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Abstract We extend both the weak separation condition and the finite type condition
to include finite iterated function systems (IFSs) of injective C! conformal contrac-
tions on compact subsets of R?. For conformal IFSs satisfying the bounded distortion
property, we prove that the finite type condition implies the weak separation condi-
tion. By assuming the weak separation condition, we prove that the Hausdorff and box
dimensions of the attractor are equal and, if the dimension of the attractor is «, then
its a-dimensional Hausdorff measure is positive and finite. We obtain a necessary and
sufficient condition for the associated self-conformal measure p to be singular. By
using these we give a first example of a singular invariant measure u that is associated
with a non-linear IFS with overlaps.
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1 Introduction

Let X be a nonempty compact subset of R4 and S : X —> X,i=1,...,N, be
mappings. We call {S,-}tN: | an iterated function system (IFS) on X. It is well known
that if the S; are contractions, then there exists a unique non-empty compact subset
K of X such that

N
K = US,-(K) (1.1

i=1

(see [5,9]). We call K the invariant set or attractor of the IFS. If we associate the IFS
with a set of probability weights {p; }lN: |» then there is a unique probability measure
w with supp(u) = K satisfying

N
w(A) =D pino ST (A), (1.2)
i=1

for all Borel sets A € X. We call u the invariant measure of the IFS associated with
the weights {p; }lN: 1~ It is well known that the invariant measure is either absolutely
continuous or singular continuous with respect to Lebesgue measure.

Recall that an IFS {S,-}lN: | satisfies the well-known open set condition (OSC) if
there exists a nonempty bounded open set U C Rd, called an OSC set, such that
UZN=1 Si(U) CU and S;(U)NS;(U) =P foralli # j. In this case, we can lift the
measure x in (1.2) to a symbolic space, and many properties can be derived from there.
Conformal finite and infinite IFSs and conformal graph directed Markov systems that
satisfy the OSC have been studied extensively by Mauldin and Urbariski (see [17—
19] and the references therein). Conformal IFSs consisting of finitely many mappings
and satisfying the OSC have been studied by Patzschke [21], Fan and Lau [6], Lau
et al. [14], Peres et al. [22], and Ye [24,25]. We remark that in this paper, we only
study IFSs that consist of finitely many mappings.

IFSs that do not satisfy the OSC are said to have overlaps. In this case, it is in
general much harder to understand the structure of the corresponding invariant set K
and the invariant measures . A well-known family of examples is provided by

Si(x) = pz, Si(x) = pz+ (1 —p), (1.3)

with1/2 < p < landp, = %(up oSl_l —i—upoSz_l). This class of 11, is known as the
infinite Bernoulli convolutions, because it is the distribution of the random variable
(1 = p) X020 p" Xy, where the X, are i.i.d. Bernoulli random variables taking the
values 0 and 1 with probability 1/2 on each. We refer the reader to the excellent survey
article by Peres, Schlag and Solomyak [23] and the references therein.
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Conformal iterated function systems 327

One of the most important cases in (1.3) is when ,0_1 is the golden ratio (or more

generally a Pisot number), in which u, is singular. This and the other examples
motivated subsequent studies of two classes of IFSs with overlaps that are governed
by two separation conditions: the weak separation condition (WSC) and the finite type
condition (FTC). The WSC was introduced by Lau and Ngai [11] to extend the open
set condition while allowing overlaps on the iteration. It has been studied extensively
by Zerner [26], Lau et al. [13], and Lau and Wang [15]. The FTC strengthens the
weak separation condition (in the generic cases) to allow tractable calculations. It was
formulated by Ngai and Wang in [20] to yield graph directed systems to calculate the
Hausdorff dimension of self-similar sets with overlaps. If ,o’1 is a Pisot number, the
IFS in (1.3) satisfies the WSC [11] and is in fact of finite type [20]. In the same vein,
the FTC was also used by Feng [7,8] and Deng et al. [3] to study self-similar measures.
Recently it has been generalized by Jin and Yau [10] and Ngai and Lau [12] to include
a larger family of contractive similitudes on R,

So far in both considerations, the IFSs are either similitudes or affine maps. We
note that for the Bernoulli convolution associated with the golden ratio and other
examples that have been studied, the singularity of the invariant measures is very
much dependent on the number theoretic properties and the affinity of the IFS. It
is not clear that there exists a non-linear IFS with overlaps such that the associated
invariant measure p is singular and is supported by a set with a non-void interior.
Our original goal is to construct such an example. In the process, we extend the WSC
and the FTC to include conformal IFSs and give a necessary and sufficient condition
for the absolute continuity of the invariant measures associated with such IFSs. This
is the main theme of the paper.

Unless otherwise stated we assume that each §; in an IFS {S;};.; extends to a C 1
contraction S; : V — V, where V is a fixed open connected neighborhood of X. We
use the following sets of indices

Se= (L. N So={J% and £=3)
k>0

(with ¥¢ := {@}). For I = (i, ..., i) € Xk, we denote by |I| = k the length of 1
and let S; :=S;, o--- 0 §;,. Also let

r; = inf |det S)(2)|"¢, r=
xeV

min r;, Ry =sup |det S (z)|"/?, R = max R;.
1<i<N

zeV I<i<N

(1.4)

If S = S; for some I € Xy, we let Rs := R;. Let £ denote the Lebesgue measure
on R¢. For any E C R?, we let dimy E, dimp E, and dimp E denote the Hausdorff,
box, and packing dimensions of E, respectively; moreover, we let H*(E) and P*(E)
denote the s-dimensional Hausdorff and packing measures of E, respectively.

For0 < b <1, welet

Iy = {I =(,...,Ip) R <b < Ril"'in—l} and A, = {S;: 1 €Ip}.
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328 K.-S. Lau et al.

Note that it is possible that §; = S/ for distinct I, I’ € I, and we identify such
S; and Sy in Ap. Note also that each 7, is an antichain in X, with the partial order
I < J if I is an initial segment of J or I = J.

Definition 1.1 We say that {S;} lN: | satisfies the weak separation condition (WSC) if
there exists a constant ¥ € N and a subset D C X, with D°® # (, such that for any
O<b<landzx € X,

#{Se Ay :x e S(D)} <v.

We remark that if the OSC holds, we can take D to be an OSC set and let y = 1 to
show that the WSC also holds.

Recall that amap S : V — V is conformal on V if for each z € V, §'(x) is a
similarity matrix, i.e., a scalar multiple of an orthogonal matrix. Under this assumption,
we have

|det S'(2)] = IS (@), 1.5

where || 8" (@) := sup {|S"(z)y| : ly| = 1} is the operator norm of the matrix $'(z).
For the purposes of this paper, we will restrict the conformal maps in our IFS to be
injective C! contractions, as stated in the following definition.

Definition 1.2 We say that {Si}f\’: | 18 an IFS of injective C ! conformal contractions
on a compact subset X C R if the S; can be extended to c! injective conformal
contractions on some open connected neighborhood V' of X and furthermore,

0 < inf [|S/(x)|| < sup IS/(x)|| <1, for 1 <i<N. (1.6)
zeV zeV

For such an IFS, we call the associated invariant set in (1.1) a self-conformal set,
and a measure u in (1.2) a self-conformal measure.

Recall that an IFS {S; }lN: | has the bounded distortion property (BDP) if there exists
a constant ¢; > 0 such that for any index I € X,

| det S} (2)] _d

_ forallz,y € V. 1.7
|detS}(y)|_C1 orall x,y (1.7)

It is easy to see that if each log | det Slf | is Holder continuous, then {Si}{\]: | has the
BDP. Moreover, by adopting a proof in [6, Lemma 2.3], it can be shown that the Dini
condition on log | det S;| implies the BDP.

Theorem 1.1 Let K be the attractor of an IFS {Si}lN: | of injective C U conformal
contractions on a compact subset X C R9 that has the BDP and satisfies the WSC.
Then o := dimyK = dimgpK = dimp K and 0 < H*(K) < P*(K) < oo.

Let {p;} lN: | be probability weights associated with {S;};_; and let i be the invariant
measure. For § € Ay, let ps = > {pr : St = S, I € Ip}. The following are two
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Conformal iterated function systems 329

useful theorems concerning the singularity and absolute continuity of a self-conformal
measure.

Theorem 1.2 With the same hypotheses and notation as Theorem 1.1, an associated
self-conformal measure | is singular with respect to H* |k if and only if there exist
0 <b<landS € Ap such that ps > RS.

Theorem 1.3 Let {S; }fvzl beasin Theorem 1.1. Ifthe invariant measure i is absolutely
continuous with respect to H*| g, then the Radon-Nikodym derivative of | is bounded.

Theorems 1.2 and 1.3 generalize the results in [13, Theorems 1.1 and 1.2] and
[15, Theorems 1.1 and 1.2], where the IFS {S;};" | consists of contractive similitudes.
The finite type condition was first introduced in [20] for IFSs of similitudes that
have exponentially commensurable contraction ratios. In [10] and [12], this artificial
condition on the contraction ratios is removed. The more general definition in this
paper is formally the same as that in [12] for similitudes. It is given in Definition 5.3.

Theorem 1.4 Assume that {Si}fvz | is an IFS of injective C ! conformal contractions
on a compact subset X C R? that has the BDP. Then the finite type condition implies
the weak separation condition.

Theorem 1.4 allows us to construct a family of conformal IFSs that do not satisfy
the OSC but are of finite type and thus satisfy the WSC. For example we can take

Si(x) =ax, S(x)= bz* + cx +ad, S3(x) = abx? + cx +d, (1.8)

where0 < a,b,c,d <1, ab+c+d =1, b+c+ad <dand2b+c < 1. By using
Theorem 1.2 and by choosing the parameters and the probability weights suitably, we
can control the singularity and absolute continuity of the invariant measure. In Sect. 6
we give a detailed study of such an example and provide additional examples obtained
by suitably choosing the four parameter values. To the best of our knowledge these
are the first known examples of singular invariant measures which are associated with
non-linear IFSs and are supported on some interval.

It is not clear to us whether some of the self-conformal measures in the above
family are absolutely continuous. Nevertheless, we show in Sect. 7 that by allowing
the probability weights to be place-dependent, we can construct absolutely continuous
self-conformal measures defined by non-linear IFSs with overlaps.

This paper is organized as follows. Section 2 develops some basic properties of
conformal IFSs with the BDP. In Sect. 3, we prove several equivalent conditions
for the WSC and use them to prove Theorem 1.1. In Sect. 4 we study the absolute
continuity of self-conformal measures and prove Theorems 1.2 and 1.3. In Sect. 5,
we study the finite type condition and prove that, for conformal IFSs with the BDP,
it implies the WSC (i.e., Theorem 1.4). In Sect. 6, we give a class of examples of
conformal IFSs that satisfy the finite type condition, and use this to illustrate the main
theorems. Finally, in Sect. 7, we construct another class of self-conformal IFSs with the
finite type conditions. Using these IFSs we construct a class of absolutely continuous
self-conformal measures associated with place-dependent probabilities.
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2 Conformal iterated function systems

In this section we establish some basic properties of conformal IFSs with the BDP,
which we will need later in the paper. Some of them are known and we include simple
proofs here for completeness.

Lemma 2.1 Let {S,-}lN: | be an IFS of injective C v conformal contractions on a com-
pact subset X C RY, let r, R be defined as in (1.4), and let c| be the constant in the
definition of the BDP (see (1.7)). Suppose {Si}f\’: | has the BDP. Then the following
hold.

(@) Forany I € Ip, 0 < b < 1, and any measurable set A TV,

d
(ll) L(A) < L(S1(A) < DI L(A).

C]

(b) Foranyl,J € Ip, 0 < b < 1, and any measurable set A C V,

C1

r\? d
(—) L(S5(A) = £S1(A) = () £ (A,
Cl r

Proof (a) Let I = (i1, ...,iy) € Zp and V be as in Definition 1.2. Then by the
definition of Zp,

sup | det S (x)| < b* < sup|det S} .,  (2).

zeV zeV
These inequalities together with the BDP imply that forall z € V,

b? = |det Sj(x)| = |det S}, .;  (Si, ()] - |detS] (@)]

1 ln—

d d
b
> rinf | detS, ;@] = (=) supldets ., @Iz (=) .
reV 1 n—1 cl eV 1 n—1 cl

The result in (a) now follows by integrating over A.
(b) Using part (a) and the hypotheses, we have

d
L) = L) = (T) LS54,

The other inequality can be proved similarly. O

Foralli € ¥; = {l,...,N} and =z € S;(V), by using |det(Sl._1)’(:1:)| =
| det /(S ()|, we have

R™ < |det(S7" ()] < r7. @.1)
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Let
Fo={8;87": 1,J e 2.

For I, J € X,, itis possible that T = S S;l can be simplified to SJ/S;I and hence
the domain of 7 is S;/(V) (containing S;(V)). Let Dom(t) denote the domain of 7.
We have an analog of the BDP for the maps in F.

Lemma 2.2 Assume the same hypotheses of Lemma 2.1. Then for any I, J € ¥, and
x,Yy € Dom(S]Sfl), we have

ldet(S;S; Y (@) 5y
—1v, = -
| det(S; S, ()]

Proof Lett = §;S;" = §;S;," with Dom(t) = S;/(V). Then

| det(S; ;) ()] _ |det(Sy8; ) @)] _ |detS), (S, @) det(S; @I _ o
|det(S7S; Y@l 1det(SyS, Y@l 1 det S5 ) detcs )l T

We now establish an analog of Lemma 2.1 for the maps in F.

1

Lemma 2.3 Assume the same hypotheses of Lemma 2.1. Let T = Sy SI_1 =S,8, €

F with Dom(t) = S;/ (V).

Iz
(a) For any measurable subset A C Dom(7),

ry d Rj/ d
(—) L(A) = L(z(A)) = (—) L(A).
R[/ ry

(b) Suppose C > 0 is a constant such that
C™'L(B) < L(A) < CL(B)

forall A, B belonging to some collection C of measurable subsets of V. Then for
any A, B € C such that A, B € Dom(t),

C ey L(1(B)) < L(1(A) < Cci'L(z(B)).
Proof (a) For 2 € Dom(t), let w = S;,'(z) € V. Then

| det S, (w)|

p _ / —1 . =1y =
|detT(@)] = [det S (5, @] - [detl(S, ) @) = qrer

@ Springer
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Thus,

d d
/ R /
(—rj ) <ldett'(z)| < (—J )
RI/ ry

The result follows by integrating over A.
(b) Using part (a), the given hypotheses, and the BDP, we have

d d
L(z(A)) < (R—J) LA < (R—’) CL(B)

ry ry

d d
< (R_J) C (R_’) L(t(B)) < C3L(T(B)).

ry ry

The lower bound can be obtained similarly. O

3 The weak separation condition

In this section we first establish several equivalent conditions for the WSC and then
use them to study the properties of the attractor K. Let X be a compact subset of R?
and let S : X — R< be any injective C! conformal contraction that can be extended
to an open connected neighborhood V of X. Then there exists some constant ¢; > 0
such that for all x,y € V,

IS(@) — S| < caRslz —yl, (3.1

where Rg := sup,..y | det S (x)|V4 (see, e.g., the proof in [21]).

For any a > 0 and any bounded subsets D € X and U C RY, we let

Asup=1{SeAgu : S(IDYNU #9}, va,p =sup#A,u,p,
U

where |U| denotes the diameter of U. We denote by B, () the closed ball with radius
r and center x.

Proposition 3.1 Let {S,'}f.\’: | be an IFS of injective C U conformal contractions on a

compact subset X € R with X° # (. The following are equivalent:

(a) {Si}f\/:l satisfies the WSC;

(b) there exist a > 0 and a nonempty subset D C X such that y, p < 00;

(c) foranya > 0 and any nonempty subset D C X, y, p < 00;

(d) for any subset D C X, there exists y = y (D) (depending only on D) such that
foranyO <b <landx e X, #{Se€ Ap: x € S(D)} <.

Proof (a) = (b): It suffices to prove that there exists y’ € Nand D C X, with D° # ¢,
such that forany x € X and0 < b < 1,

#{SeA,: S(D)NBy(x) #0} <y’
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To obtain this inequality, let D be as in the definition of the WSC, let S € Aj; such
that S(D) N By (x) # @, and let 2’ € D such that S(z') € Bp(x). Then forany y € D,
by (3.1), we have

IS(y) — x| < |S(y) — SN +1S(@) — x| < (1 + 2| D).

Letn := (1+4c2|DJ|)b. We can rewrite the above as S(D) C By (x). By (a), each point
in X is covered by at most y of the S(D), where S € Ap. It follows that

D HL(S(D)) = S € Ay, S(D)N By(x) # 0} < yL(By()).
Making use of Lemma 2.1(a), we have
(br/e)?L(D) #{S € Ay : S(D) N By(z) # ¥} < yCb?
for some constant C > 0. The desired inequality follows.
(b) = (c): We prove the contrapositive. Assume (c) is false. Then there existag > 0

and a nonempty subset Dy C X such that y,, p, = 00. Hence there exists a sequence
{Un};2, of nonempty bounded subsets of R such that

#{S € Auyv,| - S(Do) N Uy # B} > n. (3.2)

To prove that (b) must fail, we fix an arbitrary @ > 0 and an arbitrary nonempty
subset D € X. We will show that y, p = oo. Let

o:=sup{lr—y|:x € Dy,y € D} < 0.
We first claim that for any S € Ay, and 8, := c2a00|U,|,
S(Do) NU, #0 = S(D) N (Uyn)s, # 9,

where (Uy,)s, = {7 € RY : dist(z, Uy,) < dn} is the closed §,-neighborhood of U,,.
To prove the claim, we let y € S(Dp) N U,. Then there exists x € Dy such that
y = S(x) € S(Dgy). Now let x € D and 3y := S(z) € S(D). Then

7=yl =18@) = S(@)| < c2Rs|T — x| < c2Rs0 < cra00|Uy| = 6.

(The first inequality follows from (3.1) and the third inequality is because S € Ag v, |)-
This proves the claim.

Note that (U,)s, is a set of diameter 25, + |U,| = (2c2ap0 + 1)|U,|. Let k be
the minimum number of sets of diameter ay/a required to cover any set of diameter
2cpap0 +-1. We can cover (U, )s, by no more than « sets of diameter (ag/a)|U,|. Notice
that Agy|v,| = Aalag/a)U, |- Hence, by (3.2) and the claim, there exists U € R? with
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|U¥| = (ap/a)|Uy| such that
#{S € Ayus : S(DYNUS #0) > g

Since « is independent of n, we conclude that y, p = oo.
(c)= (d): Let D € X. Then foranyx € X and0 < b < 1,

#{Se€Ay: xeSD)} <#{SeA:SD)NBypx) # W}

= #A1 Byy(x).0 < V1.p < 00.
Since (d) = (a) is trivial, the proof is complete. O

We remark that in [11], the original weak separation condition is defined pointwise:
there exist o € X and y € N such that for any J € X, any ball of radius b contains
at most y points of {S(S;(zg)) : S € Ap}. It is equivalent to Definition 1.1 if the
IFS mappings are contractive similitudes and the attractor does not lie in a hyperplane
(see [26]). For the conformal case, Definitionl.1 implies the pointwise definition. To
see this, we let xg € X and D := {S;(xg) : J € 24}. Then D C X is a nonempty
bounded subset, and for any J € X, and any ball B;, of radius b,

#({S(Ss(20)) : S € Ap} N By) <#{S € Ap : S(S;(x0)) N By, # ¥}
< #{S € Ay, S(D)N By (()}
=< Y1/2,p < 0.

which yields the pointwise statement. However, we do not know whether the converse
is true for conformal IFSs. We state this as an open question: For a conformal IFS whose
attractor does not lie in a hyperplane, does the pointwise weak separation condition,
stated above, imply the WSC in Definition 1.1?

Throughout the rest of this section we assume that {S;} lN: | is an injective conformal
IFS on X that has the BDP. It is known (see, for e.g., [21,22,24]) that there exists
some positive constant, which will also be denoted by c;, such that for all J € ¥, and
z,y € X,

¢; ' Rylz —yl < 1S7(x) = Sy ()] < 2Ryl —yl. (3.3)
Note that for I, J € X, we have
177 @)1l = 157 (S (@) SF (@)l = I1S7(Ss @)l - ISy @)
It follows that R;; < R;Rjy and rj; > ryry. In particular, for § = S; € Ay,
I = (i1,...,iy) € Ip, by the BDP, we have br < Rj .., ,ri, < C1Fijiy_Ti, <

ciry < ci1Ry, ie.,

b< LR forall S € A, (3.4)
r
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Let 7 be the projection of X to X defined by
n(l)= lim S;.. (x), I=C(1,i2,...). (3.5)
n—od

The above limit is independent of x € X.

Theorem 3.2 Let {S,-}INZ | be an IFS of injective conformal contractions on X that

has the BDP and satisfies the WSC. Let K be the associated attractor. Then a :=
dimgK = dimgK = dimp K and 0 < H*(K) < P*(K) < oc.
Proof To prove 0 < H*(K) < oo, we make use of [4, Theorems 2 and 4]. We first
prove H*(K) > 0. Note that for any £ C K, we have

Ec|J{S&K): SeAg. S(K)NE #0}.

By Proposition 3.1(c), we have #{S € Ajg| : S(K)NE # @} < y1,x < oo. For
each § € Ajg| with S(K) N E # @, consider the map S~!: S(K) — K. For any
x,y € S(K), let 2/, € K such that z = S(2/) and y = S(y'). By (3.3) and by
noting that S € Ag| implies that Ry < |E|, we have

lz —yl = |S@) = S| < c2Rsla’ —y/| < 2lE|- [S7 (@) — S ()] .

Hence [4, Theorem 2] implies that H*(K) > 0.

To prove dimp(K) = « and H*(K) < P*(K) < oo, let Bs(x), x € K, be a ball
such that K € Bs(x). Then there exists (i1, iz, ...) € X such that 7 (i1, iz, ...) = x.
There exists n € N such that

Siyin (K) € Bs(x) and ;.. (K) € Bs(x).
Hence there exists y € K such that
8 < |Siiin @) — | = [Sitecins @) = Siyeipy (T(iny ingts .. )|
< cRiy iy [y — 7, dngrs - )] < 2l KRy,

Making use of the BDP, we have

cl cl Cl
Riyciyoy = CFiyciy oy = iy ' = iy < 2 Rigy-

Combining the above estimations yields R;,...;, > r8/(c2c1|K]|). Consider the map
Y = Si.i, - K — Bs(x).Forany z1,x, € K, using (3.3), we have

_ ré
W (@) =Y @) =S iy (@1) = Siyoeiy (22)| = €5 Riyocy [21 — 22| = ———— |1 — 2.
cscr|K|
Now, [4, Theorem 4] and [5, Exercise 3.2] imply that dimg (K) = o and P*(K) < oo.
It is well known that H*(K) < P*(K). This completes the proof. O
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As an important consequence of Theorem 3.2, we obtain the following estimate for
#.A4 and a formula for the Hausdorff dimension of K.

Corollary 3.3 Let {Si},N | and a be as in Theorem 3.2. Then there exists a constant

c3 > 0 such that forany 0 < b < 1,
;' <#Ap < e3b7°. (3.6)

Consequently,

log#A,

o =dimg K = dimg K =dimp K = — lim
b—0t+ logh

Proof Note thatforany 0 < b < 1, K = [J{S(K) : S € Ap}. By Proposition 3.1(d),
each z € K is covered by at most y of the S(K) with S € A,. Hence

HU(K) < D HU(S(K)) < yH*(K). (3.7)
Se Ay

For each S € A, by making use of (3.3) and (3.4), we get
r o
HY(S(K)) = ¢; “RgH*(K) = (—) b*H*(K),
c1C2

and
H*(S(K)) < 5 RYHY(K) < 5" H* (K).

It follows by summing each inequality over S € A, and using (3.7) that

(L) bUH (K )#Ap < yHY(K),

c1cp
and
HY(K) < Sb*H* (K)#Ap.

Since 0 < H*(K) < 00, (3.6) and the dimension formula follows immediately. O

4 Absolute continuity of self-conformal measures

In this section we give a necessary and sufficient condition for the absolute continuity
(equivalently, singularity) of self-conformal measures by assuming the WSC and the
BDP.

Proposition 4.1 Suppose {Si},Nz | satisfies the WSC. Then for any finite subset A C
3, the family {Sy : J € A} also satisfies the WSC.
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Proof We will first prove the proposition for the family {S}», S1, S2, ..., Sny}. For
convenience, we write So = S12. For0 < b < 1 let I; and AZ be the analogs of 7

and Ay, respectively, that are defined with respect to the index set {0, 1, ..., N}.
Let I = (i1,....iy) € Z, and let S = S;. Then R; < b < R;,..;,_,. Note that
I = (ji,..., jm) € Ip for some m > n. If i, # 0, then it is clear that S € A; . If
in = 0, then
either Ry <b < Rj..i, ;1 orf Rj..i 1 <b<Rj.i

i.e., either S € Ay or S = SS, with S € A,. Thus
Ay € Ay [ J(AbS2).

Let D be given as in the definition of the WSC (Definition 1.1). It follows from above
and Proposition 3.1(d) that for any = € X,

#{SecA,: xeSD)} <#{SecAy: 2 SD)}+#{Se€Ay: z e SS(D)}
=y(D)+y (52D)).

Hence the proposition is true for A = {12, 1,2, ..., N}. By repeating this argument,
we see that it is also true for A = J;_,({I, ..., N} for all n > 1. The general
statement follows by observing the trivial fact that if an IFS satisfies the WSC, then
so does any of its subfamilies. O

We need to introduce more notations. For I € Z,,let[I] ={I' € . : S} = Sy}
and let C; be the cylinder set in ¥ with initial segment /. For A € X,, let Cp =
U{Cr : I € A}. Let P be the product probability measure on ¥ induced by the
probability weights { Pi},N: 1- For A C 3, we will use the abbreviated notation P (A)
to denote P(Cp). Recall that 7 is the projection of X to X defined by (3.5). Note that
7(Cy) = S;(K) forall I € £, and u = P7~!. Hence if § = S, then

w(SK) = P (x7'SK)) = PACy: Sy =Sh =D pr.
I'e[l]

We also recall that ps = > {p; : S = S, I € Z,}.

Lemma 4.2 Let {Si},N: | be an IFS of injective C ! conformal contractions on a com-
pact subset X C R? and assume that it has the BDP and satisfies the WSC. Let { p;} lN: h
be the associated probability weights, and let K be the attractor with dimy(K) = «.
ForO <b <1land A C Iy, let

A=]IeA: Z pr > ——ru,
I'elIINA 3

where c3 is as in Corollary 3.3. Then P(A) > % implies that P(]\) > 4—11.

@ Springer



338 K.-S. Lau et al.

Proof By Corollary 3.3, we have #A4;, < c3b™“. It follows that

4;|~

b%
P(ANA) =D {pr: TeM\AY=D>"D{pp: ' € 11N (A\A)} <#A - P
[1]

and P(A) = P(A) — P(A\A) > 1/2 —1/4 = 1/4. o
We now prove Theorems 1.2 and 1.3.

Theorem 4.3 Assume the same hypotheses as in Lemma 4.2. Then a self-conformal
measure [ is singular with respect to H* |k if and only if there exist 0 < b < 1 and
S € Ay such that ps > RS.

Proof To prove the necessity, we suppose that w is singular with respect to H* |k .
Then there exists Ko € K such that ©(Kg) = 1 but H*(Ko) = 0. Thus for any
& > 0, there exists a §-cover {U;} of K¢ such that >_, |U;|* < e. Let b; = |U;|. Then
U; C By, (z;) =: B;, where z; is any fixed element in U;. Note that

w(B) =D {pswo ST B : S e Ay, SK) N By # 1)
<> {ps: Se Ay, S(K)NB; #0}.

If the necessity is not true, then ps < RY < b* forall § € Apandall0 < b < 1.
Hence the above inequality and Proposition 3.1(c) imply that 14(B;) < y1/2,x by and
thus

I = u(Ko) < ZM(Bi) <Y2.K be‘ < EY1/2.K-

i i

This is a contradiction because ¢ > 0 is arbitrary.
The proof of the sufficiency follows by using Lemma 4.2 and modifying the tech-
nique in the proof of [13, Theorem 3.1] and [15, Theorem 1.1]; we omit the details.
O

Theorem 4.4 Let {Si},N: | be as in Theorem 4.3. If the self-conformal measure p is
absolutely continuous with respect to H| g, then the Radon-Nikodym derivative of |
is bounded.

Proof Let v = H*|k and let f be the Radon-Nikodym derivative of v with respect

to v. Suppose f is unbounded. Then a density theorem [16, Sect. 2.14] implies that
for any M, § > 0, there exist z € K and b > 0 such that

1
v({te K : f(t) > M} N Bps(x)) > EU(Bba(ﬂf)).
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Hence

u (Bps(x)) = / f@dv(r)
Bps ()

> Mv{teK: f(t) >M}N Bps(x))

1
> EMU (Bps(2)) .

Let § = ¢3| K| in the above inequality (where ¢ is as in (3.3)). Note that z € K =
U{S(K) : S € Ap}, and hence there exists S € Ap such that 2 € S(K). Making
use of (3.3), we have |S(K)| < coRs|K| < b§, which implies that S(K) € Bps(x).
(3.3) and (3.4) also imply that

v (S(K)) = ¢;“REV(K) > c5° (f) W(K) = (L) bUv(K).
cl c1c
Hence
1t (Bys (2)) > %Mv (S(K)) = %M (L) b*v(K). @.1)
c1C2
On the other hand,

1 Bos(@) = D" {psio ST (Bos(@)) 1 S € Ay, S(K) N Bs(@) # 0]
<D {ps: S €Ay, S(K)N Bys(x) # 0} .

By Proposition 3.1(c), there are at most y1(25),x terms in the last summation. We
choose M such that (r/cic2)*Mv(K)/2 > yi1/0s),k- Then (4.1) and the above
inequality imply that there exists S € Ap such that pg > b* > RS. It follows
from Theorem 1.2 that p is singular with respect to v, a contradiction. O

5 The finite type condition

In this section we generalize the finite type condition in [12] and use it to study con-
formal IFSs with the BDP and investigate its relationship with the weak separation
condition. Since contractivity is not required, we will formulate the finite type con-
dition for IFSs of injections. The setup is the same as for similitudes (see [12]); we
summarize it here and refer the reader to [12] for details.

The definition of the finite type condition consists of two parts. The first part is the
definition of a sequence of nested index sets (Definition 5.1), which generalizes the
notion of “level of iteration". It is defined in [12]; we include it here for completeness.
The second part is the concept of neighborhood types (Definition 5.2), which is slightly
modified from that for IFSs of contractive similitudes. The finite type condition is
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formulated to generalize the open set condition to compute the Hausdorff dimension
of self-similar sets defined by certain IFSs with overlaps.

Fix an IFS {S; }lN: | of injections (not assuming the C ! property) on a subset X C R?
(not necessarily compact). Recall the partial order < on X, defined for I, J € X, by
I < Jif I is an initial segment of J or I = J. We denote by I & J if I < J does not
hold. Consider a sequence of index sets {M}72,, where for all k > 0, M is a finite
subset of X,. Let

my = m,(My):=min{|/| : I € My} and my = mp(My) = max{|/]|: [ € Mi}.

Definition 5.1 We say that {M;};2, is a sequence of nested index sets if it satisfies
the following conditions:

(1) both {m;} and {m;} are nondecreasing, and limy_, oo 11y, = limy_, oo 7} = 00;

(2) foreach k > 0, My is an antichain in X;

(3) foreach J € X, with |J| > my, there exists I € My suchthat I < J;

(4) foreach J e X, with |J| < my,, there exists [ € M such that J < [I;

(5) there exists a positive integer L, independent of &, such that for all / € My and
J € Myqg with I < J,wehave |J| —|I| < L.

(We allow My N M4 £ @.)

Condition (2) means that the indices in My are incomparable, and (3) means that
My covers X. We also remark that (4) actually follows from (3).

Clearly, by letting Mj = X for all kK > 0, we obtain an example of a sequence of
nested index sets.

To define neighborhood types, we fix a sequence of nested index sets { My},
For each integer k > 0, let V; be the set of kth level vertices (with respect to {My})
defined as

Vo :={(,0)} and Vi :={(S;,k): 1 € My} forallk > 1.

We call (1, 0) the root vertex and denote it by v, Let V := Uk>0 Vi be the set of
all vertices. For v = (S7, k) € V., we use the convenient notation S, := Sj.

Assume that there exists a nonempty open set 2 € X which is invariant under
{Si}zNzl’ ie., UlNzl S;(€2) € . Such an 2 exists if the S; are contractions on R?. Two
kth level vertices v, v’ € V (allowing v = v’) are said to be neighbors (with respect
to Q and {My}) if §,(2) N Sy (2) # @. The set of vertices

Q) :={v' : v € V is a neighbor of v}

is called the neighborhood of v (with respect to €2 and { M }). Note that v € Q2 (v) by
definition. Recall that F := {S;S; ' : I, J € B}
We define an equivalence relation on V.

Definition 5.2 Under the above assumptions, two vertices v € Vi and v/ € Vs are
equivalent, denoted by v ~q v’ (or simply v ~ v) if, for T := S,,/Sv_l(e F)
UueQ(v) Su(X) — X, the following conditions hold:
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(1) {Sw:u' €Q®)} = {zSu:u e Qv)}; in particular, TS, is defined for all
u e Q(v).

(2) Foru € Q(v) and u’ € Q(v') such that S,; = tS,, and for any positive integer
£ > 1,anindex I € X, satisfies (S, S7, k + £) € Vi if and only if it satisfies
(SwS1, k' +£) € Viryy.

It can be verified directly that ~ is an equivalence relation. We denote the equiv-
alence class containing v by [v] and call it the neighborhood type of v (with respect
to €2 and { M}). Condition (2) is essential in establishing the important property that
equivalent vertices generate the same number of offspring of each neighborhood type
(see Proposition 5.3).

Definition 5.3 Let {Si}lN= | be an IFS of injections on a subset X C RY. We say that
{S; }lN: | is of finite type (or that it satisfies the finite type condition) if there exists a
sequence of nested index sets { M }72 , and a nonempty invariant open set 2 € X such
that, with respect to €2 and { My}, the set of equivalence classes V/~ := {[v] : v € V}
is finite. We call such an €2 a finite type condition set (or FTC set).

Remark 5.1 Suppose {S; }zN= | satisfies the OSC, i.e., there exists a nonempty bounded
open set 2 C R4 such that U,N=1 Si(2) € Qand S;(2) NS;(R2) =P foralli # j.
Let My = X for all k > 0. Then V/~ consists of just one element. In fact, for each
vertex v, 2(v) = {v} and thus each vertex is equivalent to the root vertex vyoor. Hence
{Si}lN:1 is of finite type.

Remark 5.2 We remark that the generalized finite type condition for IFSs of simili-
tudes defined in [12], and extended above, is essentially equivalent to the general finite
type condition defined by Jin and Yau [10] using the notions of sections, flags, and
recurrentable flags. Each section is equal to some My, in Definition 5.1. A recurrentable
flag corresponds to a nested index set that satisfies the conditions in Definition 5.2.

Let { Si}lN: | be an IFS of injections on X as defined above, 2 C X be an invariant
open set, {M}72, be a fixed sequence of nested index sets, and ~ be the equivalence
relation on the set of vertices as defined above. We need two infinite graphs G and Gg.
The graph G has vertex set }V and directed edges defined as follows. Let v € Vi and
u € Vi41. Suppose there exists I € My, J € My and L € X, such that

v=(S;,k), u=(S;,k+1), and J=(,L).

Then we connect a directed edge L : v — u. We call v a parent of u and u an offspring
of v. We write G = (V, £) where £ is the set of all directed edges defined above.
The reduced graph G, is constructed from G = (V, £) as follows. We first remove
all but the smallest (in the lexicographic order) directed edges going to a vertex, and
denote the resulting graph by Gp. It is possible that a vertex in V does not have
any offspring in G (an example is given in [12]). To finish the construction, we
remove all vertices that do not have any offspring in Gg/, together with all vertices
and edges leading only to them. The resulting graph is the reduced graph, denoted
by Gr = (Vr, Er), where Vg is the set of all vertices and g is the set of all edges.
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We will illustrate the construction of the reduced graph in Example 6.2; other examples
can be found in [12] and [20].

Proposition 5.3 Let v and v' be two vertices in V with offspring uy, ..., u, and
uy, ..., u,in Gg, respectively. Suppose [v] = [v']. Then
{lwil:1<i<m}={luj]:1<i=<¢t} (.1

counting multiplicity. In particular, m = £.

The proof of this proposition is the same as that of [12, Proposition 2.4]; we omit
the details.

We remark that the definition of the finite type condition and the properties proved
above only require that the S; are injective. For the rest of this section we assume that
{S; }zNzl is conformal.

Lemma 5.4 Let {Si},N: | be an IFS of injective C ! conformal contractions on a com-
pact subset X C R? as defined in Definition 1.2. Assume that {Si},].\’: | has the BDP
and is of finite type with respect to some 2 C X. Then there exists a constant ¢4 > 0
such that for any two neighboring vertices uy, ua, we have

L L(Su (@)
4= LGn@) -

Proof Fix a neighborhood type 7 and a vertex v such that [v] = 7. Let
Q) ={vg=v,v,...,0,).

Then there exists a constant C > 0, depending only on vg, v1, ..., v, and 2, such
that

CT L(S0y () < LSy, () < CL(Syy(R)), i=0,1,....m. (5.2)
Now letv ~q v/, T = S,,/Sv_1 € F, and
Q) ={vy=2,v],...,v,}
Then, upon rearranging the v; if necessary, we can assume that
S”f =18, i=01,...,m.
Note that condition (1) in Definition 5.2 implies that Sy, (©2) € Dom(z) for all i =
0,1, ..., m. Hence, using (5.2) and substituting Sy, (2) = A, $y,(2) = Band 7 =

S,,/S,,_l in Lemma 2.3(b), we have, foralli € {0, 1, ..., m},

LSy (R) = L(TSy,(R) < CeiL(TSyy(R) = Ccl' LS, (). (5.3)
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Similarly,
L(Sy () = LTSy, (R) = C et LTSy () = € e LSy (). (5.4)

Combining (5.3) and (5.4) yields the conclusion of the lemma for any two
neighboring vertices u, up with one of them being of type 7. Since there are only
finitely many distinct neighborhood types, the result follows. O

We now prove Theorem 1.4.

Theorem 5.5 Let {Si},].\’: | be an IFS of injective C U conformal contractions on a
compact subset X € R? and assume that it has the BDP. Then the finite type condition
implies the weak separation condition.

Proof Assume that {S;} | is a finite type conformal IFS on X and let {M;}2°,, and
2 be as in the definition of the finite type condition. We will show that there exists an
integer y > O such that forall0 <b <l and z € X,

#HSeAd:xe S} <y.

Let S = {S € Ap : x € S(Q)}. List all elements of S as Sy, ..., Sy, . (The choice
of I; does not affect the following proof.) For each j € {1, ..., m},let[; = (fj, ]}),
where | j € My, is the longest initial segment of /; that belongs to some M. We
assume without loss of generality that

ki =min{k; : 1 < j<m})=k and I € M.

For each j € {1,...,m}, let I]f be the initial segment of /; such that Ij’» e My. In
particular, I{ = il. Since z € S(R) forall S € S, it follows that

V2 = (SIZ/’ k)’ e U = (S]r/n’ k)’
not necessarily distinct, are neighbors of v; = (S 10 k). The finite type condition
implies that the number of vertices in each neighborhood is uniformly bounded by
some constant M independent of z, b, and the choice of /;. That is,
#vg, ..., <M.
By Lemma 5.4, for j =2,...,m,

I CHC
“S L)

while from Lemma 2.1(b) we get

L(S1;(2))
d Jj d
(r/c)® < —E(SI, @) < (c1/r)°.
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Combining these inequalities gives

L(S1;(R2) LSy ()
-1 d J . 1 d
¢y (rfe)” = 265, @) L0, @) < calcr/r)". (5.5)

For j € {1, ..., m}, we can write uniquely /; = Ij’. J;j. By putting SI_1 = Sl_,l equal
to the identity and S; = S, = S in Lemma 2.3(a), and then using the BDP, we have
J

Lesy@) LS, @) RpLSL@) s, )

= 5.6
LSy Q) LSy () = rd £() =T (5-6)

Since each S; is contractive, i.e., there exists some 0 < p < 1 such that for all
ie{l,...,N}and xz,y € X, |Si(x) — S; (y)| < plx — yl, it follows that

L(S7;(@) < pMM L(). 5.7
Combining (5.5), (5.6) and (5.7) yields

‘C(Sll (£2))

U < (e Vild " forall j=1,...,m. (5.8)
L(S;(2) ’

/1) eap

A similar argument as that in (5.6) shows that

LK@ | LR _ 4y
Ly~ L S

> cfdrljlld. 5.9)

Recall that 7 is the longest initial segment of /; = I J; that belongs to some M. In
view of Definition 5.1(3), there exists some J{ € Xy suchthat I J{ = I{J1J{ € M1,
and condition (5) of the same definition says |Ji| < [Ji| + |J{| < L. It follows by
combining this with (5.8) and (5.9) that there exists some constant ¢ > 0 (which can
be taken to be, say, rL“/(cJ‘/dc%)) such that

c<plil forallj=1,...,m.
If welet € := |log E/ log p| + 1, then |J;| < £ (where | x] is the integer part of x). It
follows that

#{Se Ay :zeS(Q)) < MNE,

which completes the proof of the theorem. O
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6 Examples

In this section, we first illustrate the main results in this paper by an example. Then
we provide a family of examples with similar properties.
Consider the following IFS on [0, 1]:

S A IS DN L RS S BN 1
=5 = 3et T3t T3y B =508 TH8 T s

6.1)

We first observe that S;(0, 1) N S2(0, 1) # ¥ and S>(1) = S3(0) so that the attractor
is [0, 1] and the IFS does not satisfy the OSC. Note also the crucial property that
S13 = S>1. We establish other properties of the IFS below.

Lemma 6.1 {S; }1.3:] defined in (6.1) is an IFS of C' injective conformal contractions
on [0, 1] that has the BDP.

Proof First it is direct to check that S> and S5 are increasing on some neighborhood
of [0, 1], and they are contractive on this neighborhood. {S,-}l-3: | also has the BDP,
because each S; is a C*° function (see, e.g., [17, Remark 2.3]). This completes the
proof. O

Example 6.2 The IFS {S,'}f’:l in (6.1) is of finite type.

Proof By Lemma 6.1, the S; are injections on [0, 1]. Let 2 = (0, 1), My = % for
all k > 0, and 7y = [Vroot]- Vroot has three offspring v; = (S;, 1),i = 1,2,3. [v3] =
[Vroot] = 7o Let [v;] = 7;,i = 1, 2. Upon one more iteration, we see that no new
neighborhood types are generated. In fact, since S13 = S>; and S$2(2) N S3(R2) = 0,
v has two offspring of neighborhood type 7; and one of neighborhood type 7, and
v has three offspring of distinct neighborhood types 7;,i = 0, 1, 2 (see Fig. 1). Thus

by Proposition 5.3, V/~ = {7y, 71, T2}. O
T
k=0 o°
0 1
T
k=1 e &0
T °
T,
k=21 e ——H0 o— i offspring of v,
G . ]
P e ————
I o I

offspring of v,

Fig. 1 Vertices in Vj for k = 0, 1, 2 in Example 6.3

@ Springer



346 K.-S. Lau et al.

Figure 1 shows how all the neighborhood types are generated. Overlapping vertices
are separated vertically to show distinction and multiplicity. Iterates of the point O under
the maps are represented by dots (or circles). For k = 2, only offspring of v; = (51, 1)
and vy = (52, 1) are shown, and the one indicated by a circle is to be removed when
constructing Gg.

We illustrate Theorem 1.2 by using the above example.

Example 6.3 Consider the IFS {S; }?:1 in(6.1). Let {p; }?zl be any associated probabil-
ity weights. Then the corresponding self-conformal measure is singular (with respect
to the Lebesgue measure on R).

Proof 1t is direct to check that the self-conformal set is K = [0, 1]. By Example 6.2,
{S,~}l.3:1 is of finite type and thus by Theorem 1.4, it satisfies the WSC. Note that for
each € > 0 sufficiently small, each S; can be extended to a C! injective conformal
mapping on the interval Ve = (—e€, 1 + €). Moreover, with respect to V., we have

1 13 € 11 €
Ra=7 Re=pty Ra=ptie
Let b = 1. Then Sy, $2, 83 € Ap. If p1 > 1/2 = Ryg,, then the singularity of u
follows from Theorem 1.2. Similarly, if p; < 1 — Ry, — Rg; = 1/4 — 3¢/16, then at
least one of the inequalities p» > Rg, or p3 > Rg, must hold, and again u is singular.
Now consider the case p; € [1/4 — 3¢/16, 1/2]. Note that S13 = S»1 =: S and
Rg = 11/64 + €/32. Thus, for all € > 0 sufficiently small,

N 0 . 3 3¢ 3e\? R
= = — —_—— — — — > .
ps pP1p3 pP2p1 P1 pP1) = 16 32 16 S

Hence u is also singular in this case. O
The IFS in (6.1) can be generalized as follows.

Example 6.4 Let0 < a < 1 and define
Si(z) =ax, S»(x) =ba’+cx+ad, S3(x)=abx’®+cr+d. (6.2)

Assume either of the following conditions holds:

(Cl) ab4+c+d =1, b+ c+ ad < d and either
(@ b>0,¢>0,2b+c<1lor
b)) b<0,2b4+c¢c>0,2ab+c < 1.
C2)y d=1,ab+c+1>a, b+ c+a > 0 and either
@ b=>0,2b+c<0, 2ab+c > —1or
(b) b<0,c<0,2b+c>—1.

(Note that for each case the set of parameters is nonempty.) Then {S; }1.3= | 1s a finite
type conformal IFS on [0, 1] that has the BDP and hence it satisfies the WSC.
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To understand the family, we note that S;3 = S>; and therefore the OSC is not
satisfied. Both conditions (C1) and (C2) imply that the convex hull of the self-
conformal set K is the interval [0, 1], $1[0, 1]NS2[0, 1] # @, and S>(0, 1)NS3(0, 1) =
(. Conditions (a) and (b) in (C1) guarantee that both S, and S3 are increasing and have
derivatives bounded between 0 and 1 on some neighborhood of [0, 1], while conditions
(a) and (b) in (C2) guarantee that both S> and S3 are decreasing and have derivatives
bounded between —1 and 0 on some neighborhood of [0, 1]. We also remark that
under either condition (C1) or (C2), three of the parameters a, b, c, d are free, and the
special case for b = 0 (self-similar) is studied in detail in [15].

Example 6.4 can be proved by modifying the arguments in Lemma 6.1 and Exam-
ple 6.2 slightly.

By extending the argument in Example 6.3 and using Theorem 1.2, we can show
that for values of the parameters belonging to a quite large region that satisfies either
of the conditions (C1) or (C2) in Example 6.4, all associated self-conformal measures
are singular. However, we do not know whether singularity holds for all associated
self-conformal measures for all possible parameter values satisfying condition (C1)
or (C2). Nevertheless, we show in the next section that if we allow the probability
weights to be place-dependent, then absolutely continuous self-conformal measures
can be constructed. The method illustrated in Example 6.3 may fail for some of the
IFSs in (6.2); a simple example of such an IFS is given by the parameter values
a=1/2,b=1/4,c=1/8,d =3/4.

7 Absolutely continuous measures
We will show that if the probability weights are allowed to be place-dependent, then
the corresponding self-conformal measure can be absolutely continuous, and can even
have a continuous density function. The following family of examples are modified
from those in [2] and [25].

Then S be C! on an open interval containing [0, 1] and assume that S satisfies

S(0) = 0, S(1>=%, S'0) = §'(1). and -

0<C; <S(@x)<Cr<1 on]0,1],

where Cy, C are constants. S(x) = x/2 and S(x) = (=223 4+ 322 + 2x)/6 are
examples of such a function. Define Sy : R — R by extending S as follows

So(x) =S —k)+k/2, ifxelk,k+1)andk € Z.
Equivalently,
So(z) = Sz — |z]) + [=]/2. (1.2)
(Recall that || is the integer part of z.) It follows from (7.1) that Sy is C! on R.
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Now fix a positive integer N > 2 and define mappings S; : R - R,i =1,..., N,
by

Si(x) = So(x) +i/2, xeR. (7.3)
The following identities are useful and can be derived directly from (7.2):

Si(z +k) = Si(x) +k/2 and S7'(z+k/2) =S (@) +k,
i=0,1,...,N, ke Z. (7.4)

By combining (7.3) and (7.4) we also have
Sy =Sy @ —i/2) =85 (@) —i, zeR (7.5)

Note that {S,-}tN: o 1s a conformal IFS on [0, N].

ol

Proposition 7.1 {S;};, is a finite type conformal IFS on [0, N].

Proof We first illustrate the proof by using the case N = 2. Let 2 = (0, 2) and let
Ty, 71, T2, T3 denote the neighborhood types of (7, 0), (So, 1), (S1, 1), and (83, 1),
respectively. The following observations can be proved easily:

(@) So0S2=S1S0 and 815 = $25.
® O SoS0(2) = S05200)(= $150(0)) = 1/2.
(i)  S082(2)(= $150(2) = §152(0)(= $25(0)) = 1.
(i)  §1522)(= $25(2)) = 5252(0) = 3/2.
iv)  SoS1(2) = $151(0) = So(1/2) +1/2.
(V) 85181(2) = $281(0) = So(1/2) + L.

It follows from these observations that
[(SoSo. D1 ="T1, [(SoS1. D1 =[(S181, D] =[(52851. D] =T2,  [($282,2)]="T5.
It remains to show that
[(S150, 2] = [(5182, )] = T>.

Lett = 5 S()Sf]. Then tS; = §189. To show that [(S1So, 2)] = [(S1, 1)], it suffices
to show that

S = SpS; and 18 = S19;.

We will prove the first equality; the second one can be established similarly. Note that
forall z € R,
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TSo(x) = So$257 'So(x)  (by (a)
= 508528y (So(x) —1/2)  (by (7.5))
= S0(S0Sy " (So(@) = 1/2)+ 1) (by (7.3))
= So(So(x) + 1/2)
= SoSi ().

The proof for [(S] 52, 2)] is the same. This completes the proof that {S; }1.2:0 is of finite

type.

For N > 2, welet Q2 = (0, N) and let 7; ; denote the neighborhood type of a vertex
with 7 left neighbors and j right neighbors, in the reduced graph. Thus, 7 ¢ denotes
the neighborhood type of the root vertex. Upon one iteration, the following N + 1 new
neighborhood types are generated:

To,N—1, Ti,n—1, In-1,1, TN—1,0, and {Z‘Nfi}l(v:_22~
Upon one more iteration, the following 2N — 5 new neighborhood types are generated:
{Tin-1}'5' and {TN—I,N—i}lNz_zz-

No more new neighborhood types are generated upon another iteration. Thus, the total
number of neighborhood types is 3N — 3. We leave the details for the reader. O

To study self-conformal measures associated to the IFS {Si}lj.\’: o» We let {p; (x)}lN: 0
be strictly positive weight functions so that each p; is continuous and log p; satisfies
the Dini condition. It is known [6] that under these assumptions, there exists a unique
probability measure p satisfying

N
pu= > piuoS ", (7.6)

i=0

where p > 1 is the spectral radius of the Ruelle operator 7 : C[0, N] — CI[0, N]
(the space of continuous functions on [0, N]) defined by

N
Tf(x)= z pi(Si(2)) f(Si(x)).
i=0
We assume that
N
=0

1

N
/Pi (r)du(r) =1 (1.7)
0
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so that p = 1 and (7.6) becomes

N
w=2 pimos . (7.8)
i=0
which means
N
w(A) = Z / pidu,
i=0Si,1(A)

for any n measurable set A, and for any integrable f,

N
/fdu =2 / (f o S pidu.
4 i=0si,](A)

As in [25], we can express the measure u in a vector form. To see this, note that
for any Borel subset D C Randi = 1,..., N, we can use (7.4) and (7.5) repeatedly

to write

min{2i—1,N}

pwDNO A +i=D= > (S (D)N0, 1+ =1
j=max{2i—-N—1,1}

min{2i, N}
+ D> puSTHDINI0 1]+ — 1),
j=max{2i—N,1}

Define N x N matrices Py = Py(x) and P; = P;(x) by

(Po)ij = p2i—j—1, (PDij = p2i—j, 1=<1i,j<N.

Equivalently,
(%0 0 0 O ... 0 0O
p2 pt pp 0 ... O 0
Po=| . . .
L0 0 0 0 PN PN-1
(p1 po O 0O ... 0 O
p3 p2 pt po ... 0 0
Py = S
0 0 0 0 0 pn
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Then
w(D N[0, 17) 1(Sy (D) N[0, 11y
w(DNI0, 1]+ 1) 1w(Sy (D) N[0, 17+ 1)
w(DN[0, 11+ N —1) w(Sy ' (D)N0, 11+ N — 1)

(S Dy N o, 11)

u(Sy (D) N0, 11+ 1)
+P

WS (D)N[0, 11+ N — 1)

We will show that if the weight functions { Pi},N: | are suitably chosen, then the
corresponding self-conformal measure p is absolutely continuous and may even have
a continuous density function f. We start by considering the dilation equation corre-
sponding to (7.8):

N
F@ =S @pi(S @) £ (S @) (7.9)

i=0

Note that p is absolutely continuous if and only if there exists an L'-solution f to
(7.9) and in this case, du/dx = f.
Define the linear operator L on the space of functions g on [0, N] as

N
Lg(@) = D (7" @) pi(S; " (@))g(S]" ().
i=0

We can also write (7.9) in a vector form, in a similar fashion as for the corresponding
measure. Define

g(x) Lg(x)
gx+1) Lg(x+1)
g(r) = . and Lg(x) = . , xe€l0,1].
gl@+N-—-1) Lg(x+ N —1)
Let Ty = To(x) and T; = Ty (x) be N x N matrices defined as
pri—j—1(x+j—1) pi—jle+j—1) .
(To(x))ij = < —, (Ti@)i = o——"——=, 1<i,j<N.
Szl._j_l(x +j—-1 Szl._j(x +j-1
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Then it can be derived as above that

To(Sy ' (2)g(Sy ' (), if0<z<1/2

Lg(x) = [ . . .
Ti (S, (©)g(S; (v), ifl/2<xz<1.
Define

0, if0<zx<1/2

Sy @), ifo<a<1/2
or =
1, ifl2<z<l.

and d(x) =
S;h@), if1/2<z<1
Then

To(ocx)g(ox), if0<zx<1/2

L =
8() [ Ti(ocx)glox), ifl/2<xz<]1,

and forall k > 1,

Lg(2) = Tu() (02) Ta(oa) (072) - -+ Tygi1 ) (0F 2)g(0F D). (7.10)

To obtain examples of L! and continuous solutions f to the dilation equation (7.9),
we choose each weight function p;,i =0, 1, ..., N, to be proportional to Slf ,1.e.,

pi(x) =ciSj(x), =eR, (7.11)
for some constant c¢;. In this case, (7.9) becomes
N
f@) =D cfS @), (7.12)
i=0

and Ty and T; reduce to constant matrices:

[co O 0 O ... O 0
¢ ¢ ¢ 0 ... O 0
To=| . ) . R
_() 0 0 0o ... CN CN-—1
[¢c1 c0o O O ... 0 O
c3 ¢ ¢ ¢ ... 0 0
T =
|0 0 0 0 ... 0 cy

Let M be the (N — 1) x (N — 1) matrix obtained by deleting the first row and first
column of Ty, or equivalently, the last row and last column of 7.
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Suppose now that 1 is an eigenvalue of M with an associated eigenvector a =
(ay,...,an—1) that can be normalized so that ZINZ _11 a; = 1 (a sufficient condition
for this is given in the theorem below). Let

ai, i=1,...,N—1
OES

0, i<Oori>N.

Let fo(z) be the function which is linear on every interval [i,i + 1] and satisfies
fo(i) = f(@) for all i, and let

fi(@) = LF fo(x), Kk eN. (7.13)

Let ag = ay = 0 and define

ao(l — ) + a1z Sie(x)
ar(l1 —x) + azx fr(x+1)
Vo = ) and vi(z) = ) , k>1
ay—1(1 —x)+anz Jie(x + N —1)

(7.14)

Then v (z) = Lfvo ().
The following theorem can be easily proved by modifying [2, Theorem 2.5]; we
omit the details.

Theorem 7.2 Let {S; }IN o be defined as in (7.2) and (7.3). Assume that

D= =1 (7.15)

Let E1 be the (N — 1)-dimensional subspace orthogonal to ey = (1,...,1), the
left eigenvector of Ty and T for the eigenvalue 1. Assume that there exist . < 1 and
C > 0 such that for allm € N,

max{||Ty, - Ty, g, | :dj =0o0rl, j=1,...,m} < CA". (7.16)
Then the following hold:
(a) 1 is a simple eigenvalue of M and there exists an associated eigenvector a =
(ai, ...,an—1) that can be normalized so that ZlN:_ll a; = L.
(b) The functions vi(x) defined in (7.14) satisfy e - vi(x) = 1 for all k € N and all
x € [0, 1].

(¢c) The corresponding functions fi in (7.13) converge uniformly to a continuous
function f and

1fe = flloo < C27HIA/I2,

Moreover; f is an L'-solution of (7.9) and satisfies fON f(x)dx =1.
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It is shown in [2] that the condition in (7.16) can be expressed in more convenient
forms. For m € N, define

Am = max{|| Ty, - Ty |g, 1™ cdj =0o0r 1, j=1,...,m}.
Also, given two matrices Ag, A1, define the joint spectral radius of Ay, A1 by

p(Ag, A1) = limsupmax({||Ag, - - Ag, II''™ :d;j =0or1, j=1,...,m}.

m—0oQ

Under the assumptions of Theorem 7.2, it follows from [2] that each of the following
conditions is equivalent to (7.16):

An < 1forsomem e N (7.17)
or
Ap(Tole,, TlE) < 1. (7.18)

There are many known examples of positive constants {c,-}lN: o that satisfy these con-
ditions (see, e.g., [1]). They provide us with examples of continuous solutions to (7.9)
and thus absolutely continuous self-conformal measures defined by (7.8).

Finally, we remark that if (7.15) and (7.16) are satisfied so that a continuous scaling
function f exists, then for p; (x) satisfying (7.11), the corresponding self-conformal
measure satisfies (7.7) automatically. In fact, by Theorem 7.2(c) and (7.12),

N N N
1=/f(x)dx=2c,-/f(5;‘(:c))dx
0 0

i=0
N N N N
=Zcz-/f(:v)5{(x)dx=Z/pi(:v)du(x).
=

i i=0 0
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