the molecules
of the fluid. He set up some basic equations of Brownian motion and use them
to study diffusion. It was N. Wiener (1923) who made a rigorous study of the
Brownian motion using the then new theory of Lebesgue measure. Because of

that a Brownian motion is also frequently called a Wiener process.

Just like calculus is based on the fundamental theorem of calculus, the Ito

calculus is based on the Ito Formula: Let f be a twice differentiable function

on R, then
T 1 (7
F(B) - FBO) = [ FBE)aB0 5 [ B
0 0
where B(0) = 0 to denote the motion starts at 0. There are formula for

integration, for example, we have

1 1

/OTB(t)dB(t) =SB~ 3T /OT tdB(t) = TB(T) — /OT B(t)dt.

In this course, the prerequisite is real analysis and basic probability theory.

In real analysis, one needs to know o-fields, measurable functions, measures



and integration theory, various convergence theorems, Fubini theorem and the
Radon-Nikodym theorem. We will go through some of the probability theory
on conditional expectation, optional r.v. (stopping time), Markov property,
martingales ([1], [2]). Then we will go onto study the Brownian motion ([2],

3], [5]), the stochastic integration and the Ito calculus ([3], [4], [5]).






Chapter 1

Basic Probability Theory

1.1 Preliminaries

Let  be a set and let F be a family of subsets of €2, F is called a field if it

satisfies
i) 0, Qe F;
(i) for any A e F, A° e F;

(iii) for any A, Be F, AUB € F (hence ANB € F).
It is called a o-field if (iii) is replaced by

(iii)" for any {A,}o2, C F, U2 A, € F (hence N9, A, € F).

If 2 =R and F is the smallest o-field generated by the open sets, then we
call it the Borel field and denote by B.

A probability space is a triple (2, F, P) such that F is a o-field in 2, and
P :F —[0,1] satisfies
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(i) P(Q) =1

(ii) countable additivity : if {A4,}5°, C F is a disjoint family, then

P(|JA,) =) P(A,).

We call 2 a sample space, A € F an event (or measurable set) and P a

probability measure on {2; an element w € €2 is called an outcome.

Theorem 1.1.1. (Caratheodory Extension Theorem) Let Fy be a field of
subsets in Q0 and let F be the o— field generated by Fy. Let P : Fy — [0, 1]
satisfies (i) and (i) (on Fy). Then P can be extended uniquely to F, and

(Q, F, P) is a probability space.

The proof of the theorem is to use the outer measure argument.

Example 1. Let Q = [0,1], let Fy be the family of set consisting of finite
disjoint unions of half open intervals (a,b] and [0,b], Let P([a,b)) = |b — al.
Then F is the Borel field and P is the Lebesgue measure on [0, 1].

Example 2. Let {(2,,F,, P.)}. be a sequence of probability spaces. Let
Q =T1I2,Q, be the product space and let Fy be the family of subsets of the
form £ = [[ 2, E,, where E, € F,, E, = , except for finitely many n.
Define .
P(E) =] P(EW)
n=1

Let F be the o-field generated Fy, then (Q,F, P) is the standard infinite

product measure space.

Example 3. (Kolmogorov Extension Theorem) Let P, be probability mea-
sures on ([]r_, Q, F,) satisfying the following consistency condition: for m <
n

Pnoﬂnm_lzpm
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where T (21 2n) = (@1 -+ ). On Q = [[r2; O, we let Fy be the field of
sets ' = E x [[;2, 1 @, £ € F, and let

Then this defines a probability spaces (2, F, P), where F is the o-field gen-
erated by Fy.

Remark: The probability space in Example 2 is the underlying space for
a sequence of independent random variables. Example 3 is for more general

sequence of random variables (with the consistency condition).

A random variable (r.v.) X on (€2, F) is an (extended) real valued function

X : (2, F) — R such that for any Borel subset B of R,
X YB)={w:X(w) € B} € F.
(i.e. X is F-measurable). We denote this by X € F. It is well known that

— For X € F, X is either a simple function (i.e., Y ,_, axXxa,(w) where

Ay € F), or is the pointwise limit of a sequence of simple functions.
— Let X € F and g is a Borel measurable function, then g(X) € F.
— If{X,} C F and lim, . X,, = X, then X € F.

— Let Fx be the o-field generated by X, i.e., the sub-o-field {X'(B): B €
B}. Then for any Y € Fx, Y = ¢(X) for some extended-valued Borel function
¢ on R.

Sketch of proof ([1, p.299]): First prove this for simple r.v. Y so that
Y = ¢(X) for some simple function ¢. For a bounded r.v. Y > 0, we can

find a sequence of increasing simple functions {Y,,} such that Y,, = ¢,(X) and
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Y, /Y. Let ¢(x) = lim,é,(x), hence Y = ¢(X). Then prove Y for the

general case.

Arv. X :(2,F) — R induces a distribution (function) on R:
F(z) = Fx(x) = P(X < x).

It is a non-decreasing, right continuous function with lim,_, ., F(z) =0,

lim,, .o, F(x) = 1. The distribution defines a measure p

p((a,b]) = F(b) — F(a)

(use the Caratheodory Extension Theorem here). More directly, we can define
by
u(B) =P(X"(B)), BeB

The jump of F at x is F(z) —F(x—) = P(X = ). Ar.v. X is called a discrete
if F'is a jump function; X is called a continuous r.v. if F'is continuous, i.e.,
P(X =2x) =0 for each x € R, and X is said to have a density function f(x) if

F' is absolutely continuous with the Lebesgue measure and f(z) = F'(x) a.e.,

equivalently F(z) = [ f(y)dy.

For two random variables X,Y on (£, F), the random vector (X,Y) :
(2, F) — R? induces a distribution F' on R?

F(z,y)=P(X <z, Y <y)

and F' is called the joint distribution of (X,Y), the corresponding measure
is given by

w((a,b) x (¢,d]) = F(b,d) — F(a,d) — F(b,c) + F(a,c),

Similarly we can define the joint distribution F'(z;---z,) and the correspond-

ing measure.
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For a sequence of r.v., {X,,}5°,, there are various notions of convergence.

(a) X, — X ae. (ora.s.) if lim, . X,(w) = X(w) (pointwise) for w € Q\ £
where P(E) = 0.

(b) X, — X in probability if for any € > 0, lim, . P(|X, — X|>¢€) = 0.

(¢) X, — X in distribution if F,(z) — F(x) at every point z of continuity.
It is equivalent to p, — p vaguely i.e., u,(f) — wu(f) for all f € Cy(R), the

space of continuous functions vanish at co (detail in [1]).

The following relationships are basic ([1] or Royden): (a) = (b) = (c);
(b) = (a) on some subsequence. On the other hand we cannot expect (c)
to imply (b) as the distribution does not determine X. For example consider
the interval [0, 1] with the Lebesgue measure, the r.v.’s X; = X(0,1); Xy =
X(L.a]» X3 = X(0,41 + X311 all have the same distribution.

The expectation of a random variable is defined as

B(X) = /Q X (w)dP(w) = / T wdF(z) (= / " pd(z)
and for a Borel measurable h, we have
E(h(X)) = /Q h(X (0))dP(w) = / T h(@)dF (),

The most basic convergence theorems are:

(a) Fatou lemma:

X, >0, then FE(lim

N— 00

X,) < lim,___E(X,).

—n—00

(b) Monotone convergence theorem:

X, >0, X, /X, then lim E(X,)= E(X).

n—oo
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(¢) Dominated convergence theorem:

| X, <Y, E(Y)<oo and X, — X a.e., then lim F(X,)= E(X).

n—oo

We say that X,, — X in LP,p > 0 if E(]X|?) < o0 and E(|X,, — X|?) — 0
asn — oo. It is known that LP convergence implies convergence in probability.
The converse also holds if we assume further E(|X,|?) — E(|X?) < oo ([1],
p.97).

Two events A, B € F are said to be independent if
P(ANB)= P(A)P(B).

Similarly we say that the events Ay,--- A, € F are independent if for any

subsets A;,, -+, A,

i=1

Two sub-o-fields F; and F> are said to be independent if any choice of sets of
each of these o-fields are independent. Two r.v.’s XY are independent if the

o-fields Fx and Fy they generated are independent. Equivalently we have
P(X <z Y <y)=PX <z)PY <y),

(i.e., the joint distribution equals the product of their marginal distributions).
We say that X, --- X, are independent if for any X;, --- X, , their joint distri-

bution is a product of their marginal distributions.

Proposition 1.1.2. Let X,Y be independent, then f(X) and g(Y) are inde-

pendent for any Borel measurable functions f and g.
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Exercises

1. Can you identify the interval [0, 1] with the Lebesgue measure to the prob-

ability space for tossing a fair coin repeatedly?
2. Prove Proposition 1.1.2.
3. Suppose that sup,, |X,| <Y and E(Y) < co. Show that
E(lim,_.X,) > lim,_FE(X,)
4. If p> 0 and E(]X|?) < oo, then lim, . 2P P(|X| > x) = 0. Conversely, if
lim,, 0o 2P P(| X| > x) = 0, then E(]X]?7¢) < oo for0<e<p.
5. For any d.f. F' and any a > 0, we have

/OO(F(x—i—a)—F(x))d:E:a

oo

6. Let X be a positive r.v. with a distribution F', then
/ (1— P(z)) dx:/ v dF ().
0 0

E(X):/OOOP(X>x) dx:/OOOP(Xza:) dx

and

7. Let {X,} be a sequence of identically distributed r.v. with finite mean,
then
1
lim —F( max |X;|) = 0.
non

1<j<n

(Hint: use Ex.6 to express the mean of the maximum)

8. If X;, X, are independent r.v.’s each takes values +1 and —1 with prob-
ability %, then the three r.v.’s {X;, Xy, X1 X5} are pairwise independent but

not independent.

9. A r.v. is independent of itself if and only if it is constant with probability
one. Can X and f(X) be independent when f € B?
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10 . Let {X;}}_; be independent with distributions {F;}7_,. Find the distri-

bution for max; X; and min; X;.

11. If X and Y are independent and E(|X + Y |P) < oo for some p > 0, then
E(]X[P) < 0o and E(|Y?) < 0.

12. If X and Y are independent, E(|X|P) < oo for some p > 1, and E(Y') = 0,
then E(|X +Y?) > E(|X|P).
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1.2 Conditional Expectation

Let A € F with P(A) > 0, we define

P(ANE)

P(EIN) = =50

where P(A) > 0.

It follow that for a discrete random vector (X,Y),

PY =y, X =1x)
P(Y =y|X =) = PX=xz)

0, otherwise.

if P(X=2)>0,

Moreover if (X,Y") is a continuous random variable with joint density f(z,y),

the conditional density of Y given X =z is

f(z,y) " .
Flyle) = { Ix@) if fx(x)>0,
0, otherwise .

where fx(z) = ffooo f(z,y)dy is the marginal density. The conditional expec-

tation of Y given X =z is

BOYVIX =2) = [ uftule)dy
Note that
g(x):= E(Y|X =) isa function on x,
and hence

g(X(-)=EY|X(-) isarwv.on Q. (1.2.1)

In the following we have a more general consideration for the conditional
expectation (and also the conditional probability): E(Y|G) where G is a sub-
o-field of F.

First let us look at a special case where G is generated by a measurable

partition {A,}, of € (each member in G is a union of {A,},). Let Y be an
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integrable r.v., then

E(Y|A,) = / Y (w)dPy, (w) = % /A Y (w)dP(w). (1.2.2)

Q

(Here Py, (+) = W is a probability measure for P(A,) > 0). Consider

the random variable (as in (1.2.1))
Z(-) = B(YIG)() = Y E(Y[A)xa, () €G.
It is easy to see that if w € A, then Z(w) = E(Y'|A,), and moreover

/QE(Y|Q)dP = ;/A E(Y|G)dP = ;E(Y|An)P(An) = /QYdP .

We can also replace €2 by A € G and obtain

/E(Y]g)dP:/YdP VAEG.
A A

Recall that for p, v two o-finite measures on (Q, F) and p > 0, v is called
absolutely continuous with respect to p (v < p) if for any A € F and
p(A) =0, then v(A) = 0. The Radon-Nikodym theorem says that there exists

dv
g = — such that
dp

I/(A)—/gdu V Ae F.
A

Theorem 1.2.1. If E(]Y]) < oo and G is a sub-o-field of F, t hen there

exists a unique G-measurable r.v., denote by E(Y|G) € G, such that

/YdP:/E(Y|g) P YAcG.
A A

Proof. Counsider the set-valued function

v(A) = / YdP  Aedg.
A
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Then v is a “signed measure” on G. It satisfies
P(A)=0 = v(A) =0.

Hence v is absolutely continuous with respect to P. By the Radon-Nikodym

theorem, the derivative g = j—}’, € G and

/YdP:v(A):/gdP V Aeg.
A A

This ¢ is unique: for if we have g, € G satisfies the same identity,

/YdP:U(A):/gldP vV Aeg.
A A

Let A ={g> g1} € G, then [, (g — g1)dP = 0 implies that P(A) = 0. We can
reverse g and ¢g; and hence we have P(g # ¢g;) = 0. It follows that g = ¢g; G-a.e.

Definition 1.2.2.  Given an integrable r.v. Y and a sub-o-field G, we say
that E(Y'|G) is the conditional expectation of Y with respect to G (also denote

by Eg(Y) ) if it satisfies
(a) E(Y|G) €
(b) [\ YdP = [, E(Y|G)dP Y A€g.

If Y =xa € F, we define P(A|G) = E(xa|G) and call this the conditional
probability with respect to G.

Note that the conditional probability can be put in the following way:
(o) P(AIG)€G
(b) P(ANA)= [, P(A|G)dP V Aeg.

It is a simple exercise to show that the original definition of P(A|A) agrees

with this new definition by taking G = {0, A, A, Q}.
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Note that E(Y|G) is “almost everywhere” defined, and we call one such
function as a “version” of the conditional expectation. For brevity we will not
mention the “a.e.” in the conditional expectation unless necessary. If G is the
sub-o-field Fx generated by a r.v. X, we write E(Y|X) instead of E(Y|Fx).
Similarly we can define E(Y| Xy, -+, X,).

Proposition 1.2.3. For E(Y|X) € Fx, there exists an extended-valued Borel

measurable ¢ such that E(Y|X) = p(X), and ¢ is given by

X

gp:@?

where \(B) = fol(B) YdP, B e %, and u is the associated probability of the
r.v. X on R.

Proof. Since E(Y|X) € Fx, we can write E(Y|X) = ¢(X) for some Borel
measurable ¢ (see §1). For A € F, there exists B € B such that A = X '(B).

Hence

J E0X0aP = [ xn(X)e(X)aP = [ xn(X)pX0dn = [ oty

B

On the other hand by the definition of conditional probability,

/AE(Y|X)dP = / YdP = \(B).

X-1(B)

d\
It follows that A\(B) = [, ¢(x)du for all B € B. Hence ¢ = o O

The following are some simple facts of the conditional expectation:
— If G ={¢,Q}, then E(Y|G) is a constant function and equals E(Y").

— If G ={o,A, A% Q}, then E(Y]|G) is a simple function which equals

E(Y|A) on A, and equals E(Y|A®) on A€,
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— IfG=ForY e€g, then E(Y|G) =Y.

— If (X,Y) has a joint density function, then E(Y|X) coincides with the

expression in (1.2.1).

Using the defining relationship of conditional expectation, we can show
that the linearity, the basic inequalities and the convergence theorems for F(-)

also hold for E(- |G). For example we have

Proposition 1.2.4. (Jensen inequality) If ¢ is a convex function on R, and

Y and o(Y') are integrable r.v., then for each sub-c-algebra G,

p(E(Y]9)) < E(2(Y)|G)

Proof. If Y is a simple r.v., then Y = Z?Zl yixa, with A € F. It follows that

E(Y|G) = Zij(xAjlg) = Z y;P(Y3,1G)

and
n

E(p(Y)IG) = Y o(y;)P(Ya,|G)-

j=1

Since > 7| P(A;|G) = 1, the inequality holds by the convexity of ¢.

In general we can find a sequence of simple r.v. {Y,,} with |Y,,| < |Y]
and Y,, — Y, then apply the above together with the dominated convergence

theorem. O

Proposition 1.2.5. Let Y and Y Z be integrable r.v. and Z € G, then we

have

E(YZ|G) = ZE(Y|G).
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Proof. It suffices to show that for Y, Z >0
/ZE(yyg)dP _ / ZvdP VA€
A A

Obviously, this is true for Z = ya, A € G. We can pass it to the simple
r.v. Then use the monotone convergence theorem to show that it hold for all

Z > 0, and then the general integrable r.v. U

Proposition 1.2.6. Let G; and Gy be sub-o-fields of F and G C Go. Then

for'Y integrable r.v.
E(E(Y[G)|G1) = E(Y[G1) = E(E(Y|G1)|Gs). (1.2.3)

Moreover

E(Y|G) = E(Y|G) iff E(Y|G) € Gi. (1.2.4)

Proof. Let A € Gy, then A € G,. Hence

| BExIg) 6P - [

A

E(Y|QQ)dP:/YdP:/E(Y|Ql)dP,
A A

and the first identity in (1.2.3) follows. The second identity is by E(Y|G1) € G2
(recall that Z € G implies E(Z|G) = Z).

For the last part, the necessity is trivial, and the sufficiency follows from

the first identity. 0J

As a simple consequence, we have

Corollary 1.2.7. E(E(Y|X1,X2)|X1) = E(Y’Xl) = E(E(Y‘X1>‘X1,X2)
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Exercises

1. (Bayes’ rule) Let {A,} be a F-measurable partition of Q and let £ € F
with P(E) > 0. Then

~ P(A,) P(EIA,)
POGIE) = S B () P(EIAY) -

2. If the random vector (X,Y’) has probability density p(z,y) and X is inte-
grable, then one version of E(X|X +Y = z) is given by

/xp(a:,z —z)dz / /p(x,z —z)dz .

3. Let X be ar.v. such that P(X >t) =e™ ', t > 0. Compute F(X|X Vt)
and E(X|X At) for t > 0. ( Here V and A mean maximum and minimum

respectively.

4. If X is an integrable r.v., Y is a bounded r.v., and G is a sub-o-field, then

E(BE(X|9)Y) = E(XE(Y|9)).

5. Prove that var(E(Y]G)) < var(Y).

6. Let XY be two r.v., and let G be a sub-o-field. Suppose
E(Y?|G) = X" E(Y|g)=X,

then Y = X a.e.

7. Give an example that E(E(Y|X,)|X2) # E(E(Y|X2)|X1). (Hint: it suf-
fices to find an example E(X|Y) # E(E(X|Y)|X) for Q to have three points).
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1.3 Markov Property

Let A be an index set and let {F,, : & € A} be family of sub-o-fields of F. We
say that the family of F,’s are conditionally independent relative to G if for

any \; € Fy, i=1,--+,n,
P((\M1G) = T PAi9). (1.3.1)
j=1 j=1

Proposition 1.3.1. For a € A, let F(®) denote the sub-o-field generated by
Fs, B € A\{a}. Then the family {F,}a are conditionally independent relative
to G if and only if

PA| F®'vG) =Pl G), AeF,

where F) v G is the sub-o-field generated by F*) and G.

Proof. We only prove the case A = {1,2}, i.e.,
PAl FovG)=P(A G), AeF. (1.3.2)

The general case follows from the same argument. To prove the sufficiency, we

assume (1.3.2). To check (1.3.1), let A € F;, then for M € F,,
P(ANM |G) = E(P(ANM |F Vv G)|G)
P(A] F2 vV G)xul9)

(
(
(P(Al G)xmlG)  (by (1.3.2))
(Al G)P(M] G).

E
E
P

Hence F; and F5 are G-independent.

To prove the necessity, suppose (1.3.1) holds, we claim that for A € G,
A e Frand M € F,

/ P(AIG) dP:/ P(A| FoV G) dP
MNA

MnNA
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Since the sets of the form M NA generate GV Fa, we have P(A|G) = P(A| FoV
G). ie., (1.3.2) holds.
The claim follows from the following: let A € F;, M € F,, then

E(P(A|G)xm|G) = P(A|G)P(M]G)
PIANMIG)  (by (1.3.1))

=EBE(P(A\FV G)xulG) O

Corollary 1.3.2. Let {X,}aca be a family of r.v. and let F, be the sub-o-
field generated by X,. Then the X,’s are independent if and only if for any
Borel set B,

P(X, € B|F®) = P(X, € B).

Moreover the above condition can be replaced by: for any integrable Y € F,,

E(Y|F®) = E(Y).

Proof. The first identity follows from Proposition 1.3.1 by taking G as the
trivial o-field. The second one follows from an approximation by simple func-

tion and use the first identity. g

To consider the Markov property, we first consider an important basic case.

Theorem 1.3.3. Let {X,,}°°, be a sequence of independent r.v. and each X,
has a distribution u, on R. Let S, = Z?Zl X,. Then for B € A,

P(Sn € B ‘ Sl,"' ,Snfl) :P<Sn € B | Snfl) :,un(B—Sn,1>

(Hence S,, is independent of Sy,--- ,Sn—a given S,_1.)
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Proof. We divide the proof into two steps.

Step 1. We show that
P(X1+X2 €eB | Xl) :/,LQ(B_XI)

First observe that ps(B — X)) is in Fx,. Let A € Fx,, then A = X[ '(A) for

some A € A, and

[ (B =x0)ap = [ a5 = a0) dpa(ar)

([t

-/ A X 12)(1,72)
x1€A, T1+x2€8
= P(XleA, X1+X2€B)

= /P(X1+X2 € B| %x,) dP
A
This implies that po(B — X1) =P(Xi+Xo€ B | Xy) .

Step 2. The second equality in the proposition follows from Step 1 by
applying to S,,_; and X,,. To prove the first identity, we let ™ = p3 x---x p, =
pt X o, Let Bj € B, 1 <j<mn-—1, and let A = ﬂ:;ll S7U(B)) €
F(Sy, - ,Sn_1). We show as in Step 1,

/,LLn(B - Sn—l) dP = / P(Sn € B|Sl, tee 7Sn—1) dP
A A

and the identity p,(B — S,—1) = P(S, € B|S1, -+ ,S,-1) follows. O

Definition 1.3.4. We call a sequence of random variables { X, }22, a (discrete
time) stochastic process. It is called a Markov process (Markov chain if the

state space is countable or finite) if for any n and B € B,

P(Xpi1 € B|Xo, -+, Xp) = P(Xns1 € B|X,).
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Let I € Ny := NU {0} and let F; denote the sub-o-field generated by
Fn, n € 1. Typically, I = {n}, or [0,n], or (n,00); Fy,} denotes the events
at the present, Fj, denotes the events from the past up to the present, and
Fn,o0) denotes the events in the future. The above Markov property means

the future depends on the present and is independent of the past.

One of the most important examples of Markov process is the sequence

{Sn}>, in Theorem 1.2.3.

Theorem 1.3.5. Let {X,,}>°, be a stochastic process, then the following are

equivalent:
(a) {X,}32, has the Markov property;
(b) P(M|Fion) = P(M|X,,) for alln € N and M € F(, )5

(C) P(Ml N MQ |Xn) = P(M1|Xn) P(M2|Xn) for all M1 € f[O,n}a M2 S
Fnoo) and n € N,

The conditions remain true if F, oo is replaced by Fp, ) (Exercise). Con-
dition (c) can be interpreted as conditioning on the present, the past and the

future are independent.
Proof. (b) = (c). Let Y; = xa, with My € Fjo ), Ma € Fn o), then

= EMY1E(Y2|Fon)|Xn) = E(E(Y1Y2|Flon)]Xn)
= EMWYa|X,) = P(My N M, | X,,).

(c) = (b). Let A € Fjo,) be the test set, and let Y7 = xa, Yo = xu €
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F(0,00)- Then
/P(M\Xn) dP = E(WE(Y|X,)) = E(E(YV,E(Ya|X,))|X,)
A
= E(EM|X,)E(Y|X,)) = E(E(V1Ya|X,,))
_ / P(A N M|X,) dP = P(A N M).
Q

This implies P(M|X,,) = P(M|Fjon)-
(b) = (a) is trivial.

(a) = (b). We claim that for each n,
E(Y|Fon) =EY| X,) VY EFniipnrn, k=1,2,---. (1.3.3)

This will establish (b) for M € |J,"; Fnntr); this family of M generates

f(O,oo)'

Note that the Markov property implies (1.3.3) is true for £k = 1. Suppose
the statement is true for k, we consider Y = Y1Yy € Fpq1nqry1] , Where
Y1 € Flngingn and Yy € Frppq1. Then

E(Y|Fom) = E(EY|Fontn) | Fom)
YiE(Ya|Flon+r) | Fiom)
= E(ViE(Ya|Fosk) | Fion) (by Markov)
(Yo | Frir) | Fun) (by induction)

= F KE(YQ’.ﬂn7n+k}) | .7:[07”]) (by Markov)

This implies the inductive step for Y = xanm, = XanXa, With My €
Fintintk) and My € F,1py1. But the class of all such Y generates F, 11,544

This implies the claim and completes the proof of the theorem. O
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The following random variable plays a central role in stochastic process.

Definition 1.3.6. 4 r.v. o : Q — Ny U {oco} is called a stopping time (or
Markov time or optional r.v. ) with respect to { X}, if

{w:a(w) =n} € Fou for each n € NyU{oo}.

It is easy to see the definition can be replaced by {w : a(w) < n} € Fon-

In practice, the most important example is: for a given A € B, let
as(w) =min{n >0: X,(w) € A}.

(a(w) = o0 if X, (w) ¢ A for all n.) This is the r.v. of the first time the

process { X, }2°, enters A. It is clear that
n—1
{w: aus(w)=n} = ﬂ{w D Xj(w) € A, X, (w) € A} € Flom,
=0

and similarly for n = co. Hence a4 is a stopping time.

Very often « represents the random time that a specific event happens,
and {Xa4,}5%, is the process after the event has occurred. We will use the

following terminologies:

— The pre-a field F, is the sets A € Fjp ) of the form

A= U {{a=n}NA,}, Ay € Fiom- (1.3.4)

0<n<o0o

It follows that A € F, if and only if {a =n} N A € F, for each n.

— The post a-process is { Xqoyp foo; Where Xqyp(w) = Xow)+n(w). The post-a
field F., is the sub-o-field generated by the post-a process.
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Proposition 1.3.7. Let {X,,}°°, be a stochastic process and let o be a stopping
time. Then o € F,, and X, € F,.

Proof. For a to be F,-measurable, we need to show that {a = k} € F,. This
follows from (1.3.4) by taking A,, = 0 for n # k and Aj, = Q.

That X, € F, follows from
{w: Xo(w) € B} = U{w co(w) =n, X,(v) € B} € F,

for any Borel set B € B. O

Theorem 1.3.8. Let {X,}52, be a Markov-process and « is an a.e. finite

stopping time, then for each M € F!,

P(M|F,) = P(M| o, X,). (1.3.5)
We call this property the strong Markov-property.

Proof. Note that the generating sets of F,, are M = ﬂézl X, Li(B)), B; € B.
Let M, = ﬂ;zl X, Li(B)) € Fnoc), We claim that

P(M| o, Xo) =Y P(My|X0)X{a=n}- (1.3.6)

n=1
Indeed if we consider P(M,|X,,) = ¢, (X,), thenitis clear Y | ,,(X) X a=n}
is measurable with respect to the o-field generated by a and X,. By making

use of Theorem 1.3.5(b), we have

o0

/ > P(My|X0)X{amn) dP = / P(M,,|X,,) dP
{a=m, Xa€B} ,,— {a=m, Xy, €B}

= / P(Mm|f[0,m]) dP
{a=m, X, €B}
= PH{a=m, X,, € B} NM,)

= P{a=m,X, € B}nM).
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(The last equality is due to M,,, N{ao =m} = M N{a = m}). Hence the claim

follows.

Now to prove the theorem, let A € F,, A =J,_,({a =n} NA,), then
P(ANM) = > P(la=nA}NM,)
n=0

- > [ POL|Fu) P

n=0 * {a=n}NA,

— Z /A P(M,|X,)X{azn} dP (by Theorem 1.3.5(b))
_ /P(Mn\ 0, X) dP  (by (1.3.6)).

The theorem follows from this. O

We remark that when « is the constant n, then we can omit the « in (1.3.5)
and it reduces to the Markov property as in Theorem 1.3.5. Also if the process
is homogeneous (i.e., invariant on the time n), then we can omit the « there.
It is because in (1.3.6), the right side can be represented as > - ; ¢(Xy)X{a=n}
(instead of ¢, (X,,)) which is F,-measurable. In this case we can rewrite (1.3.5)

as

P(Xa+1EBl*’Ta):P(Xa+1€B‘Xa) VBEBa

a direct analog of the definition of Markov property.

There is a constructive way to obtain Markov processes. For a Markov
chain {X,}>°,, we mean a stochastic process that has a state space S =

{a1,as, -+ ;an} (finite or countable) and a transition matrix

P11 - DIN

PN1 - DNN
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where p;; > 0 and the row sum is 1; the p;; is the probability from 7 to j.
Suppose the process starts at X, with initial distribution g = (g, , pun),
let X, denote the location of the chain at the n-th time according to the

transition matrix P, then {X,,}>°, satisfies the Markov property:
P(Xn+1 - :L‘n+1|XO = Tog, " 7Xn - xn) - P(Xn—‘rl - wn+1|Xn - xn) = Dij-
Also it follows that

P(XOZ'TO; Xllea”' ) Xn:'rn)
= P(XO = ZE())P(Xl = I1’X0 = l’o) e P(Xn = In|Xn_1 = ZL’n_l)

= MzoProzi """ Prp_12n-

More generally, we consider the state space to be R. Let u: R x B — [0, 1]

satisfies
(a) for each =, p(z,-) is a probability measure;
(b) for each B, u(-, B) is a Borel measurable function.

Let {X,,}5%, be a sequence of r.v. with finite dimensional joint distributions
p™ for X, -+, X, given by

n

P(({X; € Bj}) = n"(Byx -+ x By)

_ // (o) (o, 1) - - - (v, ).
BoXx-+-XBp,

where i is the distribution function of Xj.

It is direct to check from definition that

P(Xp1 € BlXy) = p(Xy, B),
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ie.,
P(X,+1 € B|X,, =2) = p(z,B).

Hence pu(z, B) represents the probability that in the (n + 1)-step the chain is
in B, starting at  in the n-th step. To see that {X,,}°°, satisfies the Markov
property, we let A = (_o{X; € B;}, then

/P(Xn+1 € B|X,) dP = // 1z, B) du(")(xo,"' ,Tp)
A Bo XX Bnp,

n+1

_/ /BOX o (dl‘o)l—[l,u(ﬂvj—ladxj)

= P(AN{X,.1 € B}).
This implies
P(X,41 € B|X,) = P(X,11 € B|Xy,-++, X))

and the Markov property follows.

We call the above {X,,}°°, a stationary (or homogeneous) Markov process

and p(z, B) the transition probability.
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Exercises

1. Let {X,}>°, be a Markov process. Let f be a one-to-one Borel measurable
function on R and let Y,, = f(X,,). Show that {Y,,}°° is also a Markov process
(with respect to the fields generated by f(X,)); but the conclusion does not

hold if we do not assume f is one-to-one.
2. Prove the strong Markov property in the form of Theorem 1.3.5(c).

3. If a; and ay are both stopping times, so are a3 A as, a1 V ag and aq + as.

However a; — ap is not necessary a stopping time.

4. Let {X,}22, be a sequence of ii.d.r.v. Let {a;}?2; be a sequence of
strictly increasing finite stopping times. Then {X,, 11}32, is also a sequence

of i.i.d.r.v. (This is the gambling-system theorem given by Doob).

5. A sequence {X,,}>°, is a Markov chain of second order if
P<Xn+1 = ]’XO =g, " 7Xn = Zn) = P(XnJrl = j|Xn71 = Z.nflan = Zn)

Show that nothing really new is involved because the sequence (X, X,,11) is

a Markov chain.

6. Let u"(z, B) be the n-step transition probability in the stationary Markov

process. Prove the Chapman-Kolmogorov equation

R
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1.4 Martingales

We first consider a simple example in analysis. Let f be an integrable function

on [0,1], let P, = {0 = 2% <... < 2% < 1} be a partition of [0, 1] and let

Ly = [, BEL). We define the average function f, of f on the partition P,

2n)  9n
2n—1
folz) = Z Ung XIop » x € Ipy. (1.4.1)
k=0
where a,, ) = IIn_lk\fInk f(z)dz. Then {f,}, converges to f in L'. Moreover

{fn}n has the following consistency property: for m > n

1
|In,k|

This property has been reformulated by Doob in the more general probability

fn(m) =

/Ifm(y)dy x € Ing. (1.4.2)

setting.

Definition 1.4.1. Let {(X,, )}, be a sequence of r.v. such that X,, € F,.

It is called a martingale if
(a) Fr C Fria;
(b) E(|Xn]) < oo;
(¢) Xn = E(Xnia|F).

It is called a supermartingale (or submartingale) if > (or < respectively) in

(c) holds. We will call { X}, a s-martingale if it is any one of the three cases.

Condition (c) can be strengthened as X,, = FE(X,,|F,) for m > n. It

follows from

E(Xn|Fn) = E(E(Xn|Fn)|Fn) = E(Xpa|Fn) = -+ = E(X0|Fn) = X .

Martingale has its intuitive background in gambling. If X, is interpreted

as the gambler’s capital at time n, then the defining property says that his
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expected capital after next game, played with the knowledge of the entire
past and present, is exactly equal to his current capital. In other words, his
expected gain is zero, and is in this sense the game is said to be “fair”. The

supermartingale and submartingale can be interpreted similarly.

Example 1. As a direct analog of the above function case, we let X be an
integrable r.v. and let {F,}2 | be an increasing sequence of sub-o-fields (e.g.,
take F,, to be a partition). Let X,, = E(X|F,). Then {X,,}?, is a martingale.

Indeed we see that
E(|Xn]) = E(E(X|F,)]) < E(E(IX]|F,)) = E(|X]) < o0
and (b) follows. For (c), we observe that

E(Xn+1|~7:n) = E(E(X|~7:n+1)|"fn) = E(X|Fn) = X,.

Example 2. Let {X,}°2; be a sequence of independent integrable r.v. with
mean zero. Let S, = Z?Zl X, and F, = F(Xy, -+, X,). Then
E(Sn+1|~7:n) = E(Sn + Xn+1|~7:n)
= S, + E(Xui1|Fn)
= Sn + E(Xn+1>

= S

Hence {(S,, F.)} is a martingale.

Proposition 1.4.2. If {(X,,F,)}>, is a submartingale, and ¢ is increas-
ing and convezr in R. If {¢(X,)} is integrable, then {(v(X,),Fn)} is also a
submartingale.

Proof. Since X,, < E(X,41|F,), by the property of ¢, we have

p(Xn) < @(BE(Xn|Fn)) < E(p(Xp)|Fn) O
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It follows that if { X, }>° ; is a martingale (or submartingale), then {| X, [P}, p >
1 (provided that X,, € L?) and {X, }°°, are submartingales. Also if {X,} is

a supermartingale, so does {X,, A a}, for any a € R.

Theorem 1.4.3. (Doob’s decomposition Theorem) For any submartingale
{(Xn, Fn)}22, X, can be decomposed as

Xn=Y,+ 2,
where {(Y,, Fn) Yo, is a martingale and {Z,} is a non-negative increasing

process.

Proof. We define the difference r.v.
D,=X,, Dj=X;—-X,1, j>2.
Then X, = Z;‘:l D;, and the defining relation of submartingale yields
E(Dj|F;-1) 20, j=>2. (1.4.3)
We consider yet another difference
S1 =Dy, S;= Dj— E(D;|F;-),

and let

n n

V=38 Z,= Y E(D,F).

j=1 j=1
It is clear that X, =Y, + Z,, X1 =Y1, Z, =0 and {Z,}22, is a non-negative
increasing process (by (1.4.3)). On the other hand, note that E(S;|F,;_1) =0,
it follows that

E<Yn’Fn—l) = Sj =Y,

and hence a martingale. U
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For an increasing family of sub-o-fields {F,,}52, let Foo = U -, Fn and
let a be a stoping time with respect to {F,}32,, i.e.,
a:Q—NU{oco} suchthat {a=n}eF,
As in last section, the pre-a field F, is the family of sets

A={J{a=n}nA,), A €T

The following theorems aim at replacing the constant time of a martingale by

a stoping time.

Theorem 1.4.4. Let Y be integrable r.v. and let X,, = E(Y|F,) where F,, is
an increasing family of sub-o-fields (it is a martingale). Then for any stopping

time o, we have X, = E(Y|F,).

Moreover if B is also a stopping time and o < 3, then {(Xa, Fo), (Xs, Fp)}
is a two term martingale (i.e., X, = E(Xg|F,)).
Proof. Note that X, € F,. We claim that it is also integrable. Indeed as

[ Xl = [E(Y|Fo)| < E(Y[Fn),

we have

/\Xa\dP = Z/ | X, |dP < Z/ Y'|dP :/ Y|dP < oco.

Q n J{a=n} n J{a=n} Q
Now if A € F,, let A,, = AN {a =n}, then
X dP = / X,dP = / YdP —/YdP.
/A ; An ; An A

Hence X, = E(Y|F,) .

For the last statement, note that F, C Fjz, hence

E(Xs|Fa) = E(E(Y|F3)|Fa) = Xo. O
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Corollary 1.4.5. Under the above assumption and suppose {c;}2, is an in-
creasing sequence of stopping times. If {(X,, Fn)}tn is an s-martingale, then

{(Xa;s Fa;) }i is an s-martingale.

Unlike Theorem 1.4.4, in the following theorem, we do not assume that the

{X,} is the conditional expectation of an integrable Y.

Theorem 1.4.6. Let {(X,,, F,,)}n be a s-martingale. Let o < 3 be two bounded
stopping times, then {(Xa, Fo), (Xg, Fp)} is also an s-martingale (of the same

type).

Proof. We prove the theorem for supermartingale. For submartigale, we

consider {—X,,} instead.

Let A € Fy, and let A; = AN{a =j} (€ F;). Then for k > j, A, N {3 >
k} € Fi, hence

/ XpdP = / Xkdp—l-/ XrdP
A]ﬂ{ﬁZk} Ajﬂ{ﬂ>k)} A]'ﬁ{ﬁ:k}

/ Xpt1dP + / XpdP
A;N{B>k} Ajn{B=k}

v

ie.,

/ XpdP — / Xp1dP > / XdP
AN{B=k} AjN{B=k+1} AjN{B=k}

Summing over k, j < k < m, where m is the upper bound of 3, then

/ X, dP — / X1 dP > / XydP
A;n{B>5} Ajn{B>m+1} A;n{i<B<m}

/XadPZ/ XgdP
A A

Summing over 1 < j < m,we have

Hence

/Xasz/ngP VAeF, O
A A



36 CHAPTER 1. BASIC PROBABILITY THEORY

Corollary 1.4.7. If {(X,,,F,)} is a martingale or a supermartingale, then
the same is for {(Xann, Farn)} for any stopping time a.

The theorem still holds if o, 3 are unbounded. For this we need to associate

a random variable X, at co.

Theorem 1.4.8. Assume lim,, .. X,, = X exists and is integrable. Let o, 3
be two arbitrary stopping times. Then Theorem 1.4.6 still hold if {(X,, Fn) bnena

18 a supermartingale.

Proof. We first assume that X,, > 0 and X,, = 0. Then X, < liminf,,_ o Xaorn,

and hence X, is integrable by Fatou’s lemma. The same is for Xp.
From the proof of Theorem 1.4.6, we can conclude that for any m

/ XodP > / XsdP |
An{a=j} An{a=5}n{B<m}

By letting m — oo and summing over all j, we have

/ X, dP > / XydP .
An{a<oo} AN{B<oo}

In addition we have X, = X, = 0 on {& = oo}, and X3 = X, = 0 on
{8 = o0}, We conclude that

/ XodP = / XpdP
A A
and hence {(X,.,Fa), (Xg,Fs)} is a supermartingale.
For the general case we let
X! = E(Xoo|Fn), X!/=X,—-X.

Then {X/} is a martingale, and X,, > X/ by the defining property of super-
martingale apply to X,, and X,,. We can apply the above proved case to X/,

and conclude that {X,,} is a supermartingale. O
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The above theorems are referred as Doob’s optional sampling theorems. In
terms of gambling, one would hope to devise a strategy to gain advantage of
the outcome, but the theorems say that such a strategy does not exist, at least
mathematically. The reader can refer to [1, p.327](and the exercises there) for

a discussion of the gambler’s ruin problem.

We use the above stopping time consideration to prove a useful inequality

for sub-martingales.

Theorem 1.4.9. If {(X}, F;)}}_, is a submartingale, then for any real A, we
have

A P(max X; > \) < / X,dP < E(X7).
{max;<j<n X;>A}

1<j<n

Proof. Let a be the first j such that X; > X if such 1 < 57 < n exists,
otherwise let & = n. Tt is clear that « is a stopping time, and hence {X,, X, }

is a submartingale (Theorem 1.4.6). If we write

M = {max X; > A},

1<j<n

then M € F, and X, > X on M, hence the first inequality follows from

AP(M) < / X, dP < / X, dP.
M M

The second inequality is clear. .

Corollary 1.4.10. If {(X,,Fn)}o2, is a martingale, then for any A > 0, we

have

1
P(max |X;] > \) g/ X,|dP < LE(X.)) .
(maxi<jen | XA} A

1<j<n

In addition if E(|X,|?) < oo, then we also have

1
P(max |X;| > \) < EE(\X,L\Q).

1<j<n
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For a sequence of independent r.v. {X,}>°, with zero mean and finite
variance, we let S, = Z?Zl X;. It is well known (Kolmogorov’s inequality [1,

p. 116]) that for any A > 0,

1
P(max |S;| > ) < ﬁEOSﬂF)

1<j<n

We see that the inequality follows directly from the above corollary.

To conclude this section, we prove a deep theorem on the convergence of
the {X,,},, which is also due to Doob. It involves an ingenious method in the

proof.

Theorem 1.4.11. If {(X,,F.)}2, is an L'-bounded submartingale, then

{X,}22, converges a.e. to a finite limit.

Proof. First we define, for any pair of rationals a, b, let

Ay = {w: liminf X, (w) < a < b < limsup X, (w)} (1.4.4)

n—oo n—o0

We show that A,y is a zero set for any a,b € Q. It follows that

{w: liminf X, (w) < limsup X, (w)} = U Afa )
nee nmee a,beQ, a<b

is a zero set. Note that liminf, ., X, is finite almost everywhere (by Fatou
lemma and the L'-boundedness assumption, E(liminf | X,|) < liminf F(|X,]) <

00), hence the theorem follows.

It remains to prove (1.4.4). We first introduce some notations. Let {z1, -+ , 2, }

be a numerical sequence, for a < b, let
a;=min{j: 1<j<n, z; <a},

ay =min{j: oy <j<n, x; > b}
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Inductively we define
aop—1 =min{j: agp_o <j <n, z; <a},

g =min{j: age1 < j <n, z; > b}

Let a; be the last one defined. We can think of connecting the consecutive x;
by line segments, Let v be the number of times the line segments comes from
< a to > b, i.e., the number of upcrossing through the interval [a, b], it is seen

that v = [1/2].

5
b P
AW
T Y
o, o, o >N

Lemma 1.4.12. Let {(X}, F;)}}_, be a submartingale and assume that X; >
0. Let V[((;l))] be the r.v. of the number of upcrossing of [0,b] by the sample
sequence {X;(w): 1 <j <n}. Then

< E(X, - X)) .

- b

Proof. For convenience, we let ag =1 and a1 = a9 = -+ = a,, = n. Then

we have a sequence of stopping times with
l=apy<ay<---<agla <aq,=n

We write

n—1

Xo = X1 =Xa, = Xog =Y (Xajp = Xa)) = ( D+ Y )Xoy, — Xa)).

7j=1 j odd j even
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It follows that

> (Ko@) = Xoy@)) 2 [Uw)/2-b = vgh(w)-b.

7 odd
On the other hand by Theorem 1.4.6, {X,, : 0 < j < n} is a submartingale,
so that for each 0 < j <n—1, E(X Xa.) > 0. Consequently

o1 3

E( Z (Xaj+1 - Xaj)) > 0.

Jj even

Therefore E(X, — X;) > E(v(n})]) -b which yields the lemma. 0.

0

Now to complete the proof of (1.4.4), we consider the upcrossing on any
[a,b]. We replace the r.v. in the lemma by (X,, — a)™. The sequence {(X, —

a)t}, is still submartingale and by the lemma,

E(X,—a)"—FE(X;—a)" < E(X,") + |d
[a.b]” = b—a - b—a
Let v = lim V[(:Z}. The L'-boundedness of {X,}, implies that E(v,y) <
oo. Hence v,y is finite with probability 1. Note that
Apy = {w: liminf X, (v) < a < b <limsup X, (w)}

n—oo n—o0o

C {w: V[mb](w) = o0},

hence Aj,y is a zero set and (1.4.4) follows. This completes the proof of the

theorem. O

Corollary 1.4.13. Every uniformly bounded s-martingale converges a.e. Also

every positive supermartingale and every negative submartingale converges a.e.
Proof. The first statement follows directly from Theorem 1.4.8 and that {X,,}
is a submartingale if and only {—X,} is a supermartingale.

For the second part we use Doob’s decomposition theorem (Theorem 1.4.3.

Let {X,,}» be a positive supermartingale, then X,, =Y, — Z,, where {Y,,} is a
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martingale and Z,, > 0, {Z,} . Since X,, > 0, it follows that 0 < Z,, <Y,,.

Let Z = lim,,_.- Z,,. It is finite a.e. because

E(Z.) = lim E(Z,) < E(Y}) < .

n—oo

Also since {X,,}, is a supermartingale,
E(Y,) =E(X,) +E(Z, < E(X))+ E(Z).

This implies {Y,,}, is L'-uniformly bounded and {Y,,}, converges to a finite
limit a.e. (Theorem 1.4.8). The same holds for {X,, },. O

Recall that a sequence of r.v. {X,,}2°, is called uniformly integrable if

lim | X |dP =0 uniformly on n .
Fo0 S |2k

It is clear that it implies that {X,,}°2, is L'- bounded. Also, if X,, — X a.e.,
then the uniformly boundedness implies that X,, — X in L' ([1, p.96-97]).

Corollary 1.4.14. If {(X,, F)}32, is a submartingale and is uniformly in-

tegrable, then X = lim,_ ... X,, a.e. and in L'.

Remark. Theorem 1.4.11 and Corollary 1.4.14 are more or less that the con-
verse of Example 1. However for Example 2, the sum {S,}7°, of ii.d.r.v.
{X,}22, with zero mean forms a martingale, but does not converge; it is be-

cause the L'-bounded condition is not satisfies. In fact, we can show that

1 £(%) =20

where o is the variance of X,,. For more detail, the reader can refer to [1,

Chapter 5, 6] for the law of large number and the central limit theorem for

{Sninzt-
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Exercises

1. Suppose {(Xr(lk) ,Fu)tn, k=1,2 are two martingales, « is a finite stopping
time and Xél) = X((f). Define X, = Xﬁl)x{nga} + Xygz)X{nga}. Show that
{(Xn, Fn)}n is a martingale.

2 If {( X, Fo)bn, {(Ya, Fu}n are martingales, then {(X,, +Y,,, F,)} is again a
martingale. However it may happen that {X,},, {Y,.}, are martingales, but
{X,, + Y.}, is not a martingale. (Note the the o-field generated by X, + Y,

may not have the same o-field F,,.)

3 Prove that for any L!'-bounded s-martingale {(X,,F,)},, and for any «
stopping time, then E(|X,|) < oc.

4. If X is an integrable r.v., then the collection of r.v., D(X|G) with G ranging

over all Borel subfields of F, is uniformly integrable.
5. Find an example of a positive martingale that is not uniformly integrable.

6. Find an example of a martingale { X, },, such that X,, — —oo. This implies
that in a fair game one player may lose an arbitrary large amount if he stays on
long enough. (Hint: Try sums of independent but not identically distributed

r.v. with mean 0.)

7. If {X,}, is a uniformly integrable submartingale, then for any stopping

time a, {Xoan}n is again a uniformly integrable submartingale and

B(X)) < BE(X,) < sup E(X,,).

n

8 Prove that for any s-martingale, we have for each A > 0,

AP(sup [ X,| > A) < 3sup E(|X,]) .
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For a martingale or a positive or nonnegative s-martingale the constant 3 may

be replaced by 1.

9. Let { X, }, be a positive supermartingale. Then for almost every w, X;(w) =

0 implies X, (w) =0 for all n > k.

10. Every L'-martingale is the difference of two positive L!-bounded martin-

gales. (Hint, take one of them to be limy_., E(X; |F,)).

11. If { X, } is a martingale or positive submartingale such that sup,, F(X?2) <

oo, then {X,}, converges in L? as well as a.e.

12. Show that if {(X,, F,)}. is a submartingate, X,, > 0, then for p > 1,

p
m < —|Xullp -
| mex 1l < —LolIX,

(Hint: Show that for Y >0, E(Y?) =p [, ¥ P(Y > A\)d\.)
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Chapter 2

Brownian Motion

2.1 Continuous time stochastic processes

We call a family of random variables {X;};>0 on (Q,F, P) a continuous time
stochastic process. For each w € Q, X (-,w) = X(,(w) is called a sample path.
Usually we treat X (-,w) = w(t) (this can be justified).

There are two most important classes of continuous time stochastic pro-
cesses. The first one is the Poisson process {/N,},.,, the number of arrivals

in time [0, ] according to an arrival rate A per unit time.

N
2 .LO
1 &0
- .
Figure 2.1:

45
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Recall that a Poisson random variable X with rate A has distribution

)\k
P(X:k):ei/\y7 k:O’ 1’2
Hence N; has distribution
Atk
P(Nt:k,‘)ze_)\t—(k'), k‘:O’ 1’2

A Poisson process is characterized by

2. Independent increment: for 0 < t; <ty < --- < 1,,

Nt17 Ntz_th th_Nt27 Tty Nt _Ntn 1

n

are independent.

3. Poisson increment: for ¢ > s, Ny — N, ~ N_,), i.e., it has a Poisson

distribution with rate A(t — s).

The next one is the Brownian motion {B,},;>¢. It is also called a Wiener
process due to the pioneer work of Wiener in the 20’s. Recall that a one

dimension normal distribution N(u,o?) has density function

1 _(e=w)?
e 202 reR

2o
and N(0,1) is called the standard normal distribution. The Brownian motion

is defined by

2. Independent increment: for 0 < t; <ty < -+ < t,,
Bt17 Bt2 - Btn Bts - Btzv T :Bt -

are independent;
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Figure 2.2:

3. Normal increment: for ¢ > s, B;— By, has normal distribution N (0,t—s).

We will see in the next section that almost all sample paths are continuous,
but not differentiable anywhere. We can also define in the same way the higher
dimensional Brownian motion, i.e., {Bt}tZO has range in R%; the corresponding
density function in (3) is

2
—(27r(t i SYCE 67%, r € R%.
The Brownian motion was first formulated by Einstein to study diffusion.
Heuristically we can realize it as the following: it is direct to check that
p(t,z) = (2mt) " 2e1o1/2 gatisfies

Op(t, x)

1

where A = Z?Zl 88—; is the Laplacian. Hence it satisfies the heat equation

0 1
0 Au on R

ot 2
If we are given an initial condition u(x,0) = f(x), it is known that the solution

is given by
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Equivalently, we can put it in terms of the Brownian motion u(z,t) = E(f(x —
By)). The study of heat equation can be put entirely into a probabilistic
setting.

In view of the two definitions above, there is another more general type
of stochastic processes called Lévy processes. They are {Xt}tZO defined by
replacing (3) with a stationary increment condition, i.e., for t > s, X; — X,
has the same distribution as X(_s). The reader can refer to [Ito, Stochastic

Process, Springer, 2004] for detail.

In the following we outline the theoretical existence of a probability space
(Q,F, P) for a stochastic process {X;}i>0, and the measurability problem
arised. The space and the o-field are constructed by the family of finite di-

mensional distributions as for the discrete time case {X,,}°°;.

Let T' = [0, 00) and let R” denote all functions w : T — R. For t; < --- <
tn, the n-variate r.v. (Xy,,---,X;,) induces a distribution ..+, on R%. Let
F be the o-field generated by (X, -, Xy, ), i.e., by sets (cylinder sets) of the

form
Ei 4, ={w:w(t;) € E;} with E; Borel sets, 0<t;- - <t,.

It can be checked that the family {4, ..+, }+,<..<t, satisfies the consistency con-
dition:

Moty oty iyt — Mty..ty © 90;1
where p; : R* — R"™! (2y...2,) — (21...%i 1, Tis1 - .- Ty,) is the projection
map. In this case pi, 4, ,t,.,..4, 1s the marginal distribution of jy, 4. By
the Kolmogorov extension theorem, there exists a probability P on (2, F) and

{Xi},50 is the stochastic process with respect to (€2, F, P).

The probability space defined in this way is, however, still needed to be

refined. One of the problems we often encounter is the measurability of union



2.1. CONTINUOUS TIME STOCHASTIC PROCESSES 49

of uncountably many sets with indices from 7" = [0, 00). Another problem is
that the o-field F thus defined does not impose any condition on the continuity

of the sample paths on [0, 00) as is seen in the following example.

Example. Consider (€2, F, P) on which there is a continuous random variable
7 with values in [0,7) (i.e., P(r =t) =0 for all ¢ > 0). Define X;(w) = 0 for
all £ > 0, and

1 if r(w)=t

0 if 7(w) #t

Yi(w) =

Then the only sample path of X (-,w) is 0, but each sample path of Y(-,w) has
a jump at 7(w) = t. On the other hand, it follows from the assumption on 7
that P(Y; = 1) = P(r = t) = 0 for each t, hence P(X; =Y;) = 1 for each t.
Therefore {X;},5, {Yi},5¢ have the same finite dimensional distribution, they

equals the point mass with probability 1 at the path w = 0.
We will resolve the problem as follows:

Definition 2.1.1. Two stochastic processes {Xi},q, {Yi}5o on (€0, F, P) is
called a version of each other if P(X,=Y;) =1 forallt>0.

Note that if we let N, = {X; # Y;}, they are zero set with respect to P.
We would like to have Utzo N,; to be a zero set, however, it is not necessary
measurable from the construction of probability space. We will use the fol-
lowing theoretical device to overcome this dilemma. Let D be a countable
subset of T'= [0, 00), a function x : T — R is called separable if for any t € T,
there exists a sequence {t,} € D, t, — t and x(t,) — z(t). For example
continuous functions or right continuous functions are separable with respect

to the rationals.

Definition 2.1.2. A stochastic process {X:}io on (2, F, P) is separable with

respect to D if there exists an F-null set N such that X (-,w) is separable with
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respect to D for all w ¢ N.

The process {Y:},5, in the Example is not separable. For if otherwise let
D be a countable set in the definition. For any ¢ ¢ D, let w be such that
7(w) =1, then Y(f,w) = 1 and Y (t,w) = 0 for all t # ¢. Hence for {t,} C D
and t,, — t, Y (t,,w) = Y(f,w).

The following is the main theorem

Theorem 2.1.3. . Let {X;},, be a process on (2, F, P), then there exists
on the same space a separable process {X;},., such that P(X; = X;) =1 for

every t > 0.

Sketch of proof ([2, p.555-559]). Note that for any fixed ¢ and for any countable
set D(C [0,7T)), the set of w for which X (-,w) is separable with respect to D
at ¢t can be written as

N U {w: |X(s,w)—X(t,w)|<%}.

n=1 |s—¢j< L
seD

The main task is to construct D (independent of ¢) so the above set has
probability 1. To prove this, we take any interval / C T and J C R, and let

p(C) = P([)(X. & J))

seC

for any countable set C' C I. Observe that as C increases, p(C') decreases. we
can choose C,, such that p(C,,) — infe p(C), and let Uiy = U, Cn. Then
P{X,eJ}n [ (X, ¢ ) =0
s€Cr,g
(otherwise, we consider C7,;U{t} and obtain a contradiction). Let D = (J C(;
where (7, J) runs through all intervals / and J with rational end points. If we

let

N = <{Xt entn ) (X, ¢ J))

I,J s€Cr,g
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Then we have P(N(t)) = 0. It is direct to check that D has the property we

want. Now we define the separable version of {X;}:>¢ as

X(t,w) if teD or teD&wé¢ N(t),
limsup,,_,. X(s,(t),w) if t¢& D and w e N(t)

X'(t,w) =

where s,(t) is a fixed sequence converges to t. It follows that for each ¢, and

for w & N(t), X'(-,w) is separable with respect to D at t. O

We introduce the following definitions on a probability space (2, F, P):

— a family F = {F; }+>0 of sub-o-fields in F is called a filtration if {F;} is an

increasing sequence of o—fields on t;
— a process {X;},, is said to be adaptable to F if X; € F; for each ¢ > 0;

— a filtration F is called right continuous if F;, = F; (by definiton F;, =
ﬂs>t FS)

For any filtration {F;}, let G, = Fiy, then G = {G; }1>¢ is right continuous.
It is clear that if {Xt}tzo is adaptable to IF, then it is also adaptable to G. For
reasons that will be obvious later, we assume without loss of generality that F
is right continuous. It is also convenient to enlarge Fy (hence all F;) to include

all subsets of the zero sets (completion by null sets).

With the filtration F, we can define the necessary terminologies as before:
— Markov property: P(Xiis € E | Ft) = P(Xips € E | X3) for t,s > 0;
— Martingale: X, = E(X; | Fs) fort > s;

— Stopping time «a : @ — [0, 00) such that {7 <t} € F.
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Exercises

1. Let € : Q© — [0,00) be a random variable which satisfies
PE>t+s|E>s) Vi s>0

(lack of memory property). Show that this property is equivalent to £ being
an exponential distribution, i.e., P(§ > t) = e™, ¢ > 0, the waiting time with

arrival rate .

2. Let X (t) be a Poisson process, let S; = inf{t > 0 : X(¢) = n} and let
&n = Sy — Sp—1 be the waiting time of the interarrivals. Show that the {£,}5°,

are i.i.d. exponential random variables.

3. Conversely, let {£,}22, be ii.d. exponential random variables. Let 7, =

&+ -+ &, and let
X(t) = max{n: 7, <t}, t>0.

Show that X(¢) is a Poisson process. (This is an alternative way to define a
Poisson process.) Use the picture of a sample path to realize 7,, and X (¢) are

“Inverse” of each other (like the inverse function).

4. Show that if X is measurable in the sub-o-field o{X; : t € T}, then X is

measurable in 0{X; : t € S} for some countable subset S C 7.

5. Let {X;}i>0 be a stochastic process on (2, F, P) and A € F. Show that
there is a countable set S C T such that P(A | X;,t € T) = P(A | X;,t € 5).

6. Let K(s,t) be a real function over 7" x T'. Suppose that K is symmetric
and nonnegative definite on 7. Show that there is a process { X} }+>o for which
(X4, -+, X4, ) has the central (zero mean) normal distribution with covariance

COV(Xtiath) = K(ti,tj)7 7,"] = ]_7. .. ,k .
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2.2 Brownian motion and sample paths

For a normal r.v. X ~ N(0,0?), the symmetry implies E(X?*1) = 0, and the

integration by parts yields
E(X*)=1-3-5---(2k—1)-0* . (2.2.1)
We also need the following elementary properties of the normal r.v.’s :

— Suppose X; ~ N(uy,01), Xo ~ N(us,03), and they are independent, then
Xi + Xo ~ N(pu + pz, 01 + 03).

— Suppose X = (X, -+, X,) is a n-variate normal r.v. with distribution
N(p,>) where 3 is a symmetric, positive definite n x n-matrix. The density

function is given by

1 1 st
f(x):(zn)S(detz)éeXM_ﬁ(X_“)z (x—p)) .

By a direct calculation, we have ¥ = [cov(X;, X;)] where cov(X;, X;) =
E((XG = pa) (X5 = 15))-

— Suppose X ~ N(p,3). Let Y = AX + ¢ where A is non-singular, then
by a change of variable, Y has density ¢(y) = |det A| " f(A™'y —¢). A direct
substitution yields Y ~ N(Ap +c¢, ¥') where ¥/ = AX A"

Let {B:}+>0 be the Brownian motion defined as in Section 2.1, then the
process is stationary in the sense that the distribution B, — B, depends only

on the difference t — s. Since B, has distribution N (0, ), it follows that
E(B;) =0, E(BY) =t.
Moreover, by using independence, we have

E(BsB;) = min(s, t) (2.2.2)
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This can be checked directly: assume s < ¢, then

E(B,B;) = E(By(B,+ (B —B,)))
— E(B?)+ E((B.(B, — By))
= E(B?) + E(B,)E(B; — B;) = s.

For 0 < t; < ty--- < t,, the joint distribution of (By,, By, — By, -+, By, —

n

By, ) is given by

L 1 (ZL‘Z — Q?i_l)z
vty \ L1y ot 3 T = exp(——)
ftl t ( ! ) i—0 27T(ti — ti_1> Z(tz - ti—l)

1 ty—1
Var(det )z T (=357

where z = (z1, 29 — 21, -+, T, — Z,_1) and
t1 0 0
0 ta—1 0
N =
0 0 ety — 1

On the other hand the distribution of the n—variate random vector (By,, By,, - By,)

is given by
G = = exp (— ST X)) (2.2.3)
e V27 (det )1/2 2
where
ot t - h
t1 to to -+ to
S = bty t3 -t
t ty ty - 1,

This follows from the transformation of the above multivariate normal random
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vector :
Bt1 1 0 0 0 Btl
Btz 11 0 0 Bt2 Btl
By, 111 - 1 By, — B, _,

and notice that cov(By,, By,) = min{t;, ¢;}. By using this and the construction
of the probability space in the last section, we can conclude the existence of a

probability space for the Brownian motion.

One of the main properties of the Brownian motion is the continuity of the

sample paths.

Theorem 2.2.1. Let {B;}1>0 be a Brownian motion, then there is a version

such that with probability 1, the sample paths B(-,w) are continuous.

Proof. Let D denote the set of dyadic rationals in [0,00) and let I, =
[£, £t be the dyadic intervals. Let

k
E,={w: max sup  |B(r,w) — B(=—,w)|) > —

0<k<n2™ *rcq, ,ND 2m n

)}

We divide the proof into three steps.
(1) We claim that > >°  P(E,) < co. This will be proved in Lemma 2.2.5.

(ii) It follows from (i) and the Borel-Cantelli lemma that
E=1lm E,=( | E.
e I=1 n=l
is a zero set. Observe that for any w ¢ FE there exists ¢ such that for all
n>{ wé¢ E, Itfollows that for any ¢ > 0 and ¢ € [0,00), we can find

no > max{(,t} and 1/ny < €/3, such that for any n > ng, we have (by
wé Ey,),

1 k
2_n>W)|§Ea vre]n,kmD, OSQ—nSTL
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This implies that

1
|B(r,w) — B(r',w)| <e, V rr'el0,t]ND, |r—7“'!§2_"'

We conclude from this that if w ¢ F| then B(-,w) is uniformly continuous on
the dyadic rationals, and hence B(-,w) has a continuous extension B'(-,w) on
[0, 00),
limB(r,w) if w¢FE
Bj(w) = B'(t,w)=<¢ "t
0 it wekl

where the r’s are the dyadic rationals decrease to t.

(iii) Next we observe that the joint distribution of (By,, - - - , By, ) is the limit
of the distributions of {B, (n), -, Br.m) oz, where the r;(n)’s are rationals
and 7;(n) \, t;. (check this by the density functions (2.2.3)). Also note that
(Bi,, -+, By, ) also has the same distribution (see the following Lemma 2.2.2).
Therefore {B;}; and {Bj}; have the same finite dimensional distributions in
the same probability space. In view of P(B; # B;) = P(E) = 0 for each t > 0,

we conclude that {B}}; is a continuous version of {B;};. O

The following simple lemma is needed in (iii).

Lemma 2.2.2. Let {X,}, and X be k-dimensional r.v. Suppose X,, — X in
probability, and F,(x) — F(x) for all x, then F is the distribution function of
X.

Proof. We only prove the 1-dimensional case for simplicity. Let Fx be the
distribution function of X. Since X,, — X in probability, for ¢ > 0, there

exists n such that for k > n, P(|X; — X| > ¢€) <e. Hence for k > n,

P(Xp<z) < P(X <z+¢€+P(|X—X|>¢

< P(X<z+e€) +e.
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It follows that lim,, F,,(z) < Fx(z). By considering P(X} > x + h), we can use
similar technique to show that for h > 0, Fx(x) < lim, F,,(z + h). Putting the

two inequalities together,
F(z) =1lim,F,(z) < Fx(z) <lim, F,(x +h) = F(x + h)

Therefore Fx(z) = F(x) follow by taking h — 0. O

Finally we prove ) >~ P(B,) < oo in (i), which will complete the proof of

Theorem 2.2.1. We need a technical lemma.

Lemma 2.2.3. Suppose Xi,..., X, are independent r.v. and are symmetric

about 0. Let S, = X1+ ... + X,,.. Then for a >0 and e > 0,
(i) P(maxkgn S > a) < 2P(Sn > a);

(it) P(maxy<, Sk > o) > 2P (S, > a+2¢) — Y, P(X; >¢).

Proof. Note that

P(r}ﬂ?fskza) = P(IknggSkZa, S, >a) + P(HklgicSkZQ, S, < )

= P(SHZQ) + P(max5k2a,5n<oz).
k<n

(i) We need only show that the last term is < P(S, > «). Let Ay =
{makx S; < a < Sk} (k is the first time S; > «). Then
1<

k<n

n—1
P(maXSk >a, S, < a) = ZP(Ak N{S, < a})
k=1

n—1

> P(Arn{S, — Sk <0})

IN

n—1

= Y P(A4nN{S, - Sk >0})

nz_iP(Ak N {Sn > a})

P(Sn > a).

IN

IN
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(Note that the key step is to switch “< 0” to “> 07 in the second equality,
because Ay is independent of {S,, — Si} and that S,, — Sy is symmetric about
0.) This proves (i).

(ii) We make use of the following two trivial relations

(a) Spi<a, Xp<e, S,—Sp<—¢ = S, <a,

(b) Spi<a, Xp<e, S, >a+2 = S, —Sp>e.

Following the same idea as in (i), we have

HZ_IP(Ak N {Sn < Oé})

iP(Ak N {Xk <eg, Sn — Sk < —8}) (by (a))

n—1

Z P(A,N{X, <e, S, — Sk >¢e}) (by indep. and symm.)
k=1

v

v

n—1

d P(An{Xp<e, Sy >a+2})  (by (b))

v

n—1

> P(An{S, > a+2}) — P(X; > )

v

> P(S,>a+2) — > P(Xp>e).

Combining with the previous part, we have (ii). O

It follows easily from the above that

Corollary 2.2.4. Under the above assumption

P(max [S| > a) <2P(] S, | a).

Proof. We make use of the symmetry:

P(maX|Sk| 204) = P(maXSkzoz) + P(max(—Sk) Zoz)

k<n k<n k<n

< 2(P(Sp>a) + P(=S,>a)) = 2P(|S,|>a) 0O
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Finally we prove the main lemma for Theorem 2.2.1.

Lemma 2.2.5. With the notations in Theorem 2.2.1, we have ), P(B,) < co.

Proof. We fix § and ¢, then by Lemma 2.2.3

P(maX

i<2m

B(t + 2%5) —B(t)| > a) < 2P(|B(t+6)— B(t)| > a)

2
< 2B(B0+5 - B0
662
at
(We have made use of P(|X| > a) < o™ *E(|X|*), and for X normal r.v.,

E(X?) =30".) Let m — oo, we have

2
P( sup |B(t+7r6)— B(t)| > a) < %.

0<r<l,reD

1
Therefore for E,, = {w : maxg<;<pon (suprelnkmD |B(r,w)—B(k2™™,w)| > =)},
== n

4

P(E,) §n2n(6-2—2”)/(1) = 6n°27" .

n
Hence Y P(B,) < oc. O

Remark 1. By Theorem 2.2.1, we can assume, in addition to (i)-(iii) in the

Brownian motion,

(iv) For each w, B(-,w) is continuous.

Remark 2. In view of the estimation in Lemma 2.2.5 and the existence of a
separable version for any given stochastic process (Theorem 2.1.3), Theorem

2.2.1 can be extended to the more general case:

Theorem 2.2.6. (Kolomogorov’s continuity theorem) Let {X,} be a stochas-

tic processes. Assume that there exists o, 3 > 0 such that
E(IX(t)— X(s)|*) < K|t—s|""" ¥V t,s>0.

Then X (t) has a continuous version.
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The reader can refer to [3, p.31] for the detail.

Definition 2.2.7. A stochastic process {X;}i>o is called a measurable process

on (QQF,P)if X: TxQ — RisBxF measurable.

Proposition 2.2.8. The Brownian motion {B;}i>o is a measurable process.

Proof. Let

k k k+1

<t<

B™(t,w) = B(— —
(7"‘)) (2n7w)7 on — on

k=0,1,2, -
Then the map B™(-,-) is B x F measurable, as

{tw): BO(tw) 2 a} = (J (27 (k+1)27%) x {B). () = a})

v

By the continuity of the sample path, B™(t,w) — B(t,w), hence B(-,-) is
B x F measurable. O

As a corollary of the estimation in Lemma 2.2.3, we have

Theorem 2.2.9. For the Brownian motion {B;}i>o, we have

P(supBSZOz) = 2P(Bt2a), VYV a>0.

s<t

Proof. From Lemma 2.2.3(i), we have

P(max Bio-—m; > a) < 2P(Bt > a).

k<am

Hence as m — oo, the continuity of B(.y(w) implies that

P(sup Bs > o) < 2P(B; > «)

s<t
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On the other hand, Lemma 2.2.3(ii) implies

P(sup B, > a) > P(max Bio-—m; > a)

s<t k<2m

> 2P(By > a+ %) — 2"P(By-m; > %).
By the Chebychev inequality (P(|X| > €)) < ¢ *E(|X|*), using k = 4), we
conclude that the last term < 2™(3(t27™)%)/m~* = 3m*t?2=™. This implies
that
P(susz > a) > 2P(Bt > a)

s<t

and the theorem follows. O

We will give a simple proof this theorem again in Section 4 using the strong
Markov property and the continuity of the sample paths. In the following we
show that the almost all the sample paths are non-differentiable everywhere.

First we observe a simple invariant property of the Brownian motion.

Proposition 2.2.10. (Scaling property) For ¢ > 0, let
Bj(w) = ¢ 'Bgay(w) .
Then {Bj}i>0 is again a Brownian motion.
Proof. It is clear that {B;};>¢ has independent increment, we only need to

see the increment has a normal distribution with the correct variance. Recall

that if X ~ N(0,0?), then cX ~ N(0,c?c?). Hence
Bj(w) — Bi(w) = ¢ (Bay(w) — Beg(w)).

It is a normal r.v. with variance ¢ 2(c*t — ¢®*s) = t — s. This implies that

{B}}t>0 is a Brownian motion. O
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Theorem 2.2.11. Except for a set of zero probability, B(-,w) is nowhere dif-

ferentiate.

Proof. Let
k4 (i+1)

D) ()

be the maximum oscillation of B; on three consecutive segments. Then by

Xox = max {|B(

Proposition 2.2.10,

kE+(i+1) Bk+@

B(~——5—) = B(5;) ~ Ban ~ 2728y,

Hence for any n, k and € > 0, by independence, we have

P(Xo <€) = P(IBi] < 2/2) / Z i)’ < (2.272)°
( ) =P( (5= o€ )’
Define
Y, = min X,
k<2n

as the smallest oscillation of the {X,, . }x, then P(Y, <€) < n27(2-2"2¢)3. In
particular,

P(Y, < n27") <n2"(2-2"%.027")° S 0. (2.2.4)

Now consider the upper and lower derivative of B(-,w) from the right ,

D*B(t,w) = limsup (B(t + h,w) — B(t,w))/h

h—0t+

D, B(t,w) = liminf (B(t + h,w) — B(t,w))/h

h—0t
Let E ={w: 3t>0> —o0 < D;B(t,w) < D"B(t,w) < oo}, we claim
that P(F) = 0. Hence for w ¢ F;, DTB(t,w) = 0o or Dy B(t,w) = —c0 , and

the theorem follows.

To prove the claim, let w € E, then there exists K > 0,

K < D,B(t,w) < D'B(t,w) < K .
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This implies that there exists 0 > 0 such that for t < s <t + 9,
|B(S7w) - B<t7w>| < KlS - t|

Let ng be such that ny > max{4K,t} and 4/2" < §; for n > ny, let k be such
that
k
3t < k=0123,

then
Xop(w) < 4K2™" < n27".

It follows that Y, (w) < n27". Let A, = {Y, < n27"}. Note that w € FE
A,)). Therefore

—Nn—00

implies w € A, for n > ng, i.e., w € Upe, ey An (= lim
by (2.2.4),

P(E) < P(lim,A,) = lim P( ﬂAk < lim P(A,) —0

k=n

This proves the claim and the theorem follows.

Remark. It is well-known that the the regularity of the sample path can be

made precise.

Theorem (Law of iterated logarithm). Let {B;}:>o be a Brownian motion.

Then

B s_ s B s S
(hm s =—1, lim, g———— — s >

MQtloglog : \/2tlog log X ;

The proof can be found in standard probability books (e.g., Breiman, Prob-
ability). There is a nice proof in “Diffusion Processes and Stochastic Calculus,
Baudoin, 2014” using Doob’s maximal inequality on the exponential martin-
gale {e‘*Bi_aTQt}tZO, and the Borel-Cantelli lemma. The theorem implies that
the sample paths are Holder continuous for order % — ¢ for any ¢ > 0. The
reader can refer to Falconer, Fractal Geometry for a direct proof, also for the

Hausdorff dimension of the paths.
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Exercies
1. Show that the Poisson Process is a measurable process.

2. Let {B;}:>0 be Brownian motion. For fixed ¢ and s, find the distribution of
B; + B,.

3. Show that lim,_otB(1/t) = 0 almost surely. Define B; = ¢B; for ¢t > 0.

Prove that {B;}; is again a Brownian motion.

4. Show that (,.,0{Bs: s >t} is a sub-o-field contains only sets of prob-

ability 0 and 1. Do the same for (). ,0{B; : 0 < t < €}; give non-trivial

e>0

examples in the o-field.

5. Let {W;}i>0 be a stochastic process having independent, stationary incre-
ments and satisfies E(W,;) = 0, BE(W?) = t. Show that if the finite-dimensional
distributions are preserved by the scaling transformation W (¢) ~ ¢ Wy, ¢ >
0, then {W;};>¢ is a Brownian motion (Hint: use the Lindeberg theorem [2, p.
368]).

6. (Fourier expansion of Brownian motion)

(a) Show that for s,t € [—m, 7],

ts 2 sinnt sinns
min(s,t) = — + —Z —_— .
m m n>1 n

(b) Let {Xo}5°, be i.i.d standard normal random variables, then

t 2 sinnt
W, = — X, — X,
N~ 0+\/;Z n

n>1

is a Brownian motion on [0, 7] (see Breiman, Probability, 1968, P. 259-261).
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2.3 Some basic properties

Let f : [0,t] — R be a real-valued function, we say that f is of bounded

variation if

V(f) = sgpz f(t:) — ftia)| < oo .

where the supremum is taken over all partition P = {0 =t <ty < ... < t, =
t} of [0, t]. It is known that if f is of bounded variation, then f is differentiable

a.e. A function f is said to have quadratic variation if the limit

lim Z |f(t:) — f(ti1)]? exists |
i=1

[IPll—0

where ||P|| = max;{|t; — t;_1|}. The following shows that bounded variation

and bounded quadratic variation are two non-compatible conditions.

Proposition 2.3.1. If f : [0,t] — R is continuous and is of bounded variation,

then f has zero quadratic variation.

Proof. Observe that for any P ={0 =1t < ... <t, =t},
D) = f(tim)lP < max | £(t:) = f(ta)] - V()
i=1

By the uniform continuity of f, the above expression tends to 0 as ||P|| tends

to 0. O

Theorem 2.3.2. Let [B]|(t) denote the quadratic variation of By, then [B](t) =

t a.e.

Proof Let 6, = ||P,|| and satisfies "~ 0, < co. For a partition P, with
|| Pnl] < 0y, let

T, = Z |B(t;) — B(ti_1)|*
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Then the expectation

:J%E:B@J—BWAW):§:@—Q4):t. (2.3.1)

We claim that

ZET E(T, ZVar ) < oo a.e.

It follows that E(Y " (T, — E(T},))?) < oo. Hence Yo7 (T, — E(T,))? < oo
a.e., and

lim (T, — E(T},)) = 0.

This together with (2.3.1) implies that [B](¢) = lim, . E(T},) =t a.e.

The claim follows from
ng
Var(T,,) = Var(D_|B(t:) = B(ti-1)]?)
i=1

= ZV&I(\B(U) — B(ti1)]?)

< ZE ti— 1))4)
— Zg(tz—tl_l)Q
=1
ng
< B|[Pull - D (i — tia) < 3t5,
=1

and > 7 Var(T,) <3t>.>° 0, < oo .

Recall that {X;}i>0 is a martingale if F(]X¢|) < oo and for any s > 0
E(Xt+8 ’ ft) = X(t) a.c.

Here {F;}, is filtration (right continuous sub-o-field) generated by {X, : 0 <
r <t}
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Theorem 2.3.3. The following processes are martingales:

(i) {Bibiso ; (i1) {B2 — thso ; (i) {951y .

Proof. The proof depends on the independence of By ;— B, and B,, 0 < r < t,
and also

E(9(Bers — Bi) | Fi) = E(9(Bers — By))
where g is a Borel measurable function.
(i) Since By ~ N(0,t), E(|B;|) < co. By independence,
E(Bis|Fi) = E(Bi+ (Bis — Bi)|F)
= E(Bt’ft) + E(Bt+s — B, | -7:15)
- Bt —|— B<Bt+s — Bt) - Bt .
(ii) Note that E(B?) =t < oo and

E(B}.,) = (Bi+ (Bys— By))?

= Bt2 + 2Bt(Bt+s - Bt) + (Bt+s - Bt)2-
Hence E(B,, | Fi) = Bf + 0+ s. It follows that

E((BL,—(t+s)|F) = B —t.

(iii) It is easy to show by using completing square that

1 2 2
E(efB) = . T gy = /2
( ) R V2t
We then apply the same proof as in (ii). O

A process {X; }i>0 is a Markov process if for any s,¢ > 0,
P(Xt+5€E|:/tt) - P(Xt+S€E|Xt)

where F; generated by X,., 0 <r <t.
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Theorem 2.3.4. {B;}>¢ is a Markov process.

Proof. Since F; is generated by B;,, By,, ..., By, forany 0 < t; < ... <t, =1,

to suffices to show that
P(BtJrs S E | Bt1;-~-7Btn> == P(Bt+s c E | Btn) (232)

Let X1 = Bt17 XZ = Bti — Bti,pi = 17 R 1 and Xn+1 = Bt+8 — Btn' Also
let S; = X1+ ... + X, the sum of independent random variables. We have
proved in Theorem 1.3.3 that

P(Sn-l—l EF| Slw-'»Sn) = P(Sh1 €E|S,) = pns1(E—Sy)

This verifies (2.3.2) with S; = By, and p,41 the density function of B . O

With the {B:}:>0 as a Markov process, it has a transition probability
P(y,t;z,s) = P(B; <y | By = s). It follows that the density function
is

1

JIrR T p——— )
( ) 27(t — s)

The transition probability satisfies the stationary property P(y,t;x,s) = P(y,t—
s;x,0).

Analogous to the discrete case, a random variable 7 :  — [0, 00) is called
a stopping time if

(r<tyeFR Vt>0 (2.3.3)

where {F; }1>0 is a filtration (see Section 2.1). It follows that if 7 is a stopping

time, then {7 <t} € F; this follows from

%0 1
fr<ty={J {r<t- ~} €Fiam C A

Also by the right continuity of {F;};>0, it is easy to show that “ {r <t} € F,
for all ¢ > 0”7 actually equivalent to (2.3.3).
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The pre-7-field F, is defined as the family M € F such that
Mn{r<tyeF, t>0. (2.3.4)

The post-7 field F/ is defined as the sub-o-field generated by the process F, ;.

T

Example. Let F; = o{Bs: s < t}, then 7 = inf{t : B, = 1} is a stopping

time. Indeed let r denote a rational, then

{r<t}= Umﬂmo{Br >1-1/m} € F

The event M = {inf,., Bs > —1} is the set of paths that hit 1 before hit —1.

It is in F, because (r, s are rationals)

M0ﬂ{7<t}:U<<tﬂ A B <—(1-1/n), Bi>1-1/m} € F.

Theorem 2.3.5. Let 7 be a stopping time finite a.e., then
B;tk = BT+t — B
is a Brownian motion. Moreover for M € F,, and for E any Borel set in R¥,

P(((B},---B;)e EyYnM) = P((B;

t17.

-+, By )€ E)P(M)
= P((By - B,) € E)P(M) .

Proof. We will prove the identities, then by taking M =, (B} ,--- , B} ) has

the same distribution as (By, --- By, ). Hence {B;} }+>¢ is a Brownian motion.

We first prove the case 7 has a countable range D. Note that B} is in the
post-7 field F., and for any Borel set £ in R

{BfEE}:U{BsH—BSEE, T:s}.

seD
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Let M € F, and E C RF, then by the independence,

P(((By,,---,B,) € E)N M)
= > P((B;, - Bl) € E)N M {r = s}) (2.3.5)
— S P((B;,---B}) € E)P(M N {r = s})
= P((B;, - ,B}) € E)P(M).

For the second identity, we take M = €2, then we can replace the (B;

t1

in (2.3.4) by (B, , B:,) and follow by the same argument.

For the general 7, we let

k . k=1 k
— if <
7, =14 2" 2n 2n

0, T = 00.

It is clear that 7,, \ 7. For k27" <7 < (k+1)27",
{Tn S t} = {T S /{?2_n} S Fkg—n g Ft.

This implies 7, is a stopping time. Let Bt(") = Biyr,—B., and M € F. (C F,)).

Then for H a closed rectangle in R¥, by the above , we have

p(((B(")

t17

By e HYNM) = P((B,,---,B,,) € H)P(M),

Since {7,(w)} converges to 7(w) and the sample paths are continuous, we can

take limit so that
P(((B;‘l, -, B ) e H)N M) = P((By, -+ ,B,) € H)P(M).
The rest of the theorem follows readily. O
Theorem 2.3.6. (The strong Markov property) Let T be a stopping time
finite a.e., then for any Borel set E C R,

P(Byy; € E|F,) = P(Bis, € E| B,) .
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Proof. We write B;,, = (Bi.r — B;) + B, = Bf + B;. It follows from
Theorem 2.3.5 that B, € F, and B} € F., and they are independent. We can
use Theorem 1.3.3 : Let X,Y be independent and Y € F, then P(X +Y €
E|F) = PIX+Y € FE|Y), toconclude the theorem. O
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Exercises

1. Consider a process with three states {a, b, c}, and follows the rule that a

goes to b, b goes to ¢ and ¢ goes to a. This is a Markov chain. Show that
P(Xs=c|Xos=aorb, Xi=c¢) # P(Xs=c| Xy=aorb).

Explain this situation in regard to the independence of the future and the past

subject to the present.

2. Show that a process { X (t)}:+>¢ with stationary and independent increment

and right continuous sample paths has the strong Markov property.

3. Let {N(t)}; be a Poisson process with rate A. Prove the following are
martingales: a. N(t)—\t; b. (N(t)=Mt)2=At; c. eosU-ONO+EN o ¢ < 1,

4. For T < o0, is X(t) = B(T' —t) — B(T') a Brownian motion on [0,7?
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2.4 The exit time and hitting time

We use P,(+) to denote the probability of the Brownian motion starting at .
For a € R, let
T, =inf{t >0: B(t) = a}

be the first time of the Brownian motion hitting a. Then T}, is a stopping time.

We first give two propositions to describe the exit and hitting probability.

Proposition 2.4.1. Let a < x < b and 7 = min{7T,,T,} be the exit time, then
P.(T < o0) = 1 and the waiting time for exit is E,(1) < oc.
Proof. Note that

{r>1} = {B(r)€(a,b) YO<r<1} C {B(1) € (a,b)}.

Then

1
\ 2T

b
maX.c(qp) P (B(1) € (a,b)) < maxze(a,b)( / e_(z—y)Q/zdy) = 0 <1.

It follows that

Px(7'>n)
= P(r>n—1and B(r) € (a,b) Vn—1<r <n)

= P(r>n—-1)P(B(r)+Bn-1)€(a,b)VO<r<1|{r>n—1}),

where B'(r) = B(r+ (n — 1)) — B(n — 1). The last part can be estimated as

follows:

IA

P.(B'(1)+ B(n—1) € (a,b) | {r >n—1})

= P,(B'(1)+ B(n—1) € (a,b) | {By_1 € (a,b)})
b
— (BlBre @) [ PO +yE (@b)dunly) <6

a
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where i, is the distribution of B,_; starts at x. Hence
P (r>n) < P(r>n—-1)0 < --- < 0"

This implies that P,(7 = 00) = 0, i.e., P,(7 < o0) = 1. For the second part,
we make use of E(X) <> > P(X > n) for X > 0:

E(r)<) #"<oo. O
n=1
Proposition 2.4.2. For any a,b € R, P,(P, < o) = 1.

Remark. It follow that P,(7, < co) = 1 at any a, and the path will return to

a again and again. This property is called the recurrent property. We will see

in Proposition 2.4.4 that, unlike Proposition 2.4.1, the waiting time for return

is 0o .

Proof. We show that Py(71 < oo) = 1. The other cases are similar. Observe

that for any a # b, the symmetry implies Po14)/2(Ta < Tp) = % Hence
PTG <T) =5, Pa(Ts<T) =y, Pa(Tr<Ti)=g,

By the continuity of the paths, to reach —(2" — 1), they must pass though

—1,-3,---. Let A, = {T,(Qn,l) < Tl}, by the strong Markov property;,

b (An> =P (T_l < Tl)P_1<T_3 < Tl) s P,(anl) (T,(gnfl) < Tl)
It implies that Py(A,) = 27", so that Py((),—, A,) = 0. This yields
1= PRy A5) =Tim Py(Ty < T ) = Po(Ty < 0)

and the proposition follows. O

Let M(t) = maxo<s<t B(s). It is clear that

(M(t) > a} = {T, < t}. (2.4.1)
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Theorem 2.4.3. Fora € R, P(M(t) > a) =2P(B(t) > a).

Remark. We have proved this in Theorem 2.2.9. Here we give a simple proof

by the hitting time, using the paths are continuous.

Proof. Note that {B(t) > a} = {T, < t,B(t) — B(T,) > 0}, and {T, < t} €
Fr,, which is independent of {B(t) — B(T,) > 0} € Fr,. Hence

P({B(t) 2 a}) = P(T.<t, B(t)-B(T.) = 0)
(

= P(T, <t)P(B(t)— B(T,) > 0)

= P(T,<t)P(B*(t—T,) >0)

= P(T.<t)- % (by symmetry)
_ %P(M(t) >a). O

As an application of Theorem 2.4.3, we have

Proposition 2.4.4. The r.v. T, : (Q,F, P) — [0,00) has density

_ ld

fr, = t32elal2t s (2.4.2)
“ N2

and E(T,) = oc.

Proof. Let a > 0, we have by Theorem 2.4.2,
P(T,<t) = P(M(t)>a) = 2P(B(t) > a)
= 2/00 eV Py = \/E/Oo e du.
a 2 T/t

The density function follows from taking derivative of the above. Since the

density of T, is ~ t=%/2, it is clear that E(T},) = oc. O
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Corollary 2.4.5. For any 0 < a <b, T, — T, is independent of B(t), t <T,;
the distribution function of T, — T, is

fr-m.(t) = b-a (32 (bma/2t

Ver

Proof. From Theorem 2.3.5, B*(t) = B(t+1,)— B(1,) is a Brownian motion,

and is independent of B(s), s < T,. Hence the same is for
T,—T, = inf{t >0: B*(t) =b—a},

and the density is given by Proposition 2.4.4. [

We use the reflection property of the Brownian motion in Theorem 2.4.3.

In the following, we formulate it into a theorem.

Theorem 2.4.6. (Reflection principle) Let 7 be a stopping time. Define
B(t), if t<r

2B(1) — B(t), if t>r

Then By is also a Brownian motion.

Remark. Note that for ¢ > 7, B,(w) = —(Bi(w) — B;(w)) 4+ B-(w) is the

reflection along a = B, (w).
Proof. Let
C[0,00) = {f continuous on [0,00), f(0) =0}

be equipped with the o-field generated by the cylinder sets. (It contains all
the continuous sample paths of the Brownian motion.) Define a map @ :
[0,00) x C[0,00) x C[0,00) — C0,00) by

f(0), fo<t<T,

(T, f,9) =
FO) + gt —T), ift>1T.
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It is clear that ® is measurable.

Note that B;j,, it is F-measurable. Let B} = By, — B;, s > 0. Then
both B} and —B} are Brownian motions with the same distribution, and are
independent of F,. Hence (7, Bisr, BY) and (7, Biar, —BZ) have the same
distribution (as r.v. on [0,00) x C[0,00) x C[0,00)). It follows that

@(T, B(')/\T7 BE’()) and q)(T, B(~)/\T7 —BEK)>

have the same distribution. Note that the first one is just B; and the second

one is B(t). We conclude that B(t) is also a Brownian motion. O

As a corollary we have

Corollary 2.4.7. The joint distribution of (B(t), M(t)) has density

2 2y— I67(2y71)2/2t

fB,M(l’,y):E 3/ ) y=>0, z.

Proof. Let y > 0,2, and let E(t) be the reflection of B(t) at T,. Then

P(B(t) <x, M(t) 2y) = P(B(t) <z, T, <t)
— P(B() =2y —a, T, <1)
= P(B(t) > 2y — )
— 1 7u2/2td

The density function is obtained by taking partial derivatives on x and vy .

O

In the rest of the section, we consider the zeros of B(t).

Lemma 2.4.8. Let Z, = {B(s) =0 for some se€ (0,t)}. Then fora#0,

lal

vV 27‘(’ 0

_ 2
U 3/26 a /2udu )

Pa(zt) =
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Proof. Assume a > 0. Then

P,(Z;) = P(ming<s</(B(s)+a) <0)
= P(ming<,<;B(s) < —a)
= P(M(t) = a) (by symmetry)
— P(T, <t)

t
— —3/2 _—a?/2u cps
= u e du by Proposition 2.4.4).
= (by Prop )

Proposition 2.4.9. The probability that {B(t)}; has at least one zero in time

2
(r,s) is — arccos \/z
s s

Proof. Let A, ; = {B(t) =0 for some t € (r,s)}, and let

Hence by the above lemma,

> 1 2
P(A, ;) = / ) e /Ay

27‘(‘7’

— . o 73/2 12/2ud ) 7x2/2rd
71'7‘/ \/_ e u e X

2 s—r 2 r
= — arctan = —arccos/— . O
T T T s

Corollary 2.4.10. For 0 < r < s, the probability that no zero in (r,s) is
2

—alrcsin\/z

T s

Proof. It follows from the above and

2 T 2 . T
1 — —arccosy/— = —arcsin4/— O
T S T s
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To conclude, we prove a special property of the zero sets of the sample

paths.

Lemma 2.4.11. P((yc<; B(t) <0) = P((Noc<y B(t) >0) = 0.

Proof. We make use of Theorem 2.4.3 :

P( () B(t)<0) = P(maxoq<iB(t) <0)

= 1- P(maxogtng(t) > O)

— 1-2P(B(1) > 0)

>~ 1 2
= 1=2 e 2dx = 0. OJ
/0 \ 2T

Lemma 2.4.12. Let Z,(w) = {t: B(t,w) =0, 0 <t <1}, then for almost

all w, Zy(w) has 0 as a limit point.

Proof. From Lemma 2.4.11, we see that
P(B(t) crosses 0 for some 0 <t < 1) =1.
By the scaling property (Proposition 2.2.10), we conclude that
P(B(t) crosses 0 for some 0 < t < r) =1.
In particular, we take r,, \, 0. Then

P( ﬂ {B(t) crosses 0 for some 0 < t < rn}) =1.
n=1

This implies the lemma. O

Theorem 2.4.13. For almost allw, Z,(w) is a perfect set (hence uncountable)

and has Lebesque measure zero .
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Proof. We use | Z;| to denote the Lebesgue measure of Z;, it is a r.v. and
1
E(z) = B([ xwo-o )
0

1
= / E(x(5()=0y) dt

0

[y

_ / P(B(t)=0) dt = o.
0
Hence | 2| = 0 P-a.e.

Next we note that B(-,w) is continuous, hence Z;(w) is closed. We need

to show that it has no isolated point, and it is a perfect set.

To this end for any rational r € (0,1), let 7, be the least ¢ > r such that

B(t) =0, then 7, is a stopping time. Let
A, ={w: 7.(w) is the limit point of Z;(w)}.

Then by the strong Markov property and Lemma 2.4.12, we have P(A,) = 1.
It follows that P([),. A;) = 1 (where the intersection is taken over all rationals
> 0. Now for any w € (), A, and for s € Z1(w), s > 0, if s is a left limit
point of Z;(w), then it is not an isolated point. If s is not a left limit point of
Z1(w), then s = 7, (w) for some rational r < s. This implies that s is the right
limit point of Z;(w) (by the strong Markov property, and use the lemma). In
either case, s is not an isolated point. Hence Z;(w) has no isolated point and

the proof of theorem is complete.
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Exercises

1 Show that M(t) = supy_,{B(s)}, |B(t)| and M(t) — B(t) have the same

distribution.

2. For a,b > 0, let 7 = min{7_,,T;} be the first that the Brownian motion
hits a or b. What is P(B(7) = —a) and P(B(7) = b)?

What are the hitting probabilities if we change a and b to two slant barriers

—a+rt and b+ rt for some r > 0.

3. Suppose X1, ---, X, are independent and each has density function

ha(t) = —2 $73/2=%/2 {5 ()

V2r

(the density function for the first time the B.M. hits a). Show that

(a) (X;+---+X,)/n? also has the same distribution. Contrast this with

the law of large numbers.

(b) P((maxy<, Xi)/n? < x) — e V) for z > 0.
4. (a) Show that the probability of the last zero preceding time 1 is distribution
over (0,1) with density 7 !(¢(1 —t))~1/2.

(b) Similarly calculate the distribution of the position of the first zero

following time 1.

(c) Calculate the joint distribution of the two zeros in (a) and (b).
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Chapter 3

Stochastic Integration and Ito

Calculus

3.1 Wiener integral

The most basic integration theory is based on the Riemann integral of a real-
valued function on an interval [0,7]. It is easy to extend the integrand to
be a vector-valued or a Banach space-valued function. The Riemann Stielt-
jes integral is an extension such that the integrator is a function of bounded
variation. The Lebesgue integral is to allow the integrator to be a measure
on a more general measure space. In this section, we will consider the Wiener
integral fOT f(t)dB(t), where f(t) is a real-valued function, integrating over

the Brownian motion.

Suppose f is a real-valued step function on [0,7], f(t) = ¢ t; <t <

tivi, 1=0,1,--- n—1. We write AB; = B(t;1+1) — B(t;), and define

I(f):/o f(t)dB(t):iciABi. (3.1.1)

83
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Example 3.1.1. Let f(t) be a step function on [0, 3] that takes values —1, 1,2
on the intervals [0, 1), [1,2) and [2, 3] respectively. Then

10 = [ s
= (1B~ BO) + 1-(B)— BO)) +2-(BE) - BE2)
~ B)+ (BO)— BO) +2- (B()— B()
~ N(0,1) + N(0,1) + N(0,4)  (independent sum)
— N(0,6).

Lemma 3.1.1. Let f be a step function on [0,T]. Then I(f) € L*(Q), it is a

normal r.v. with mean 0 and variance

o = B(I(f)) = / )Pt

Proof. Recall that if Xi,---,X,, are independent and X; ~ N(u;,0?), then

a Xy + 4 an Xn ~ N(ajpy + - + anply, @307+ +aso2).

It follows that I(f) is a normal r.v. with mean 0. For the variance, we have

E(I(f)?) = E(ZcichBiABj):ZcfE((ABi)Q)

i7j

T
= Zcf(tiﬂ—ti) :/0 | £(t) |* dt . O

Lemma 3.1.2. Suppose f € L*[0,T], then there erists a sequence of step
function {f,} converges to f a.e., and {I(f,)}:2, is a Cauchy sequence in

L2(Q).

Proof. The first statement is well known. The second statement follows from

E((I(f) — I(f) /Ifn L. O
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Definition 3.1.3. For f € L?[0,T], we define I(f) = lim, .o I(f,) where
{fn} is as in Lemma 8.1.2, and call I(f) the Wiener integral of f.

Clearly I(f) € L*(Q) by the completeness of L*(2) and the definition is
independent of the choice of the subsequence {f,}.

Proposition 3.1.4. For f € L*[0,T], I(f) € L*(Q) is a normal r.v. with

mean 0 and variance o = || f ||* = fOT FAGIR

Proof. We need to use the fact that if X,, ~ N(uy,0,) and if g = lim,, o i,
o = lim,_ . 0,, then X,, — X in probability (or in L?*(2)) implies X ~
N(u,0) (see Lemma 2.2.2). O

Corollary 3.1.5. If f,g € L2[0,T], then E(I(f)I(g)) = [ f(t)g(t) dt.

Proof. This follows from

B +107) = [eat = (e[ gor [1op

and also

E(I() +1@)?) = BN +20()I(g) + 1(@))
- / P+ 2B(1( /|g|2 0

Next we want to consider the relationship of ( fo t)dB(t))(w) and
fo t)dB(t,w). Note the B(t w) has unbounded variation (but has finite
quadratlc variation) fo t)dB(t,w) is not defined as a Riemann Stieltjes
integral literally. On the other hand, we can redefine the integral as follows:
For [a,b] C [0,T]

b

a

(RS) / ’ F()dB(t,w) = [ f(t)B(t,w)] . / bB(t,w)df(t)

provided the last term is defined.
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Proposition 3.1.6. Let [ be continuous and of bounded variation on [0,T],

then for any [a,b] C [0,T],

( / f(t) dB(®)(w) = (RS) / £(t) dB(T,w).

Proof. For any partition P,, = {t, < --- < t,} of [a,b], we consider the step

function

—

n—

fn(t) = f(ti)X[ti+1,ti)(t) .

%

I
o

Note that the continuity of f implies f, — f in L?[a,b] as ||P,|| — 0. Hence

n—1

b
a "I iz0
By passing to subsequence and using the same notation for convenience, we

have

n—1

([ roiBm)) = i 3 f05BE) ae

1=

On the other hand, for almost all w,

(RS)/ f(t)dB(t,w) = f(t)B(t,w)} — lim ' B(ti,w)(f(t;) — f(ti1))

(The first limit exists as f is of bounded variation; the second equality follows

from the Abel transform of series.) This yields the proposition. 0

Example 3.1.2. [, B(t)dt ~ N(0,1/3).

By regarding B(-) € C([O, 1], LQ(Q)), we have by the definition of Reimann
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integral, (fol B(t) dt)(w) = fol B(t,w) dt for almost all w, and
1

0

/1B(t,w)dt = [B.w)] - @) /1tdB(t,w)

= B(lw) — (RS)/OltdB(t,w)

= (RS) /01(1 —t) dB(t,w)

= /O 1(1 — 1) dB(t))(w) (by Proposition 3.1.6)
Since [ (1 — t)dB(t) ~ N(0,02) with 0® = [;/(1 — t)2dt = 1/3 (Proposition

3.1.4), we have [\ B(t)dt ~ N(0,1/3).

Theorem 3.1.7. Let f € L*|0,00), then

y(t) = / £(5)dB(s)

is a Gaussian process with mean 0 and covariance cov(Y (t),Y (t + s)) =

JE1f(w)Pdu for all s,t > 0.

Moreover {Y (t)}+>0 is a martingale with respect to Fy = o{B(s) : s < t}.

(Recall that Gaussian process means the joint distribution at ¢y, -, ¢ is a mul-

tivariate normal r.v. which is determined by the mean and the covariance.)

Proof. We observe that for u,t > 0,

E(/t uf(s)dB(s) | 7)) =0.

Indeed this holds for step functions on [t, ¢ + u) as

n—1

t4+u
/t f(s)dB(s) = Y c;AB;

and E(AB; | F;) = E(AB;) = 0. For f € L*([0,T7), we can find step functions
fn — fin L% Hence I,(f) — I(f) and

t+u t+u
B[ f6)iB) | F) = Jm B[ fdBG) | F) = o
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We already see that each Y (¢) is a normal r.v. with mean 0 and variance

[ 1f(s)[?ds. The covariance is
Cov(Y (), Y(t+) = BY(©Y(t+uw)
= (e Orw+ [ 6| F)
= Y0P = [ 176

It is direct to that that the joint distribution (Y;,,---,Y:,) ~ N(0,%) with ¥

determined by this covariance.

To show that {Y;}/>0 is a martingale, we observe that E(|Y(¢)]*) =
fot |f(s)?ds < oo and

t+u
E(Y(t+u) | F) = Y(t)+E(/t f(s)dB(s) | F) = Y(t). O
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Exercises
1. Let X (t) = tB(t). Find the quadratic variation of of X (¢).

2. Find all constants a, b and ¢ such that X (t) = f(f(aJr bu/t+c(u/t)?) dB(t)

is also a Brownian motion.

3. Let B(t) be a Brownian motion. Show that X (¢) = fOt(Qt — u)dB(u) and
Y(t) = f(f (3t — 4u)dB(u) are Gaussian processes with the same mean and

covariance functions.
4. Find the distribution of the integral fot B(s) cos(t — s)ds.

5. Given values of « for which the process Y (t) = fot(t —5)"*dB(s) is defined.
Find the covariance function of Y. (This process is called fractional Brownian

motion.)

6. Show that if {X,} is a sequence of normal r.v. and convergent in dis-
tribution to X, the X is either a normal r.v. or degenerate. Deduce that if

FE(X,) — pu and var(X,) — 02, then X ~ N(u,0).
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3.2 Ito integral

In this section we define the Ito integral fOT X(t)dB(t) where X (t) is a stochas-
tic process adapted to F; = 0{B(s) : 0 <s <t}

First we consider the case X(t) is a step process on [0, 7], i.e., there exist

0=ty <---<t, =T such that
X(t) :éi, t; §t<ti+1, fz 6,7:151. and E(|§z|2) < Q.

We define
T n—1
I(X) :/ X(t)dB(t) = Y &AB,;.
0 i=0

Proposition 3.2.1. For the above integral 1(-) on the step processes,
(i) I(-) is linear;
(ii) for [a,b] € [0,7), [ Xt (t)dB(t) = B(b) — Bla);
(ii) E(f, X(t)dB(t)) = 0;

(i) E([I X()dB(t))* = [/ E(X(t)*)dt.

(Note that (iii),(iv) imply fOTX(t)dB(t) € L*(Q) is a r.v. on Q with mean 0

and o® = [ B(X(t)*)dt.)

Proof. For (iii), it follows from the independence of §; and AB;,
For (iv), we write E(|I(f)[?) = 3, ; E(&&;AB:AB;). Then using the in-

dependence, it is direct to show that only the i = j terms left, which is of the

expression on the right side of (iv). O
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We use L2,([0, 7] x ) to denote the space of measurable process X (-, -) on
[0, T] x Q satisfying

(i) X(t,-) is adapted to {F;}, i.e.,, X(¢t,-) € Fy;
(i) Jif E(X(t)?)dt < oo.

For example, X (t) = B(t) and X(t) = maxo<s<¢ B(s) are adaptable to
{F:;}; but X(t) = B(t + 1) is not adaptable to {F;} .

Lemma 3.2.2. Suppose X € L?,([0,T] x Q), then there exist a sequence of
step processes {X ™} C L2,([0,T] x Q) such that
T
lim [ E(X™@) - X(®)*)dt =0. (3.2.1)
n—oo 0
Proof. The idea is similar to the Wiener integral, but a little more compli-

cated. We divide the proof into three steps.

(i) if E(X(t)X(s)) is continuous for any s,t € [0,77], let P, = {0 = ¢, <
ty--- <t, =T} be a partition of [0, 7], and let

From the assumption, lim,,_... E(|X(s) — X (¢)|?) = 0 implies that
lim,, . E(|X™(t) — X(¢)[*) = 0. As

E(IX™ () - X (1)) < 2B(X™0)F) + B(IX(1)*) <4 sup B(X(s)).

a<s<b

By the dominated convergence theorem,
T
lim E(| X™(t) — X (t) [*)dt = 0.
n—oo 0

(ii) If X is bounded, then we will construct a sequence of process {Y,},

adaptable to {F;}, satisfies (i), and E(|Y,(t) — X (¢)|*) — 0. Then using (i), we
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can find a step process { X ™}, such that E(|X ™ () — E(Y,(t)|?) is sufficiently

small, and goes to 0 as n — oco. Then
E(X™(t) = E(X(®)]*) — 0,

which yields (3.2.1) as in (i).

To this end, we let ¢,(t) = ne " ¢t > 0. Note that ¢, > 0, [ ¢, =1 and

©n(t)dt — &, hence it is an approximate identity. Define

Yo(t) = o % X (1) = /Ot on(5)X (t — 5)ds.
It is direct to check that
(a) Y,(t) is adaptable to Fy;
(b) lims_t E(|Ya(s) — Ya(y)[?) =0, hence (i) is satisfied;
() lim,_eo E(|Ya(t) — X(¢)|?) = 0.

(iii) Finally, for the general X € L?,([0,T] x ), we can approximate X by

a sequence of bounded processes:

X(t,w) i |o(t,w) <
0 if | X(t,w)| > n.

Xo(t,w) =
and a routine argument yields (3.2.1). O

Let X € L2,([0,T] x Q), and let X™ be as in Lemma 3.2.2. Let Y =
fOT X® (1) dB(t) € L*(Q). Then by Proposition 3.2.1 (iv)

T
MWW—Wmm:/ ﬂMW®—XW@ﬂﬁ—e0
0

Hence {Y ™} is a Cauchy sequence in L?(12).
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Definition 3.2.3. For X € L2,([0,T] x Q), we define

/X )dB(t) = lim B )(t)dB(t) € L*(Q),

and call 1(X) the Ito integral of X over B(t).

We remark that if X € L2,([0,7] x ) and assume that E(X(s)Y (¢)) is
continuous as in the proof of Lemma 3.2.2, then the integral can be expressed

as the Riemann sum

X dB li X
/ = A Z

Example 3.2.1 fo (t)dB(t) = 3(B(T)* = T).

ForO=ty<---<t, =T, let
XMW(t) = B(t;) t; <t <t

Then I(X™) = 37" B(t;)AB;. Observe that a(b—a) = 1(0° —a®— (b—a)?).

Hence
1 n—1 1 n—1
I(X(n)) = 520 z+1 520 z+l z))2
1 1 n—1
= —(B(T)* - (AB))?
5 (B(T)" ~ 2 2

By taking limit, the second part is the quadratic variation of B(t), which
converges to T' (Theorem 2.3.2). Hence

I(B) = /0 B(t)dB(t) = %(B(T)Q ~ 7).

Example 3.2.2. [ B(t)%dB(t) = LB(T) — [ B(t)dt.
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We adopt the same method as last example. By making use of a*(b—a) =

s(0® —a® — (b —a)® — 3a(b — a)?), we have

n—1 n—1 n—1
1
D B)?AB; = Z(B(T)* = B(0)’) = Y (AB)* =3 B(t)(AB)* (3.22)
i=0 i=0 i=0
Note that
n—1 n—1 n—1
E(|Y (AB)[) = > E((AB)°) = D 15ty — t)* < 15||P|* - T,

i=0 i=0 i=0

which tends to 0 as ||P,|| — 0. Hence 37 (AB;)? — 0 a.e. as well.

For the last term, we observe that

n—1 n—1 n—1
E(|Y BU)(AB) =Y~ Bt)AL") =Y 26,08 < 2P| - T* = 0.
=0 =0 =0

Hence the limit of the last term in (3.2.2) equals fOT B(t)dt.

Theorem 3.2.4. For X € L?,([0,T] x Q), the Ito integral

Y(t) = /0 X(s)dB(S)

has mean zero and variance o* = E(Y (t))? = [ E(|X(t)|?)dt. Moreover {Y;},

18 a martingale.

Proof. The first part is a consequence of the approximation by adaptable step
processes as in Lemma 3.2.2. The second part follows from the same proof as

for the Wiener integral (Theorem 3.1.7). O

In the following we consider the continuity of the sample path of Y (¢). We
need a continuous version of Doobs submartingale inequality (Theorem 1.4.9,

Corollary 1.4.10).
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Lemma 3.2.5. Let {Y (t)}+>0 be a submartingale and assume that almost all
sample paths of Y (t) are continuous. Then
AP(sup Y(t) > X\) < E(Y(T)*) .
0<t<T
Furthermore, we have

AP(sup [Y(H)] > A) < E(Y(T)]) .

0<t<T

Proof. The continuity of the sample paths allows us to write

{ sup Y(t) ﬂU{ max Yk:/2m)>/\——}

k
0<t<T nelmDy 0S5 <T

By applying Theorem 1.4.9 and Corollary 1.4.10 to the submartingale

{Y(1/2m>7 Y<2/2m)7 T Y(l/2m)7 Y<T)} )

and taking limit, the lemma follows. 0

Theorem 3.2.6. Suppose X € L?,([0,T] x Q), then the Ito integral {Y (t)}: is

a continuous process on [0,T], i.e., almost all its sample paths are continuous.

Proof. We consider the step process first. Let X (t) = >0 EiXitotirn) &i € Frp
Then

k—2
= &GW)ABi(w) + &1 (B(t,w) — Bltp1,w)).

i=0
It is easy to see that Y(-,w) is continuous as B(-,w) is continuous.

Next we consider the general case, let {X (”)}n be a sequence of step stochas-

tic processes in L2,([0,T] x Q) such that

T

lim [ E( X(S) - X™(s)|?)ds = 0.

n—oo 0
By choosing a subsequence if necessary, we may assume that

/OTEUX(s) _X(5)P)ds <~

nbé’
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Let Y(t) = [T X ($)dB(t), Y (t) = [ X(t)dB(t). Then by Lemma 3.2.4,

0

P(sup [Y™(t) = Y™ (t)] > %) <nB([Y™(t) - Y™ (1)),

0<t<T

Let m — oo, we have

P(sup [Y(t) = Y™(t) 2

0<t<T o

) < nE(Y(T)-Y"™(T)))

S
IA

1/2

< n (E(‘Y(T) — Y(")T)|2))
= n (T/0 E(|X(s) = X"(s)[*)ds)"?
/2 B T1/2

n3 n?

Since > n~? < co. By the Borel-Cantelli lemma, we have
1

P(sup |[Y(t)—Y"(t)] > —1i0.)=0.
n

Let A be the complement of the above set. Then P(A) = 1, and let B be the
set of w such that Y™ (-, w) is continuous for all n. Then P(A N B) = 1, and
for each w € AN B,
() 1
sup |Y(t,w) —Y'"(t,w)|] < —
0<t<T n
except for finitely many n. This implies that Y"(-,w) — Y (-,w) uniformly.

Hence Y (,w)is continuous. O
In the rest of this section, we consider two important extension of the Ito
integral. The first one is to extend the integrand to a larger class of processes.
We use L,4(2, L?[0,T]) to denote the class of processes { X (t) }+>o such that
(i) X(¢) is adapted to {F:}i>o;
(ii) fOT | X (t,w) |? dt < oo a.s.
It is clear that if X (-,w) has continuous sample path, then (ii) is satisfied. Also

L2,(10,T) x Q) C Laa(Q, L?0,T))
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as X € L2,([0,T]1xQ)), iy E(|X(t)[]?)dt < oo, which implies [} | X (t,w)[2dt <

o0 a.e.

Example 3.2.3. Consider X (t) = eP® Then a direct calculation shows that

(1—4t)7"2 if 0<t<i
E(X(t) = ,
00 otherwise

Hence X ¢ L2,([0,T] x ). On the other hand X(-,w) is continuous a.e.,
[} 1 X (t,w) |? dt < o0 ace., so that X € Laa(Q, L2[0, T]).

We can define the Ito integral as before using the following lemma.

Lemma 3.2.7. Let X € L,(2, L*[0,T]). Then there exists a sequence of step
process X™ € L2,([0,T] x Q)such that
T

lim [ | X™(t) = X(t)[*dt =0

n—oo 0

wn probability.

The sequence X (™ (¢) can be taken as the truncation of X(t) at level n:

X(tw) if [YX(s,w)|2ds < n:

KOy = ] KOO IX (s <
0 otherwise.

The resulting integral Y (t) = fg X(t)dB(t) may not have finite expectation.

Hence is not necessary integrable, and we cannot consider the martingale prop-

erty of Y'(t) directly. Nevertheless, we can replace by the following local mar-

tingale.

Let 7, be the stoping time defined by

Tp(w) = inf{t : /0 | X (s,w)*ds > n}
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and let

tATh
Y(tAT,) = X(t,w)dB(t / XM™dB(t)
0

It is direct to show that for each n, Y (¢ A 7,,) is a martingale with respect to
{F:}. We say that Y (t) has the local martingale property. By using this we

can show that Y (¢,w) has continuous sample path for almost all w € .

Next we consider extending the ”integrator” to more general processes. A

motivation of this is the following example. Consider X (¢) € L2,([0,T] x Q)

_ /TX(t)dB(t)

be the Ito integral. For convenience we can write it as

and let

dY (t) = X (t)dB(t).
Then it is reasonable to have a definition so that

T T
/ Z(0)dY (t) = / Z(6)X (1)dB(t).
0 0
Note that Y (¢) is a martingale (Theorem 3.2.4). The Ito integral theory can
be extended to fo t)dM(t) where M (t) is a martingale with respect to

some filtration {.E} In this extension, M (t) is not necessary continuous, for

example it covers the Poisson processes also.

For this the Doob-Meyer decomposition of submartingale plays an impor-

tant role. For a submartingale L(t), the decomposition is
L(t)=Z(t) + C(t)

where Z; is a martingale, and C'(¢) is a non-negative increasing process. (Recall
we have proved Doob’s decomposition for discrete time (Theorem 1.4.3).) A

basic application of this is on the submartingale M (¢)%. The decomposition is

M(t)* = Z(t) + C(t) which yields

E((AM;)*) = E(AG))
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where AM; = M(t;11) — M (t;) corresponding to some partition. We can define
[to integral fOT X (t)dM (t) similar to the Brownian motion case; and C(¢) plays

the role of t as the quadratic variation of B(t) :

(AM;)? = (M1 — M;)? = M‘2+1 — M7 — 2M;(M; 1 — M;).

(3 K3

Hence

= E<E<Mi2+1 — M? — 2M;(M;yy — Mi)/fti)>

= B(B(Z(ti) + Cltn) — (Z(t) + C(1)/ 7))
= E(C(tir1) — C(t:))

— E(AC)).

The reader can refer to [3, p.75-92] for detail.
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Exercises

—

. Let X = fab |B(t)|dB(t). Find the variance of the random variable X.
2. Show that X, =ef® —1 — %fot ePG)ds is a martingale.
3. Show that X (t) = [} ¢P®)dB(s) is not a martingale.

0

4. Let M(t) = B3(t) — 3tB(t). Show that M (t) is a martingale, first directly
then by using Ito integral.

5. Let By (t), Bs(t) be independent Brownian motions. Let X (¢) = log(B;(t)*+
Bs(t)?).

(a) Show that E(|X(t)]) < oo for all ¢t > 0, and find E(|X(t)]).
(b) Show that X (¢) is not a martingale, but a local martingale.

(The example shows that a local martingale having integrability does not need

to be a martingale.)

6. Let N(t) be the Poisson process. Show that N(t) = N(t) — At is a martin-
gale. Also find the Doob-Meyer decomposition for N (t)2.



