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ABSTRACT.  In the recent characterizations of the Lp solution of the refinement equation in terms of the
“p-norm joint spectral radius,” there are problems in choosing the initial function for iteration [3, 23], or in
addition, requiring stability of the refinable function [13, 17]. In this article we overcome these difficulties and
give a more complete characterization of this nature. The criterion is constructive and can be implemented. It
canbe used to describe the regularity of the solution without assuming stability. This has significant advantages
over the previous work. The corresponding results for vector refinement equations are also discussed.

1. Introduction

A refinement equation is a functional equation of the form

p)=3 a@¢@2x—a), (1.1

where a is a finitely supported sequence on Z, called the refinement mask. The study of refinement
equations plays an important role in wavelet analysis.

Throughout this article we assume that ), .7 a(a) = 2. Under this condition, it is well known
(see [1] and [4]) that the refinement equation (1.1) has a unique compactly supported distributional
solution ¢ subject to qS(O) = 1, where 43 denotes the Fourier transform of ¢. This solution is called
the normalized solution of (1.1).

The question of existence of continuous solutions and L , solutions (1 < p < 00) of refinement
equations has attracted much attention from mathematicians in approximation theory and wavelet
analysis. Micchelli and Prautzsch [24] first provided necessary and sufficient conditions for the
existence of continuous solutions of refinement equations. In [4], Daubechies and Lagarias used
the joint spectral radius of two matrices in their study of refinement equations. Colella and Heil [3)
characterized the existence of continuous solutions in terms of the joint spectral radius of two matrices
associated with the mask.
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In [23], Lau and Wang gave a characterization of the existence of compactly supported L,
solutions (1 < p < oc) of refinement equations. Suppose the mask a is supported on [0, N}, where
N is a positive integer. Let Ag and A; be the matrices given by

Ag:=(aQi — P)og; jay—1 2d A= (aQi—j+D)og oy -
FOrJ — (jl, ...‘}'k),whereji =Oo]' l,i = 1,2,...,k,wed€ﬁn€
AJ :=Ajl A]k “

The length of J is denoted by |J|. The result of Lau and Wang [23, Theorem 1.3] can be stated as
follows: The refinement equation (1.1) has anonzero compactly supported L 5-solution(1 < p < 00)
if and only if there exists a 2-eigenvector v of (Ag + A1) such that

1
5 2 l4s (Ao —DvlP >0 as I —> oo, (12)
1=l

It is possible that 2 is a multiple eigenvalue of Ag + A;. The following is such an example.
Let a be the mask given by its symbol

az) = Zjeza(j)zj =1-z4+22+2-2"+2.

In this case, N = 5 and

01 00O
2 0010
Ag+A;=10 0 2 0 O
01 002
0 0010

Clearly, 2 is a double eigenvalue of Ag + A;. The corresponding eigenspace has dimension 2 and a
basis consisting of (0,0, 1,0,0)7 and (1,2, 0, 2, 1)T. A 2-eigenvector v of (Ag + A1) has the form

v =Av; + vz,

where A, u € C. In this case, it is impossible to check (1.2) for all 2-eigenvectors of (Ag + A1).
Therefore, the above theorem is not applicable to this example. The same phenomenon occurs in the
work of Micchelli and Prautzsch [24]. This difficulty was also recognized by Colella and Heil [3].

The purpose of this article is to give a complete characterization for the refinement equa-
tion (1.1) to have nontrivial continuous solutions or L, solutions (1 < p < 00) strictly in terms
of the mask. It solves the problem mentioned in the preceding paragraph. We will also provide a
complete characterization for the regularity of the solutions in terms of the mask. All our results are
obtained without any assumption on the stability of ¢.

The main tool in our study is the joint spectral radius of a finite collection of matrices. The
uniform joint spectral radius was introduced by Rota and Strang in [25]. The mean spectral radius
was introduced by Wang [29] in his study of L refinable functions. The concept of the p-norm
joint spectral radius was defined by Jia in [13] and was used implicitly by Lau and Wang [23]
independently. Let us recall from [13] the definition of the p-norm joint spectral radius.

Let V be a finite-dimensional vector space equipped with a vector norm || - ||. For a linear
operator A on V, define | A|| := maxjy=1{llAv||}. Let A be a finite collection of linear operators
on V. For a positive integer n we denote by A" the nth Cartesian power of A:

A" ={(A1,...,An) 1 A1,..., An € A}.
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Forl < p < 00, let
1/p

| 4%, = Yo DA AP

(A1, An)EA"
and for p = 0o, define

A" :=max {| A1 ... Anll : (A1, ..., An) € A"} .

For 1 < p < 00, the p-norm joint spectral radius of A is defined to be
Y nyl/n
oo ) = Tim |47
It is easily seen that this limit indeed exists, and

. n|l/n . n|l/n
Jim A" = it A
Clearly, p, (A) is independent of the choice of the vector norm on V. If A consists of a single linear
operator A, then p,,(A) = p(A), where p(A) denotes the spectral radius of A, which is independent
of p.

The above definition of joint spectral radius also applies to a finite collection of square matrices
of the same size. Indeed, an s x s matrix can be viewed as a linear operator on C*. Thus, if Aisa
finite collection of s x s matrices, the joint spectral radius p,(A) is well defined for 1 < p < co.
For the computation and the estimation of the p-norm joint spectral radius, see the examples and
the discussion in Section 4. In particular in {21] and [31], when p is an even integer, the p-norm
joint spectral radius can be computed exactly and explicitly in terms of the spectral radius of a finite
matrix.

Before proceeding further, we introduce some notation. As usual, let N denote the set of
positive integers, and Z the set of integers. By £(Z) we denote the linear space of all sequences on
Z, and by £9(Z) we denote the linear space of all finitely supported sequences on Z. For v € £o(Z)
and k € Z, define Viv := v — v(- — k). When k = 1, V, will be abbreviated as V. We also define
Av = —v(- 4+ 1) + 2v — v(- — 1). For a € £y4(Z), its symbol is defined by

-~ . . ]
a@) = ZjeZa(J)z . zeC\{0}.
Let a be an element of £o(Z). For & € {0, 1}, let A be the linear operator on £y(Z) given by
Apv(er) = Zﬂeza(s +2a—-Bv(B), «acZ, velyZ). (1.3)

By V(v) we denote the minimal common invariant subspace of Ag and A; generated by v. For a
detailed procedure of finding V (v), see Section 3. We write T, for Ag and call it the transition
operator associated with a.

For a bounded subset K of R, we denote by £(K) the linear space of all sequences supported
on K N Z. Suppose the mask a is supported on the interval [Ny, N3], where N1 and N; are integers
such that Ny < N;. Then £([Ny, N;]) is invariant under the transition operator T,. Also, if v is an
eigenvector of T, corresponding to a nonzero eigenvalue o, then v must be supported on [Ny, Nz2].
To see this, let n := max{cx : v(x) # 0}. Suppose n > N,. By T,v = ov we have

ov(n) =) a@n—B(p) .
BeZ
If v(B8) # 0,then B < n;hence 2n — B > n > Ny and a(2n — B) = 0. It follows that v(n) = 0.

This contradiction shows that n < N;. In other words, v(a) = 0 for & > Nj. Similarly, v(e) =0
for @ < Nj. Consequently, 7, has only finitely many nonzero eigenvalues.
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The spectrum of a square matrix A is denoted by spec(A), and it is understood to be the
multiset of its eigenvalues. In other words, multiplicities of eigenvalues are counted in the spectrum
of a square matrix.

Let b be the mask given by b(z) =a@1 + )™ /2™, where m is a positive integer. Then b is
supported on [ N1, N2 +m]. In Section 2 we will establish the following relation between the spectra
of the transition operators 7, and Tj:

spec (Toleqm, my+mp) = 27" spec (Taleqm,, vap) Y [2*" 1j=01....m— 1} :

Consequently, if m is a positive integer such that2” > p(T;|en,,N])), then the above relation
tells us that 1 is a simple eigenvalue of Tj.

In Section 3 we will give the following characterization for the existence of L, solutions and
continuous solutions of refinement equations.

Theorem 1.

Let m be a positive integer such that the transition operator Ty, induced by b(z) :== a1 +
2™ /2™ has 1 as its simple eigenvalue. Let v be an eigenvector of Ty corresponding to eigenvalue
L. Then (1.1) has a nontrivial compactly supported L, solution ¢ (continuous solution in the case
p = 00j ifand only if

pp (Aolv(vyy > Atly(wy) <27

One sufficient condition for the existence of an L, solution is the L, convergence of the
subdivision scheme with a stable initial function (the hat or box function). When a is supported
in [Ny, N2], this convergence requires the sum rule: ) a(2a) = ) a(2e + 1) = 1. Thenthe L,
convergence can be characterized [13, 28] by

pp (Aoly , Aly) <27 .

Here U is the subspace
Ny—1
Ui={uel@N,N—1D: 3~ u(@)=0p, (1.4)

which is invariant under both Ag and A;. Usually, this subspace contains V(Vv) in Theorem 1,
see Examples 3, 4, and 5, even if the shifts of the solution are stable. However, [16, Lemma 5.2]
shows that pp(Aolw, A1lw) are often equal for different subspaces W (see [16] for more details).
In such a case, different invariant subspaces will produce the same result. Since V(Vv) is smaller,
the computation involving V(Vv) will be simpler.

The key point of our approach is an appropriate choice of the initial nonstable function in the
subdivision scheme. In our study, the initial function will be a finite linear combination of shifts of
the B-spline B or B; with the coefficients chosen appropriately. In [23], the vector of the coefficients
is chosen as the 2-eigenvector of (Ag + Aj). In this article we generalize their method and obtain
sharper results.

We shall use the generalized Lipschitz space to measure the regularity of a given function.
Let us recall from [6] the definition of the generalized Lipschitz space. For t € R, the difference
operator V; is defined by V, f = f — f(- —t), where f is a function from R to C. Let k be a positive
integer. The kth modulus of smoothness of f € L,(R) (1 < p < 00) is defined by

w(f, h)p := sup
lrl<h

v,"f" . h>0.
p

When & = 1, w1(f, k), reduces to the modulus of continuity w(f, k),. For v > 0, let k be an
integer greater than v. The generalized Lipschitz space Lip* (v, L ,(R)) consists of those functions
f € L,(R) for which

wr(f, ), < ChY Yh>0,
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where C is a positive constant independent of h.
The optimal regularity of a function f € L,(R) in the L, norm is described by its critical
exponent v, (f) defined by

vp(f) :=sup{v: f eLip*(v,L,(R)) } .

Let ¢ be the normalized solution of the refinement equation (1.1) associated with a finitely
supported mask a. If v,(¢) > k for some positive integer , then the shifts of ¢ reproduce all
polynomials of degree at most & (see [1, p. 158]). Consequently, 1,1/2,...,1 /2% are eigenvalues
of the transition operator T, (see [15]). However, since a is finitely supported, T, has only finitely
many nonzero eigenvalues. This shows that v, (¢) < oo.

In Section 4, we will give the following characterization for the L , regularity of the normalized
solution ¢ of the refinement equation (1.1).

Theorem 2.
Suppose the conditions of Theorem 1 are satisfied. Let k be the smallest positive integer such
thatk > 1/p —1og, pp(Acly(vkyys Ally(vky)- Then

vp($) = 1/p —log, pp (Aoly(vkyy » Ally(viy)) -

All our results on existence and regularity of L, solutions without assuming stability can be
extended to vector refinement equations. For more details, see Section 5.

2. The Subdivision and Transition Operators

In this section we investigate the spectral properties of the subdivision and transition operators.
Let a be an element in £0(Z). The subdivision operator S, is the linear operator on ¢(Z)
defined by

Sau(er) = Zﬂeza(a —-28u(B), weZ,

where u € £(Z). The transition operator T, is the linear operator on £o(Z) defined by
L@ =)  aQa-pup), «€Z,

where v € £y(Z).
We introduce a bilinear form on the pair of the linear spaces £o(Z) and £(Z) as follows:

o)=Y u@v(-0), uel(@), veb@). @
For u € £(Z) and v € £o(Z) we have

(Sau, v) = ) > " u(Bae —28)v(~a) = ) u(B) (Tav) (~B) = (u, Tuv) .
aeZ e BeZ

Hence, S, is the algebraic adjoint of T, with respect to the bilinear form given in (2.1). It was proved
by Jia, Riemenschneider, and Zhou in [15] that S, and 7, have the same nonzero eigenvalues with
the same multiplicities.

The following result was essentially established by Deslauriers and Dubuc in [5]. Also, see[19]
for discussions on spectral properties of the transition operator associated with multivariate refine-
ment equations.
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Lemma 1.
Leta lze an element in £([N1, N;11), where N1 and N3 are integers such that Ny < N;. Let b
be given by b(z) = a(z)(1 + 2)™ /2™, where m is a positive integer. Then

spec(Tblg([Nl_N2+m])) =2"" spec (T"Ie([NIsNZD) U {Z_j . j =0,1,...,m— l] . (2.2)

Proof. It suffices to establish (2.2) for m = 1, since the general case can be easily proved by

induction on m. ;
Let b be the sequence given by b(z) = a(z)(1 + z)/2. Then b(x) = [a (@) +a(x — 1)]/2 for
alla € Z. Since ),z a(er) = 2, it follows that

Y bQo)=) bRa-1)=1. (23)
aeZ aeZ
For j € Z, we denote by &; the element in £0(Z) given by §;(j) = 1 and é;(o) = O for all
a € Z\{j). Clearly, {én,, ..., 8n,} is a basis for £([ N1, N2]). Suppose

N;
Ta5j = Zk:Nl A,kjtsk, j=Ni,....Np. (2.4)

Note that b is supported on [N}, Nz + 1]. Let
V= [v €LqNL M +1) 1 Y. (@) =o} .
It is easily seen that {Vdy,, ..., Véy,} isabasis for V. For j = Ny, ..., Ny and o € Z, we have
V8@ =Y, b0a— B8 -5 ~ 1]
=3 X, e~ B) +aCa — p~ DI[5;6) ~ ;6 ~ D]
[2,.p00e—p3;® - Y, aCa~p-15;6-1)

1
2
1 N> N
=3 [Zk:N, Aijby (o) — Zk:N, MejO(or — 1)] :

Consequently,

1

N.
T (V8)) = 5 Zk:Nl Mj(V8),  j=Ni,...,N;. 2.5)

We observe that b is supported on [Ny, N2 + 1] and {8n,, V8n,, ..., Vép,} is a basis for
£([N1, N2 + 1]). In light of (2.3), we have

Y (Todw) @ =Y bQu—N)=1.

oeZ aeZ

Hence, Tpdn, — dn, lies in V. In other words, there exists an element y € V such that
TbaNl = 8N1 +y. (26)

Combining (2.5} and (2.6), we see that the matrix representation of Ty |¢qn,, n,+1)) With respect to
the basis {dn,, Véy,, ..., Vdp,} is
1 0
e 7
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where F = (Ax/2)n,<j k<N, This together with (2.4) gives

spec ( Tolequy, mp+1p) = {1} Uspec(F) = {1} U2 " spec ( Taleqn,map) -
This establishes (2.2) for the case m = 1, as desired. a

Let m be a positive integer such that 1 is a simple eigenvalue of Ty |¢(n,,Np+m])- By Lemma 1,
this is true if 2™ > p(Tyleqn,,N,p)- Let v be an eigenvector of Tp|eqn,,n,+m]) corresponding
to eigenvalue 1. Let B be the matrix representation of Tj|eqn,,Ny+m]) With respect to the basis

{8ny, ..., 8N4m}. Then (W(Ny), ..., v(N2 + m))T is a right eigenvector of B associated with
eigenvalue 1. But (2.3) tells us that (1, ..., 1) is a left eigenvector of B associated with eigenvalue
1. Hence,

Zaezv(a)=v(N1)+---+v(N2+m);é0.

As an application of Lemma 1, we construct in what follows a family of refinable functions
®m,n associated with masks ay, , such that ¢,, , has the same regularity as that of the cardinal B-spline
of order m, but p(T,,,) > 2".

Form = 1,2,..., let B, denote the cardinal B-spline of order m. Precisely, B; is the
characteristic function of the interval {0, 1), and for m > 2,

1
Bun(x) = Br_1%B1(x) = / Bp_i(x—1)dt, xeR.
0

In particular, B(x) = max{0, 1 — |x — 1]}, x € R. Obviously, B, is continuous for m > 2. The
B-spline By, is supported on [0, m] and is nonnegative. The shifts of B,, forms a partition of unity,
that is,

ZjeZB,,,(x—j)=1, xeR.

Moreover, B, is refinable:
=z m
B, (x) = 21" L) B (2x = ), xeR.
m (X) g( J) n(2X — )

Example 1. Let a,, , be the sequence given by
m n
ina@=2"" (142) (1-2+2Y)

where m is a positive integer and n is a nonnegative integer. Let ¢y, be the normalized distributional
solution of the refinement equation associated with the mask a,, ,. Then ¢, » and By, have the same
regularity but

P (Tamn) =2". @.7)

Proof. We observe that

(L2 Lo o (lret? e
7 ) TN\ T A A '

The left-hand side of the above equality is the symbol of the refinement mask of the B-spline
By,. Thus, from the proof of [13, Theorem 5.3] we see that ¢, , is a linear combination of By,
Bn(- —1),..., Bu(- — 2m — 2n). Therefore, ¢, » and B, have the same regularity. In particular,
Smn € C"2R) form > 2.

In order to prove (2.7), we claim that 1 is an eigenvalue of the subdivision operator Sg,,,, , Of
multiplicity at least 2. To see this, we choose two elements 41 and u3 in £(Z) as follows. Let u; be
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givenby uy(j) = 1 forall j € Z, and let u be givenby u2(3j) = L, u2(3j +1) =u23j +2) =0
for all j € Z. Note that, for k € Z, am+n,0(3k + 1) =0, am+n,0(3k +2) =0, and

amin,0(3k) = 217" (’" ,f ”) :

Thus, a simple computation yields
Sam+n,0u1 = Ui and Sam+n,ou2 =uz.

This justifies our claim. Consequently, 1 is an eigenvalue of the transition operator Ty, ,, of
multiplicity at least 2. Moreover, we have

m+-n
inino@ =2 (142%)" = dma((A+2)"/2".
In light of (2.2) we obtain

e([o,3m+2n])) v [2_’ :j=0,1,...,n— 1} )

= 27" spec (T

Am,n

spec (Tam+n,o l([0,3m+3n]))

Since 1 is an eigenvalue of T, , of multiplicity at least 2, it follows from the above relation that
2" belongs to spec(Ty,, , l2(10,3m+2n)))- Hence, (2.7) is true. O

3. Characterization of L, Solutions

In this section we give a characterization for the existence of L, solutions of the refinement
equation (1.1) in terms of the mask.
We first introduce some notations. For 1 < p < 00, the £, norm of an element v in £o(Z) is

defined by
1/p
ol = (32, o@I?) .

The £ norm of v is defined by ||v]leo := sup{|v(@)| : « € Z}.
Let A := {Ag, A1}, where Ag and A, are the linear operators on £((Z) defined in (1.3). Given
v € £o(Z), we define, for 1 < p < oo,

1/p
J4ro], = (stwo’” | A, - ..Aalvui) ,

and for p = oo,
|A™v] ., = max {] A, A el En € {0, 1}

It was proved in [9] that there exist two positive constants C; and C5 such that

Ci A, < “ Ay

, =0 A%, VvreN, 3.1

where V (v) denotes the minimal common invariant subspace of Ag and A; generated by v.

If the mask a and a sequence v are supported on [N, N2], then V (v) is contained in the space
£(IN1, N2]), which is invariant under Ag and A;. Therefore, the dimension of V(v) is at most
Ny — N1 + 1. Consequently,

V() =span{A ... Agv:n=0,1,...,Na— Ny, e1,...,8, € {0,1}} . (3.2)
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To verify our assertion, we set Eg := {v} and E, := {4 ... A,V : €1,...,&0 € {0, 1}} for
n=1...,Npo—N,. f E, C span{Ep U---U E,_;} for some n < N, — Nj, then (3.2) is
true. Otherwise, there exists some u, € E, \ span{EqU---UE,_;} foreachn =1,..., N2 — N1.
Thenwv, uy, ..., un,_y, will be linearly independent. In this case, V (v) = span{v, u1, ..., unp—n;}
and (3.2) is still valid.

Inorder to study L , solutions of the refinement equation we shall employ the following iteration
scheme. Let Q, be the linear operator on L ,(R) given by

Quf(x)i=)  —a@f@x-a), feL,®). (33)

Let ¢g be an initial functionin L,(R). Forn = 1,2, ..., let ¢, := Qho. If ($n)n=1,2,... converges
to some ¢ in the L, norm (1 < p < 00), then the limit ¢ is a solution of (1.1). Usually, ¢ is
chosen to be the hat function B;. With this choice of ¢p, if (¢n)n=1,2,... converges in the L, norm,
then we say that the cascade algorithm (or the subdivision scheme) associated with mask a is L
convergent (1 < p < 00). Let Ag and A be the linear operators given in (1.3), and let U be the
linear space defined in (1.4). It was proved in [13] that the cascade algorithm associated with mask
a is L, convergent if and only if p,(Aolu, A1ly) < 2!/P. However, if ap, , is the mask given in
Example 1, then (2.7) tells us that the cascade algorithm associated with a,, , does not converge in
the Lo norm, even though ¢, is continuous for m > 2. Therefore, the L, convergence of the
cascade algorithm is a sufficient but not a necessary condition for the existence of L, solutions.
Thus, the key to our investigation is an appropriate choice of the initial function ¢p. In our study,
the initial function will be a finite linear combination of shifts of the B-spline B; or B, with the
coefficients chosen appropriately.

Iterating (3.3) n times gives

Qbo() =D an@p@x-) n=12....

In particular, a; = a. Consequently, for n > 1 we have

Qhdo() = 0471 (Qat) () = 3 a-1(B) (Qutho) (2" - )
BeZ
=) D ani(Bal@)go (2" x — 28 - «)

BeZacZ

=Y | T an1(Bra@ -2 |60 (2"x - a) .

a€Z | BeZ

This establishes the following iteration relation fora, (n = 1,2, ...):

ay=a and  a,@) =) api(Blal@—2p), a€Z. (3.4)
BeZ

The convolution of u € £0(Z) and v € £o(Z) is defined by
urv(ar) 1= Zﬁez ule — pv(B), a€cl.

Lemma 2.
Ifa=¢ +26+--+2" g, + 2"y, wheresy,...,&, € (0,1} and y € Z, then
(i) anxv(@) = A, ... Agu(y), and
(i) llan*vilp = [[A™v]p.
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Proof. Clearly, (ii) follows from (i) immediately. The proof of (i) proceeds by induction on n.
Forrn=1and o = &) + 2y, we have

apx@ =) a+2y = B)u(p) = (Aev) )

Suppose n > 1 and (i) has been verified forn — 1. Fora = &1 + 21, where 1 € {0, 1} and @) € Z,
by the iteration relation (3.4) we have

Y anl@ =By =Y Y an_i(male — B — 2n)v(B)

BeZ BeZ nel
=Y ani(@—n ) a(er+2n— ) v(B) = (an-1%(Agv)) (@) .
neZ BEZ

Suppose oy =&y +--- + 2"=2g, +2""1y. Then by the induction hypothesis we have
apxv(@) = (an—1* (A, v)) (@1) = (Ag, .- - Agy) (Ae V) (¥) = Ag, ... Agyu(y),
as desired. O
By Lemma 2, for j € Z we have

|A* ¢ =D, = lan @WC = DI, = llansvll,, = | A", -

Let W be the linear span of {(Vv(-—j): j € Z}. In other words, w € W if and only if w is a (finite)
linear combination of Vu(- — j), j € Z. For w € W, by (3.1) we see that there exists a positive
constant C independent of » such that

[4wl, < | 4]y VneN, (3.5)

p

where V (Vv) denotes the minimal common invariant subspace of Ag and A; generated by Vv.
We will need to use the following lemma in this and the next section.

Lemma 3.
Suppose 1 < p < 00. Let ¢ € L (R) be the normalized solution of the refinement equa-
tion (1.1) and let v(&¢) := ¢p* By (), & € Z. Then

(i) anx(V*0)(@) = [ Bn(x)VE (o — x)/2") dx, and
(i) Nanx(VE0)ll, < 2P|V, ¢l p-

Proof.  We only prove the case k = 1. The general case can be proved in the same way. A
repeated use of the refinement equation (1.1) gives

$a/2) =3 ,amB)p(:—p),  xeR.

Hence, for a € Z we have
/ Bn(x)¢ ((@ — x)/2") dx = fR Bu(ax — x)¢ (x/2") dx
R
= fRBm(a —x) Zan(ﬂw(x - Bdx = Zan(ﬂ) /R Bn(a — B — x)¢p(x)dx

BeZ BE€Z

=D _a(Bvie = B) = apwo(@) .
BeZ
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It follows that
ap*(Vu) (o) = fR B (x)V2-n¢ (( — x)/2") dx, aeZ. (3.6)
Thus, for p = 00 we obtain

Jan (Vo) llog < 1V2-rllos /R Bn(x)dx = | V3l -

Consider the case 1 < p < 0c. Let ¢ be the number conjugate to p,i.e.,, 1/p + 1/g = 1. Applying
the Holder inequality to (3.6), we obtain

1/p

/9
lan+(Vo)(@)) < ( fR Bm<x>dx) ( fR Bm<x>lvz—»¢(<a—x)/2")l”dX)

t/p
= (/ B (e — x) |Vo-ngp(x/2)|° dx) .
R

Since the shifts of B,, form a partition of unity, it follows that

1/p 1/p
lanx(Vo)ll, = (Z lan*wv)(an") < ( fR Vangp (/27| dx) = 27/7 [Vl -

aeZ

This completes the proof of the lemma. O

Lemma 4:
Let b(z) = 27™(1 + z)™a(2), and let v be an element in £o(Z) such that Tyv = v. Then for
W(Z) = 275" + D Mi(z), k=0, 1,. .., we have T,(V¥u) = 2% Vku.

Proof.  We first consider the case k = 0, i.e., #p(z) = 2™ (1 + 2)™(z). By the definition of b

we have
b ——2“’"2 . - ), eZ.
(@) : O(J)a(a 7 o

Since Tpv = v, it follows that

v@) =) bQa—Bu@ =) > 2" ("‘) aQe — B — Hv(B) = Taug(@), @ €Z.
BeZ BeZ j=0 J

Hence, T,ug = v. For k > 0, the symbol of V¥u is
27 (1~ A+ F By = 27F (1 - zz)k o(2) .
It follows that V¥u = 27%¥V%ug. Therefore, we have
T, (Vku) = 27kT, (vguo) = 27*Vk (TLug) = 2-¥Vky .

The proof of Lemma 4 is complete. J

We are in a position to give a characterization for the existence of L , solutions and continuous
solutions of refinement equations.
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Theorem 3.

Let m be a positive integer such that the transition operator Ty, induced by b(z) = a(z)(1 +
2)Y™ /2™ has 1 as its simple eigenvalue. Let v be an eigenvector of Ty corresponding to eigenvalue
1. Then (1.1) has a nontrivial compactly supported L, solution ¢ (continuous solution in the case
p = 00) ifand only if

pp (Aolywyy s Allyww) < 2l/P 3.7

Proof. Let ¢ be the normalized solution of the refinement equation (1.1). Suppose ¢ belongs to
L, (R) (¢ is continuous in the case p = 00). Let v be given by

v(a) := (¢*Bp) (@), acZ,

where B,y is the cardinal B-spline of order m. It is easily seen that ¢+ B,, is continuous and refinable
with & as its mask. Hence,

v(e) = Zﬁez (B — B) = Zﬂez bQo — Bw(B) VaeZ.

In other words, Tpv = v. Since the shifts of B,, form a partition of unity, we have

ot = [ 40

Hence, v is an eigenvector of Tj, corresponding to eigenvalue 1. Clearly, ||V,--¢|l, converges to 0
as n goes to 0o0. By Lemma 3 we have

Y Bnl@—x)dx = / d(x)dx =) =1.
R

acZ

i —n/p =
nl_l’ngOZ llan*(Vo)ll, = 0. (3.8)

1
Let pp == pp(Aglv(vv), Atlv(vv))- Then pp < | A"y (vy) III,/" for all n. By (3.1) and Lemma 2,
this yields

oy < | Alywn], = €147, = C lawwol, |

where C is a constant independent of #. Taking (3.8) into account, we deduce that

i 2=l/p " i —n/p ,n
Jim (2777py)" = lim 2078} =0
Therefore, we must have 2~1/7 op < lie, pp < 21/P_ Thus, we have established the necessity
part of the theorem.

It remains to establish the sufficiency part of the theorem. By our assumption, b(z) = a(z)(1+
2)™/2™ and Tj has 1 as its simple eigenvalue. Let v be an eigenvector of T corresponding to
eigenvalue 1. In light of the discussions in Section 2, we have ),z v(a) # 0. Thus, without loss
of any generality, we may assume that 3, v(e) = 1. Let u be the sequence on Z given by

wp) =2y (T)os-i. ez,
Jj=0

Then the symbol of u is i#(z) = 27™(1 + z)™¥(z). Hence, we have Agu = T,u = v, by Lemma 4.
Let us consider the case 1 < p < oo first. The initial function ¢y is chosen as

o(x):=)  uB)Bi(x—p)., xeR,
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where By = x[o,1). Since ZﬂeZ u(B) = 1, we have cfbo(O) = 1. It follows that

(0ab0) @ =3, a@do(@/2=1.

Forn = 1,2,..., set ¢, := Q"¢. Then ¢,(0) = 1 forn = 1,2,.... We wish to show that
(@n)n=1,2,... converges in the L ,-norm. For this purpose, we observe that

$n(x) =D an(@)go (2"x —a) =Y > an(@u(B)Bi (2"x — — B) .
aeZ aeZ BeZ

Consequently,
n(x) =3, (anku) (B)B1 (2"x = B) .
Since Bi(x) = B1(2x) + B1(2x — 1), we have
Pn(x) = Z (ap*u) (@) (31 (2’”‘1 x — 2a) + By (2"+1 x —20 — 1)) .
acl
Moreover,
b1 (x) = Zz(a,,+1*u) (2a)B; (2"“ x— 2a) + Y (@ns1%w) Qo+ DBy (2’“rl X —2a - 1) .
ae aeZ

Subtracting the first equation from the second, we obtain

Ont1(x) — Pn(x) = Z wo,» (@) By (2"'H x— 2a> + Z wy,, () By (2"+1x — 20 — 1) ,

a€Z aeZ
where
wo,n (@) = (ant1*u) (20) — (an*u) ()
and
Wi (@) 1= (@py1*u) Qo + 1) — (ap*u) (o) .
It follows that

Igns1 = dall, <2172 (g o, + [win] ) - (3.9)

Let us estimate ||wo ||, and [|wy, .|| p. By (3.4), forx € Z,

(@ns15) 20) = Y " an(y)a2a — B = 2y)u(B) = ap* (Aou) (@) .

BeZ yel
Let wo := Aou — . Then
lwonll, = lawxwoll, = | A"wo],, 1<p<oo. (3.10)
Similarly, we have
Jwinl, = [4"wi],, 1<p<oo, (3.11)

where w1 := Aju — u. By Lemma 4 we have Agu = v. Hence,

w0=Aou——u=v—u=2_”‘Z('7>[v—v('—f)]-

j=0
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This shows wy € W, where W denotes the linear span of {Vuv(- — j) : j € Z}. Furthermore,
w; =Aju—u= (A1 — Apu-+ (Agu —u) = Ap(u(-+ 1) — u) + (Agu —u) .

Clearly, u(- + 1) — u lies in W. Therefore, by (3.5) there exists a positive constant C; independent
of n such that

| A" wo] , < €, ” Ay w4 , nd [ 4" Ao+ D -], < €y " A"y (g4

b
Suppose (3.7) is valid. By what has been proved, there exist a constant C3 > 0 and a constant ¢
between 0 and ! such that

[4wo], < €2 (271)" and [ Awn], < €5 (2172 (3.12)

hold true for alln = 1, 2, .... Combining (3.9)—(3.12) together, we see that there exists a constant
C > 0 such that
lfnt1 —dull, <C",  n=1,2,....

Since 0 < t < 1, this shows that there exists ¢ € L,(R) such that ||¢, — @], - Oasn — oo.
From ¢A>,, (0) = 1 we deduce 43(0) = 1, since all the functions ¢,, are supported in a common closed

interval.
For the case p = 00, we choose the initial function ¢g to be Zﬂez u(B)By(- — B). The

existence of continuous solutions can be proved in an analogous way. ]
Let us apply Theorem 3 to the example mentioned in the beginning of this article.

Example 2. Let a be the sequence on Z given by its symbol
i =1-z+2+2-"+2°.

Let ¢ be the normalized solution of the refinement equation associated with the mask a. Then ¢ lies
in L,(R) for 1 < p < 00, but ¢ does not lie in C(R).

Proof. The mask a is supported on [0, 5]. A simple computation gives
spec (Tall([O,S])) = {2, —2, 1, 1, 1, —1} .

If the sequence b is given by, b(z) =a(zx)(1+2)%/2%, then lisa simple eigenvalue of Tp|e(0,7)), by
Lemma 1. Indeed, we have

spec (Tplo,7) = {1,1/2,1/2,-1/2,1/4,1/4,1/4, —1/4} .
We may identify £([0, 7]) with C8. By computation we find that the vector
v:=[0,1,3,5,5,3,1,017/18
satisfies Tpv = v and )5 v(a) = 1. It follows that
vv=][0,1,2,2,0, -2, -2, -—l]T/18 .
A simple computation yields
wo = Ao(Vv) =[0,1,1,1,-1,—-1,—1,017 /18

and
wy = A (Vo) =[1,1,1,-1,-1,-1,0,0]7/18.
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Moreover,
Vv 01 0||W
Agjwop| =10 0 O wo
wi 0 01 wq
and
Vv 0 0 1}V
Al lwel=10 0 1 wo
wy 0 0 0| w

" The above two 3 x 3 matrices are triangular, by [10, Lemma 4.8] and [16, Lemma 4.2] we obtain
Pp (Aolywwy > Allvwy) =1, l<p<oo.

Since 1 < 21/P for1 < P < 00, by Lemma 3 we conclude that ¢ lies in L,(R). But ¢ is not

continuous. O

The following example shows that the invariant subspace V (Vv) in Theorem 3 may be a proper
subspace of U given by (1.4), even if the shifts of ¢ are stable.

Example 3. Let a be the sequence on Z given by its symbol

15 3 1, 15 14
E+Zz+§z +4Z 16Z .
Let ¢ be the normalized solution of the refinement equation associated with the mask a. Then ¢ is
continuous. Choose m = 1 in Theorem 3. Then dimV (Vv) = 2. Hence V(Vv) is a proper subspace
of U given by (1.4). Moreover, the shifts of ¢ are stable.

Zz(z) =

Proof. The mask a is supported on [0, 4]. A simple computation gives
spec (Tale([0,4])) = {1, 15/16, 1/8, —1/16, 0} .

If the sequence b is given by b(z) = d(z)(1 + z)/2, then 1 is a simple eigenvalue of Tple(o,5)), by
Lemma 1. Indeed, we have

spec ( Tolpo,5) = {1, 1/2,15/32,1/16,—1/32,0} .
We may identify £([0, 51) with C9. By computation we find that the vector
v := [0, 3/4,1/4,0,0,0]7
satisfies Tpv = v and ),z v(e) = 1. It follows that
Vv =[0,3/4,~1/2,~1/4,0,0]7 .

A simple computation yields
1
Aog(Vv) = -8—Vv

and
A1(Vv) =[45/64, —33/64, —13/64, 1/64,0, oy .

Moreover, span{Vv, A1(Vv)} is invariant under Ag and A;. This is the subspace V(Vv). If we
choose a basis as {Vv, w := 8A1(Vv)}, then

A Vol | 1/8 0 Vv
ol w [T |-1/16 15/16|| w



158 Rong-Qing Jia, Ka-Sing Lau, and Ding-Xuan Zhou

vw] [0 1/8][Vw
Al[w]_[l/m 1/16][w]'

Take the norm of the above two 2 x 2 matrices as the maximum of the sums of each column. Then

and

Poo (Aolv(wvy » Allvve) < max {| Aolywy) I | Atlvewwy |} = 15/16.

Since poo(Aolv(vv): A1lvvy)) < 1, by Lemma 3 we conclude that ¢ is continuous. Note that
dim V(Vv) = 2, while dim U = 3 in this example. Then V(Vv) is a proper subspace of U.
Observe that the symbol of the mask can be factorized as

@) =0+206-2) (3 + 22) /16.

By the criteria on stability and linear independence in [18], the shifts of ¢ are stable, but linearly
dependent. U

4. Characterization of L, Regularity

In this section we give a characterization for the regularity of a refinable function in terms of
the corresponding refinement mask.

Let a € £o(Z) be a refinement mask such that ) .7 a(@) = 2. Recall that A, (¢ = 0, 1) are
the linear operators defined in (1.3).

Theorem 4.

Suppose the normalized solution ¢ of the refinement equation (1.1) with mask a lies in
Lp(R). Let m be a positive integer such that the transition operator Ty induced by b(z) := a(z)
(14 2)™ /2™ has 1 as its simple eigenvalue. Let v be the element in Lo(Z) such that Tyv = v and
Y ez v(@) = L. Let k be the smallest positive integer such that

k > 1/p —log, pp (Aoly(vryy s Allywry)

where V(V¥v) denotes the minimal common invariant subspace of Ay and A, generated by V¥v.
Then

vp(¢) = 1/p —log; pp (Aolv(vkv) ) Allv(vkv)) . 4.1)

Proof. Let us prove the theorem for 1 < p < o0. The case p = 00 can be treated similarly.
Write pp « for pp (A()IV(VkU), Al IV(Vkv)). Since V¥*+1y = V¥y—Vky(.—1), we have Ppi+1 <
ppxfork =1,2,.... We shall first establish the following fact:

1/p~logy ppi > k—1 = vp(@) =2 1/p —log; ppk YkeN, 4.2)
Fix a positive integer k. Suppose 1/p — log, ppx > k — 1. Let w be the element in £o(Z)

given by
k+m~1

w(g) =2+ 3 ("*'J'." 1) wB-j) BeL.
j=0

Then the symbol of w is @ (z) := #(z)(1 + z)k+™—1/2k+m=1 By emma 4 we have Ag(V¥~lw) =
T,(V¥~1w) = 217k vk=1y The initial function ¢y is chosen as

o(x) =) w@Bi(x—a), xeR,
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where By is the cardinal B-spline of order k. Forn = 1,2,..., let ¢, := QZ¢o. It was proved in
Section 3 that

Sn(x) =) (@ww) @B (2"x —a) , (4.3)

where ay, is given by (3.4). From the proof of Theorem 3 we see that (@,)n=1,2,... cOnverges to ¢ in
the L ,-norm. Differentiating both sides of (4.3) k£ — 1 times, we obtain

’(lk—l)(x) = onk=1) Zan (a,,* (Vk_lw)) (o) By (2"x - O!) , (4.4)

where we have used the fact B,Ek_l) = Vk-1p,.
As was done in the proof of Theorem 3, the following estimate can be derived from (4.4):

*k—-1) k—1 k—1)—
i | I s (VO R VT @5
where C is a positive constant independent of n,
wo := 2" Ag (Vk—lw) V¥ 1y and w) :=2F14 (Vk’lw) — v ly .

Let W be the linear span of (V¥v(- — j) : j € Z)}. For w € W, we have the following estimate
similar to (3.5):

Jarwl, <& | Ay, veN. 46

Since 2k~ 1 Ao(V*¥~1w) = V¥~1y, we have

k+m—1 ktm—1
wo = V¥ (v —w) = 217F-m 3" ( ’;‘ ) [V""v — vy - j)] :
j=0

This shows that wq lies in W. Furthermore,
wi =281 (A; — Ag) VF 1w + 2514, (v"—lw) —vkly

=2k=14, (Vk_lw(- +1)- V"“w) + (V"-lu - V""lw) .

Clearly, VE=lw(- 4+ 1) — V¥l lies in W. Note that pp « = pp(Aoly (vky) Ally(vky))- For given
€ > 0, in light of (4.6), there exists a positive constant C3 such that

A% wol , + A" wi]l, < C3 (0pa +¢)" VYn=12,.... (4.7)

Combining (4.5) and (4.7) together, we see that there exists a positive constant C independent of n
such that

k—1 - ~1- -
AR 1)“,, < 121D (p, 4 4 6)" = C27H7, (4.8)

where p := 1/p — (k — 1) — logy(ppx + €). Since 1/p — log, ppx > k — 1, we have p > 0 if

& > 0 is sufficiently small. Thus, (4.8) tells us that (¢,(,k_1))n=1,2,... is a Cauchy sequence in L ,(R).

There exists g € L,(R) such that ||¢,(,k_1) —gllp & Oasn — 0. But (§n)n=1,2,... converges to ¢

in L,(R), so we must have g = ¢,
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We claim that %1 belongs to Lip*(x, L »(R)). To justify our claim, we deduce from (4.4)

that
Vangt D) = 224D (anx (Vi) ) @B (275 - 2) -

In what follows, Cy, C3, C3, and C denote positive constants independent of n. Since V¥w lies in
W, by (4.6) the following estimate is valid:

|va-ea] < cizn, 49)
It follows from (4.8) and (4.9) that
}JVZ_"¢(k-1) ” - ”¢(k—l) _ %D (127
p P
k—1 o0 (k-1) *k-1)
< “V2"‘¢r(¢ )llp+zzj=n ¢j+1 _¢j “p

<CI27 420,y 27M < G2
Jj=n

Suppose
1 dq dy

h=2—n+'2nT+

W+ s

where dj, d3, - - - € {0, 1}. By what has been proved, we have
lo¢0 -0t —m| s} 27 <cmm.
p j=n

This shows that $*—1 belongs to Lip*(u, L ). Hence,

vp@) 2 k—1+p=1/p—log, (ppr +¢) .

Letting ¢ — 0 in the above inequality, we obtain v,(¢) > 1/p — log, pp «, as desired.
From the preceding discussion we see that 1/p — log, ppx > k implies v,(¢) > k. But
vp(¢) < 00. Hence, there exists a positive integer & such that

k>1/p—log; ppk -

Let & be the smallest positive integer satisfying the above inequality. We claim that v,(¢) >
1/p — log, pp,k- By our assumption, ¢ € L,(R); hence 1/p —logy pp1 > 0 = 1 -1, by
Theorem 3. Thus, if k = 1, it follows from (4.2) that v,(¢) > 1/p — log, pp,1. Suppose k > 2.
Then by the very definition of k we have 1/p —log, ppx—1 = k — 1. If pp x < 0p k-1, then

1/p~logy ppi > 1/p—log, ppr—1 =k —1.

Hence, by (4.2) we obtain vp(¢) > 1/p — log; pp x. Otherwise, we have ppr = ppr—1. Since
1/p —logy pp,k—1 > (k — 1) — 1, in light of (4.2) we have

vp(9) = 1/p —logy ppr—1 = 1/p —log, pp i .

In order to complete the proof of (4.1), it remains to prove v, (¢) < 1/p —log, pp «. Suppose
to the contrary that v,(¢) > 1/p ~ log, pp k- Then there exists 1 such that

min{k, vp(¢)} >u>1/p—1log, ppi . 4.10)
It follows from v,(¢) > u that ¢ € Lip*(u, L,(R)). Consequently,

| V5.0

< C127™,
p
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From the proof of Theorem 3 we have v(a) = (¢*By,)(«) for all @ € Z. Hence, by Lemma 3 we
obtain

e (9], =75

By Lemma 2 we have ||.A"(V*v) lp = ||a,,*(V"v)||p. Therefore,

| < Cy21/p=w) |
14

: 1/n -
Pp (A0|V(Vku) ’ A1|V(V"v)) = nlgrolo ”Aﬂ (Vkv) ||P = 2.

In other words, log, pp x < 1/p — i, which contradicts (4.10). The proof of Theorem 4 is complete.
1

The L , regularity of refinable functions was considered by many authors. Usually, itis assumed
that the shifts of the refinable function ¢ are stable. See [14] and [18] for discussions on stability
of compactly supported functions. Under the stability condition on ¢, Villemoes [26] employed the
factorization technique to provide a characterization for the L, regularity of the refinable function
¢ in terms of the spectral radius of a certain subdivision operator associated to the corresponding
mask a. In [13] Jia used the p-norm joint spectral radius to investigate the L, regularity of ¢.
Without stability condition imposed on ¢, Lau and Ma in [21] provided a characterization of the
L, regularity of ¢ in terms of the mask. But they still required that 1 be a simple eigenvalue of the
transition operator 7. Example 2 demonstrates that this condition might fail to hold in some cases.

The case p = 2 is of particular interest. It was observed by Deslauriers and Dubuc [5] that
the optimal Lipschitz exponent of a refinable function ¢ can be computed by calculating the spectral
radius of a certain finite matrix associated with the mask a, provided the symbol of the mask is
non-negative. Their idea was employed by Eirola [7] and Villemoes [26] to give a formula for v, (¢)
when the shifts of ¢ are stable. In [8], Goodman, Micchelli, and Ward established a formula for the
spectral radius of the subdivision operator S, in £2(Z). Lau, Ma, and Wang [22] gave sharp estimates
for the L, regularity of refinable functions. Recently, motivated by the work of Lau and Ma in [21],
Zhou [31] showed that the 2-norm joint spectral radius of a finite collection of square matrices is
equal to the spectral radius of a certain finite matrix derived from the given matrices.

Here we give a brief discussion on the L; regularity of a refinable function without the stability
condition. Our discussion is based on the work [9]. For two elements u, v in £o(Z), u®v is the
sequence on Z given by

uQu(a) := Zﬂez u(a + Byv(B), aeZ.

Let ¢ be the normalized solution of the refinement equation (1.1) with mask a. Define ¢ := a®a/2.
Then T is the transition operator associated with c. Let v be the element in £9(Z) as given in
Theorem 4. For a positive integer k, let W;, be the minimal invariant subspace of T, generated by
Akw, where w := vOv. Then we have

1
w(¢) = -3 logy o (Telw,)

provided k > —log, p(T:1w,)/2.
Let us show the applicability of our characterization on the regularity without assuming stability
by a simple example.

Example 4. Let a be the sequence on Z given by its symbol

- 3 1 1, 14 1,4
a(Z)—z+§Z+§Z +§Z 42 .
Let ¢ be the normalized solution of the refinement equation associated with the mask a. Then ¢ is

continuous. The shifts of ¢ are not stable. The critical exponent of ¢ is given by

11
vp(@) =2+———log; (3 +1), 1<p=<oo.
p p
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Proof. The method is the same as that in Example 3. The mask a is supported on [0, 4] and
spec (Tuleqo.ap) = {1,3/4,1/2, —1/4,0} .

If the sequence b is given by b(z) = @(z)(1 + z)/2, then by Lemma 1, 1 is a simple eigenvalue of

Tyle(o,51) and
spec ( Tpljo,5)) = {1, 1/2,3/8,1/4,—1/8,0} .

We may identify £([0, 5]) with CS. By computation we find that the vector
v:=[0,1/2,1/2,0,0,0)"
satisfies Tpv = vand ), v(e) = 1. It follows that
Vv =1[0,1/2,0,-1/2,0,0]" .

A simple computation yields

Ag(Vv) = %Vv

and
A1(Vv) =[3/8, —1/8,-3/8,1/8,0,0]7 .

Moreover, span{Vv, A1(Vv)} is invariant under Ap and A;. This is the subspace V(Vv). If we
choose a basis as {Vv, w := A1(Vv) — Vv/2}, then

w[V]-[7 [V]
w[D]-9 [v]

The above two 2 x 2 matrices are triangular, by [10, Lemma 4.8] and [16, Lemma 4.2) we obtain

and

o (Aolywy » Atlyewy) =max 217771, (37 4+ 1)177 /) = (37 +1)P /4, 1sp=oo.

In particular, poo (Aolv (vv), Atlv(vv)) = 3/4 < 1. By Lemma 3 we conclude that ¢ is continuous.
Note that a(i) = a(—i) = 0. Hence a has symmetric zeros on the unit circle. The criterion
on stability given in [18] tells us that the shifts of ¢ are not stable.
Take k = 1 in Theorem 4. We know that for p > 1,

1/p —log; pp (AOIV(Vv)’ Allywy) < 1.

Then Theorem 4 shows that
1 1
"p(¢)=2+;“;1082(3p+1)’ l<p=<oo.

Notice that 0 < vp(¢) < 1 for1 < p < 0. The case p = 1 follows from the argument in [17].
This proves all the conclusions. O

Note again that dimV (Vv) = 2, while dimU = 3 in this example. Then V(Vv) is a proper
subspace of U.



L, Sotutions of Refinement Equations 163
5. Vector Refinement Equations

The results of the previous sections can be extended to vector refinement equations.
A vector refinement equation is a functional equation of the form

P(x) = Zaeza(a)¢(2x -a), =xe€R, 5.1

where ¢ = (¢1, ..., ¢,)T isanr x 1 vector of functions on R, and each a(c) is an r x r (complex)
matrix.

The existence of compactly supported distributional solutions of the vector refinement equa-
tion (5.1) was discussed by Heil and Colella [11], and by Cohen, Daubechies, and Plonka [2]. Here
we assume that the matrix M := ), a(«)/2 has 1 as its simple eigenvalue and does not have
eigenvalues of the form 2" for any positive integer n. Let y be a right eigenvector of M corresponding
to eigenvalue 1. Then there exists a unique compactly supported distributional solution ¢ of (5.1)
subject to the condition q§(0) = y. This result was established by Zhou [30] for the case r = 2, and
by Jiang and Shen [20] for the general case.

Let (£0(Z))" denote the linear space of all finitely supported sequences of r x 1 vectors.
Similarly, we define (£0(Z))"*" to be the linear space of all finitely supported sequences of r x r
matrices. For v € (£9(Z))", define Vv := v — v(- — ).

Let a be an element of (£6(Z))"*". For ¢ € {0, 1}, let A; be the linear operator on (£o(Z))"
given by

Av(a) = Zﬁeza(s +2a — B)v(B), aeZ, ve (@) . (5.2)

By V (v) we denote the minimal common invariant subspace of Ag and A; generated by v. We write
T, for Ag and call it the transition operator associated with a.
For a € (£o(Z))"", its symbol is defined by

a(z) = Zjeza(j)zj, z€C\{0}.

Let b be the mask given by b(z) = @(z)(1+2)™ /2™, where m is a positive integer. If m is sufficiently
large, then the transition operator T}, has 1 as its simple eigenvalue.

Concerning L, solutions and L, regularity of solutions of vector refinement equations, we
state the following two results. Their proofs are similar to those of Theorem 3 and Theorem 4.

Theorem 5. .

Let m be a positive integer such that the transition operator Ty induced by b(z) := a(z)
(1 4+ 2)™ /2™ has 1 as its simple eigenvalue. Let y be a nonzero r x 1 vector such that My = y.
Then (5.1) has a compactly supported L, solution ¢ (continuous solution in the case p = 00) with
q3(0) =y if and only if the element v in (£0(Z))" determined by Tpyv = v and ) , zv(x) =y
satisfies the following condition:

Pp (AOIV(VU), Allvwy) < 2!/p,

Theorem 6.
Suppose the conditions of Theorem 5 are satisfied. Let k be the smallest positive integer such
thatk > 1/p —10g; pp(Aoly (vkvy: Ally(vry)). Then

vp(#) = 1/p —logy pp (Aoly(vryy » Atly(viyy) -

Under the stability condition on ¢, Jia, Riemenschneider, and Zhou [17] characterized the
L, regularity of ¢ in terms of the p-norm joint spectral radius of Ag and A; restricted to a certain
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common invariant subspace. Stability and linear independence of refinable vectors of functions
were discussed by Hogan [12] and Wang [27]. However, it is still difficult to check stability or linear
independence of a refinable vector of functions in terms of the corresponding mask. In Theorem 6,
the L, regularity of ¢ was characterized without any consideration of stability. Therefore, it has
significant advantages over the previous results.

We demonstrate applicability of Theorems 5 and 6 by the following example.

Example 5. Leta € (£0(Z))**? be supported in [0, 2] and given by

T2 s 10 12 -sp2
“(O)“[t 1/4+2st]’ “(1)—[0 1/2]’ “(2)‘[—z 1/4+2st]’ 5-3)

where s, t are real parameters satisfying t 3 Oand 1/2 +2st ¢ {2"1:n e N}. Then M = [a(0) +
a(1) +a(2)]1/2 has 1 as its simple eigenvalue and an associated eigenvector y = (1, 0)T. Moreover,
M has no eigenvalues of the form 2", n € N. Let ¢ be the compactly supported distributional
solution of the vector refinement equation (5.1) subject to the condition $(O) =y. ThengisinL,
(continuous in the case p = oo) if and only if —3/4 < st < 1/4. In this case, the critical exponent
of ¢ is given by

2+ if |st+1/4| <273"YPands #0,
vp(@) =1 —logy |} +2st| it 273717 < st +1/4) < 1/2ands £0,
1+1/p if s=0.

This example was discussed in {16] and [17]. Under the restriction |st + 1/4] < 1/2, i.e.,
—3/4 < st < 1/4, it was proved in [16, Example 6.3] that the subdivision scheme associated with a
converges uniformly. Consequently, the solution ¢ is continuous. But the question was not answered
whether the soltuion ¢ is in L, if |sz + 1/4| > 1/2. Under the restriction —3/4 < st < 1/4, the
smoothness of ¢ was analyzed in [17, Example 4.2] by considering the stable and nonstable cases
separately. In contrast, Theorem 5 and Theorem 6 enable us to give a unified approach for the
existence and smoothness of the solution without the restriction on the parameters.

Proof. Letm =1and b(z) = d(z)(1 + z)/2. Then 1 is a simple eigenvalue of Tj,. The element
v € (£9(Z))?* determined by Tpv = v and Yacz V@ =y =, 0)T is supported in [1, 2] and given

by
o =yn] @ =[5

Since a is supported in [0, 2], (£([0, 31))? is invariant under Ag and A;. By acting Ao and
A iteratively on Vv € (£([0, 31))2, we find that the elements Vv, AgVv, A1 Vv, A%Vu, A%Vv and
AgA1 Vv generate an invariant subspace of Ag and A;. This is the subspace V (Vv). The elements
form a basis of V(Vv) when s # 0, while the first five elements form a basis when s = 0.

Let us choose a basis of V(Vv) (when s # 0) as

vy = [;t]a+ [Ztl] 81, vy 1= m 6 =461, v3 1= [(1)] 6 -6,

1 2 —1 0
v4:=_|:4tjl5+|:0i|81+|i4tjl62, V5 = [1}(61—82)’ vg := Vuv.
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Let V = [v1, v3, v3, v4, vs, v6].

Then we have
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[1/2+2st s/2 0 0 —s/2  —2st/3
0 1/4 ¢ 0 0 2t
_ 0 0 1,2 0 0 172
AoV =V 0 0 0 1/2+2st —s/2 1/2-2st/3 54)
0 0 0 0 1/4 2t
| o0 0 0 0 0 o |
and
(12425t —s/2 0 0 s/2 2st/3
0 1/4 —t 0 1/4 5t/3
_ 0 0 12 0 0 172
av=vi 0 0 0 0 1/4+st/3 (5-5)
0 0 0 0 0 t/3
| 0 0 0 0 0 0 |

When s # 0, the matrix representations of Ag|v(vy) and A1|y(vy) under the basis {v j}?___l are the
matrices on the right side of (5.4) and (5.5). When s = 0, the matrix representations under the basis
{v j}‘;’.=2 are the submatrices by deleting the first rows and columns of these matrices. Thus we have

max {21/7|1/2 + 2st], 21771}, if s #0),
max {[1/2 + 2s¢[, 2/} = 21/P71, if s =0,

Therefore, by Theorem 5, the vector refinement equation (5.1) has a compactly supported L ,, solution
¢ (continuous solution in the case p = 00) with ¢(0) = y if and only if |1/2+2s¢| < 1 whens # 0,
ie,—3/4 <st < 1/4.

To analyze the smoothness of ¢, we take k = 3 and generate the subspace V(V3v). By acting
Agand A iteratively on V3v, we see that the linear span of the vectors {V3v, AgV3v, A1 V30, A%V3v,
ApA1 V3u, A%V3v} is invariant under both Ag and A;. This is V(V3v). Moreover, these 6 vectors
form a basis of V(V3v), while A%V3v = 0 and the remaining 5 vectors form a basis when s = 0.

Choose the following vectors

1 -1 1 -2 1
wy :=[4t:|8+|:4t]81, w2:=[4t]8+[0]81+[—4t]62’ w3 :=92V25’

Wy ‘= ey V35,

Pp (Aolv(vyy > Atly(wy) = {

w3 = 82V35, Wg 1= V3U .

Then {w j}?=1 form a basis of V(V3v) when s # 0, while {w j )?=2 form a basis when s = 0.

Moreover, with W = [wy, w2, w3, wy, ws, wg], we have

[1/2 + 2st 0 s 0 2s —8st/3 ]
0 1/2+2st —s/2 1/2 =3s/2 4st
_ 0 0 1/4 -t 14 —4r)3 —32st%/3
AW =W 0 0 0 0 0 —4st/3 6
0 0 0 0 0 4t/3 + 16st%/3
|0 0 0 0 0 0 i
and
(12425t 0 —s 0O —2s 8st/3
0 0 0 -1/2 s/2 —8s1/3
_ 0 0 0 —t —1/4 4t/3+8st?/3
AW =Ww 0 0 0 0 0 1/4 +st/3 SK
0 0 0 0 0 —2t/3—4st?/3
| o0 0 0 0 0 0 i
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When s # 0, the matrix representations of Aoly (y3,) and Ai|y (y3, under the basis {w; }?___1 are the
matrices on the right side of (5.6) and (5.7). When s = 0, the matrix representations under the basis
{w j}?=2 are the submatrices obtained by deleting the first row and the first column of each matrix.
Thus we have

(Aol Al )= max {21/7|1/2 + 2st[,1/4}, if s #0,
Pp \ A0y (v3y)» Ally(viy) = max{|1/2 + 2st|,1/4} =1/2, ifs=0.

It follows that fors # 0, p > 1,
1/p =108, pp (Aolycvsy» Atlvcwsyy) < 1/p —logy(1/4) =24+1/p < 3.

Whens =0, 1/p —log, pp(Aolv(Vs,,), Ay IV(st)) =14 1/p < 3. By Theorem 6, we have

2+% if st +1/4)<273-1/P p>1and s #0,
vp(p) = —log2'%+2st| if 273-VP < |st+1/4) <1/2,p>1land s #0,
1+1/p if s=0.
The case p = 1 follows from the argument in [17]. This completes the smoothness analysis. d

When s = 0, the solution ¢ is not stable. This shows that Theorems 5 and 6 can be used to
handle the existence and smoothness of unstable refinable vectors of functions.
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