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Second-order Self-similar ldentities and
Multifractal Decompositions

KA-SING LAU ¢ SZE-MAN NGAI

ABSTRACT. Motivated by the study of convolutions of the
Cantor measure, we set up a framework for computing the mul-
tifractal L9-spectrum T(q), q > 0, for certain overlapping self-
similar measures which satisfy a family of second-order identities
introduced by Strichartz ez al. We apply our results to the family
of iterated function systems Sjx = (1/m)x + [(m — 1)m]/j,
J=0,1,..., m, where m is an odd integer, and obtain closed
formulas defining T(q), g > 0, for the associated self-similar
measures. As a result, we can show that T(q) is differentiable on
(0, o) and justify the multifractal formalism in the region g > 0.
Furthermore, expressions for the Hausdorff and entropy dimen-
sions of these measures can also be derived. By letting m = 3, we
obtain all these results for the 3-fold convolution of the standard
Cantor measure.

1. INTRODUCTION

Let p be a bounded positive Borel measure on R4 with compact support. For each
q € R, define

(1.1) 7(q) := lim lnsuPEiN(Bh(Xi))q,
h—0+ lnh

where {Bp(x;)} is a family of disjoint closed h-balls with centers x; € supp (),
the support of i, and the supremum is taken over all such families. We call T(q)

925
Indiana University Mathematics Journal (©), Vol. 49, No. 3 (2000)



926 KA-SING LAU ¢ SZE-MAN NGAI

the Li-spectrum (or the moment scaling exponent) of p. It arises as an important
function in the theory of multifractal measures. A heuristic principle says that the
Legendpre transform of T(q), defined by T*(n) := inf{gn —7(q) : g € R}, is equal
to the Hausdorff dimension of the set of points whose local dimension is equal to
n, ie.,

. . Inp(Bp(x))
(1.2) T*(n) = dimy {x € supp (u) ) h{%{% = '7}'

This is known as the multifractal formalism. The right-hand side of (1.2) as a
function of n is called the dimension spectrum of p. (Here we use the letter n
instead of the more commonly used letter & because o will appear in a different
context.)

Since the eighties, there have been a lot of interests and researches related to
justifying the multifractal formalism and computing 7(q). We summarize some
known results concerning self-similar measures, a basic class of fractal measures.
Let {S j}}"zo be an iterated function system (IFS) of contractive similitudes of the
form

(13) ij=ijjX+bj, j=0,1,...,m,

where 0 < p; < 1, Rj is an orthogonal transformation and b; € R¥. For each set
of probability weights {wj}?io, ie,wj>0and Zﬁo w; = 1, there corresponds
a unique probability measure, called a self-similar measure, satisfying the identity

m
(1.4) p=2> wjpoS;.
=0

(See [Hut]). The multifractal formalism has been proved rigorously for self-similar
or graph-directed self-similar measures satisfying the disconnected open set condi-
tion or its variants (see [CM], [EM], [O1], [R], [AP] and the references therein).
{Sj}7Ly is said to satisfy the open set condition (OSC) if there exists a non-empty
bounded open set U such that §;(U) < U for all j and S;(U) N Sj(U) = & for all
i # j; and it is said to satisfy the disconnected open set condition if the last condition
can be strengthened to Si(U) N Sj(U) = @ forall i # j. If the OSC is satisfied
then T(q) is defined by the simple equation

m
(1.5) > w?pf(q) =1, qeR.
i=0
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The OSC guarantees that {S;(supp (1))}, is a nonoverlapping family, in
this case we also say, loosely, that the IFS {S J'}}ﬂzo (and the corresponding measure
M) is nonoverlapping. 1f the OSC fails, we say that the IFS (and ) is overlapping.

In order to study some interesting overlapping cases including the well-known
Bernoulli convolutions associated with the PV numbers, the authors introduced
a weaker separation condition, known as the weak separation property (WSP), and
justified the multifractal formalism under the assumption that T*(n) is strictly
concave at 1] € 0T(q) where g > 0 [LN1]. Here 0T(q) is the subdifferential of T
at ¢, defined as 07(q) = {n | T(p) < 1(q) + n(p — q) forall p € R}.

For such measures, one of the main unsettled problems is the calculation of
T(q). Some partial results have been obtained when q is a nonnegative integer
([Lal], [La2], [LN3], [FLN]). For noninteger values of g, much less is known. In
[LN2], a closed formula defining T7(g), 0 < g < oo, for the Bernoulli convolution
associated with the golden ratio is derived. Recently, by using a different tech-
nique, Feng ([Fenl1], [Fen2]) has obtained a formula defining T(g) for g < 0 for
this measure. He also obtained formulas defining T(q) for a class of PV numbers.

The derivation of T(q) in [LN2] is based on a set of second-order identities
introduced by Strichartz ez al. [STZ]. Let {S j};”zo and u be given by (1.3) and
(1.4) respectively. Define

(1.6) Tix = p"ix+d;, i=0,1,...,%,

where n; € N and d; € R4, We say that p satisfies a family of second-order
selfsimilar identities (or simply second-order identities) with respect to {T;}!_, if

(i) supp (1) = Ui—o Ti(supp (1)) and
(ii) for each A = supp (1) and 0 < i, j < ¥, u(T;T;A) can be expressed as a
linear combination of {u(TxA) | k=0, 1, ..., m} as

m
H(T;TjA) = > ciu(TrA),
k=0

where cx = ¢k (i, j) are independent of A. (Here T;T; denotes the compo-
sition Tj o Tj.)
For our purposes, {Ti}fzo needs to satisfy the OSC.

Second-order identities were introduced in [STZ] to compute numerical ap-
proximations to the measure. If {S j};-io satisfies the OSC with an open set U,
then using a theorem of Schief [S, Theorem 2.2] we can assume that u(U) = 1.
Hence for all A = supp (1), u(SiS;(A)) = wipu(S;(A)) and therefore p satisfies a
family of second-order identities with respect to {5} itself.
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The formula for T(q) derived in [LN2] yields important and new informa-
tion for the infinite Bernoulli convolution associated with the golden ratio, which
has been studied extensively (see [AY], [AZ], [Hu], [L], [LP], [P]). These include
the differentiability of T (gq) and the dimension spectrum of the measure for g > 0,
a formula for its Hausdorff and entropy dimensions, and formulas for its L9-
dimensions and its L®-dimension. Unfortunately, the method in [LN2] cannot
be applied to measures associated with other well-known PV numbers because
they do not satisfy similar second-order identities. It is the purpose of this paper
to carry out a systematic study of this method and show that it does generalize
to some other classes of overlapping measures, including the interesting 3-fold
convolution of the Cantor measure.

We consider equicontractive similitudes of the form

(1.7) Six=px+bj, j=0,1,...,m,

where 0 < p < 1and 0 = by < by < -+ < by,. We are interested in the case
{S; };”:O does not satisfy the OSC. Let u be the corresponding self-similar measure.
We will prove that if p = 1/k, where k > 2 is an integer, bj = [(k — 1) /k]j for
j=0,1,...,m,and m = kN for some N € N, then we can define

(1.8) Tix = —x+1i, i=0,1,...,m—1,

kN
so that with respect to {Ti}ﬁgl, u satisfies a family of second-order identities.

Our main objective is to make use of the second-order identities to formulate
a set of conditions under which a closed formula defining T(q) can be derived.
Note that supp (¢) < [0,al, where a = by, /(1 — p). Define

(1.9) Tix = plix+di, di=0,1,...,%,

where n; is a positive integer, and suppose {Ti}?:lal is a nonoverlapping family
with respect to which u satisfies a family of second-order identities. For the pur-
poses of this paper we only consider the case in which {T;}!_, can be partitioned
into two subfamilies {T;};cg, and {Ti}ies,, each is equicontractive with contrac-
tion ratios p™ and p™ respectively.

The derivation of T(q) is based on the following well-known equivalent def-
inition, which holds for g > 0:

. — 1 «
T(q) = mf{a ] P{Lnoh A LOOIJ(Bh(X))q dx > 0} .
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Let

() = e S [ (T dx.

i€l

(1.10)

Under certain additional conditions on the similitudes and the second-order iden-
®@ (h) behaves like

tities (see (Cl), (C2) and (C3) in Section 3),
1/h' [P u(Bp(t))2dt as h — 0 and the following functional equation for

t—1

h
(1'11) q)(a)(h) _ kzp (k=1)n+71)x O(Q)q)(a) (W)
=1

(@) (h) can be derived:

Z —kno l(q)q)(a (pkn

b)

N
+ Y pinrkina (q)(b("‘>(pm+kﬁ>+lf(h),

k=0

where t is some fixed positive integer, ¢ (q), ci(q), €k (q) are functions of g,

is the largest integer satisfying 0 < h < pt*Vn+N% ‘and E(h) is some error term
Once (1.11) is established, the formula for T(q) follows from the renewal

theorem. More precisely, define

t-1
z(p (k-Dn+n)«x 0(5[) +pfkno( l(q))+ Zp tn+kn)txck(q)
k=0

(1.12) F(q,x) :
k=1
{(qg,x) | q >0, F(q,x) < o}.

D :
For g > 0, let &® = &(q) be the unique « such that (¢, «) € 0D, the boundary of

D. We have the following main result
Theorem 1.1. Suppose that for each q > 0, F(q, &) tends to o as & increases
to &, and suppose that for & satisfying F(q,x) = 1, there exists € > 0 such that
E(h) = o(h®) ash — 0*. Then T(q) = o where & is the unique solution of
F(q,x) = 1. Moreover, T is differentiable on (0, o).
The differentiability of T on (0, o) is important because it implies that T* (1)
is strictly concave for all n € 07(q), g > 0, and hence for such n the multifractal

formalism (i.e., equality (1.2)) holds [LN1]
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T(q) is intimately related to several other notions of dimension of the mea-
sure t. For q > 1, the (lower) L1-dimension (or generalized Rényi dimension) ([St],
[HP]) of u, denoted by dim, (u), can be defined as

T(q)
qa-1

dim, (n) = q> 1

For g = o we define the lower L™ -dimension of u as

. 1. Insupu(Bu(x))
dl_moo(u) - hlir{)lJr lnh ’

where x € supp (i) and the supremum is taken over all such x (see [LN1], [St]).
dim,, (1) corresponds to the left end-point of the dimension spectrum.

T(q) is also related to the Hausdorff and entropy dimensions of y. Assume
now that v is a Borel probability measure on R? with bounded support (not
necessarily a self-similar measure). For a finite Borel partition P of supp (v), let
|P| be the maximum of the diameters of elements of P. Define

H(v,P)=- > v(A)lnv(A),
Ae?P

and for h > 0, let
H(v,h) = inf{H(v,P) | P is a finite Borel partition of supp (v), |P| < h}.

The entropy dimension of v is defined as

) .. H(v,h)
Aime )= 9

The Hausdor(f dimension of v is defined as
dimg (v) = inf{dimg (E) | V(R4 \ E) = 0}.

It is proved by one of the authors in [N2, Theorem 1.1] that, if T(q) is differ-
entiable at ¢ = 1, then dimp (v) = dim.(v) = 7'(1) (see also generalizations by
Heurteaux [H] and Olsen [O2]). In this case we will call the common value the
dimension of v and denote it by dim(v).

Under the hypotheses of Theorem 1.1, we immediately obtain formulas for
di_mq(/,l) and dim,, (1). Moreover, since the differentiability of T for g > 0 is
guaranteed, we can hence derive a closed formula for dim(u) (see Corollary 3.3).



Second-order Self-similar Identities 931

We apply Theorem 1.1 to the measures defined by

1 m , ,
(1.13) SJXZEXJF j, j=0,1,...,m,

where m is an “odd” integer. A corresponding collection of Tj is

(1.14) Tixzix+i, i=0,1,...,m—-1.
m

In this case 7o = {0, m—1}, 7, = {1, ..., m—2}, and F(q, ) is simplified to
m—1 o0 m-2

(1.15) F(q,00 =m® > wi+ > m”‘*”"‘( > > C?J),
i=1 k=0 i=1 |J|=k

where J = (ji,...,Jk), ji = 0or m — 1, and |J| = k denotes the length of J. ciy
is defined as

m

(1.16) Ci,]=[wi+1,wi]P]|::;}O:|,

where Py is the matrix product Pj, - - - Pj, and

(1.17) Po=[w0 0 ] Pm_lz[%l “’0].

W Wm-1 Wi
We have the following main result concerning this family of measures.

Theorem 1.2. Let m = 3 be an odd integer and let Sj(x) = (1/m)x +
[((m-1)/mlj, j=0,1,..., m. Let u be the self-similar measure defined by {SJ};”ZO
together with a set of nonnegative weights {w j};io- Suppose that wo, Wy > 0 and
that there exists 1 < jo < m — 1 such thar wj, > 0. Then T(q) = &, where & is

defined by

© -2

m
m(k+2)tx< z C?J) -1
0

m-—1
&3 q
m* > wl+
i-1 k i-1 |JI=k

Moreover, T is differentiable on (0, o).
Corollary 1.3. For the measure y in Theorem 1.2, the multifractal formalism
holds for q > 0, i.e.,

: . lnuB
T*(YI) = dlmH {x € supp () hlgg% _ l’]} ,

wheren = T'(q) and q > 0.
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We are not able to get similar results if m is even, although analogous second-
order identities exist. It is not clear how a suitable collection of T; can be defined
so that an analogue of the functional equation (1.11) can be derived.

Our present work is motivated by the study of the 3-fold convolution of
the standard Cantor measure. Unlike the standard Cantor measure or its 2-fold
convolution, the 3-fold convolution is defined by the following set of similitudes

that fails to satisfy the OSC:

(1.18) ij=%x+%j, j=0,1,2,3.

The corresponding measure i is defined by

p= éuoSo’le%uoSfl +%u052’1+éu0551-

In [FLN], it is shown that the S in (1.18) satisfy the WSP and a matrix
method is used to compute T(q) when g is equal to a nonnegative integer. By
using the results in this paper, we can obtain the following formula defining T(q)
for g > 0 and show that T(q) is differentiable on (0, ). The matrices Py and P,
in (1.17) become

111 O 1{3 1
P°:§[1 3] and P2:§[0 1]'
Let ¢y = 63—4[1, l]P]H]. Then we have the following result:

Theorem 1.4. Let |1 be the 3-fold convolution of the standard Cantor measure.
Then

(@) T(q) = & with « defined by

(1.19) 2-3% (é)q+ > 3k N o) =1,
8 k=0 IT1=k

where J = (Ji,...,Jx), Ji = 0 or 2. Moreover, T(q) is differentiable on
(0, 00).
(b)

9In(3/8) +12 > > ¢ylngy
k=0 |Jl1=k

0L ~ 0.9884....

(1.20) dim(u) =7'(1) =
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(c) dim, (1) =1n$/In3 (~ 0.89278926...).

We have not investigated the calculation of T(q) for g < 0; the reader is
referred to some related results by Hu and Lau [HL].

This paper is organized this as follows. In Section 2, we study some basic
properties and examples of second-order identities. In Section 3 we derive the key
functional equation (1.11) and prove Theorem 1.1. In Section 4, we apply our
results to the IFS in (1.13) and derive Theorem 1.2 and Corollary 1.3. In Section
5, we simplify the formula for T(q) in the case q is a positive integer. In Section
6, we study the 3-fold convolution of the Cantor measure and prove Theorem
1.4. The proof of Theorem 1.2 involves a technical estimation of the error term
E(h) stated in Theorem 1.1. Some techniques have already been used in [LN2];
we include the estimations in the Appendix for completeness.

2. SECOND-ORDER IDENTITIES

In this section we study some properties and examples concerning second-order
identities. Let k = 2 be an integer, let

1 k-1,
2.1 Six = EX+ X i,

i=0,1,...,m,
and let py be the self-similar measure defined by the S; as in (1.4). We remark
that for any ¥ € R, the self-similar measure defined by the similitudes S;x =
(1/k)x+7j,j=0,1,..., m, together with the same set of weights {wJ'};-io, can
be identified with p. It can also be checked that supp () < [0, m] and {Sj}}”:o
satisfies the OSC if and only if m < k — 1.

Now assume that m = k" for some N € N. Note that in this case the OSC

fails. We define

(2.2) TixzkiNeri, i=0,1,...,m-1.

Since T;[0,m] = [i,i+ 1], {Ti}’iﬁal satisfies the OSC with (0, m) as an open set.
For any multi-index I = (i1, ..., ix), we denote the composition Tj, o - - - o Tj, by
Tj, - - - Ty, or Ty, and the composition S; ' o - - 0 S; T by §;1--- 8. 1.

Proposition 2.1. Ler U be a self-similar measure defined by the similitudes in
(2.1) and let m = kN for some integer N. Then U satisfies a set of second-order
identities with respect to the maps T; in (2.2).
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Proof. Let A < [0,m]. By applying (1.4) repeatedly, we have for 0 < i
j<=m-1,

m
_ 1 1
= § v wnn(st s e o)
L1,y n=0
m

I
M
g

1
Wy M (k—NA+s),

where s = (i, j,¥1,...,¥n) = j+kNi—(k—1) Z],VZI kN="¢,. Since supp (u) <
[0,m] and s can take only integer values, u[(1/kN)A + s] # 0 if and only if
s=0,1,..., m— 1. Hence u(T;T;A) is a linear combination of {u(TxA) | k =
0,1, ..., m—1}. O

Example. Putting N = 1, we get the following example

1 . .
ij=ax+ Jj, j=0,1,....m

In this case we can define
Tix = Lx+i, i=0,1,...,m—1.
m
We will come back to this family in Section 4.

Remark. The {Tl}m0 in (2.2) is not the unique family with respect to which
U satisfies a set of second-order identities. In fact, if m = kY then for each n € N
we can define

x+— i=0,1,...,mk" — 1.

Tix = pnpn X ¥

The proof of Proposition 2.1 shows that the same conclusion holds for the maps
{T;}" =1 The proof of Proposition 2.1 also yields the following important ma-
trix identities, which hold for all A < [0, m]:

u(ToT;A) u(ToA)

u(Ti T;A) u(T,A)
(2.3) _ - M, _ L i=01,...,m-1,

U(Ty 1T A) U(T-1A)
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where M; is some m X m matrix. Let J = (ji,...,jk), ji=1,..., m—1, and let
e; denote the unit vector in R™ whose (i + 1)-st coordinate is 1. Applying (2.3)
repeatedly yields

u(To[0, m])

p(T:[0,m])

H(Tm-1[0,m])

Using (2.4) we obtain the following uniqueness result for the p satisfying (2.3).

Proposition 2.2. The system of second-order identities in (2.3) together with the
values p(T;[0,m]), i = 0, 1, ..., m — 1 uniquely determines a Borel probability
measure on [0, m].

Proof. We see from (2.4) that for all J = (ji,...,jx) with j; =0, 1, ...,
m — 1, the values p(T;[0,m)) are uniquely determined by the matrices M; and
the values p(T;[0,m]), i = 0, 1, ..., m — 1. Hence p is uniquely determined
on each of the m-adic intervals {T;[0,m) | |J| = k}. The assertion now follows
from Carathéodory’s extension theorem [Ro]. O

Write p = 1/kN. We have the following formula, which can be used to
approximate T(q) for “all” g € R. The approximations are better for smaller
absolute values of g.

Theorem 2.3. Assume the same hypotheses of Proposition 2.1 and assume that
the probability weights satisfy wj > 0 for all j. Then for all q € R,

lnzd?

T lJ1=n
T(q)_}%o nlnp

where p = 1/kN and dj is defined by (2.4).

Proof. We first remark that, since all w; are positive, p does not have point
masses and supp () = [0,m]. The proof for g > 0 follows from an obvious
generalization of that in [N1, Theorem 2.4]. Now assume q < 0. Since u does
not have point masses, the closed ball By (x;) in the definition of T(gq) can be
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replaced by the open ball B; (x;). By regarding {T;(0,m)}jj=n as a family of
disjoint open (mp™/2)-balls with centers in supp (1), we have

In Z d? In Z u(Ty(0,m))4
g M=n o Wl=n
n—o nlnp N—oo In(mp™n)
Insup > p(Bp(x;))1
. i _
Sl S T

To prove the reverse inequality, we observe that, for x; € supp (i) and h satisfying
mp" < h < mp™!, there exists some J = (ji,...,jn), ji =0, 1, ..., m — 1,
such that

Bn(x;i) 2 T;[0,m).
This implies that, for each such h,

sup > u(Br(x))? < D> p(T5(0,m))4.

lJ1=n
Consequently,
Insup > p(Bp(x))1 In > u(Ty[0,m))? In > a}

lim L > lim =" = lim — ="

h—0 Inh Moo In(mpn-1) n-o mnlnp
and the reverse inequality follows. O

3. DERIVATION OF THE FUNCTIONAL EQUATION

Let
(3.1) Six=px+bj, j=0,1,...,m,
where 0 < p < 1and 0 = by < by < --- < by,. For any set of nonnegative

probability weights {w;}",, we let t be the corresponding self-similar measure
defined as in (1.4). It is easy to see that supp (1) < [0, a], where a = by, /(1 - p).
Define

(3.2) Tix =phix+d;, i=0,1,...,%,
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where n; is a positive integer and 0 = do < d; < -+ < dy. We assume that
{Ti}fzo is a non-overlapping family, Uf;o T;[0,a] = supp (u), and p satisfies the
following family of second-order identities: For A < [0, a],

H(ToTiA) u(ToA)
(3.3) : = M; : , i=0,1,...,%,

U(TpT;A) u(TpA)

where M; isan (£ + 1) x (£ + 1) constant matrix.
To calculate T(gq), we will use the following equivalent definition. For g > 0,

T(q) = 1nf{cx | fim o J H(By(x))?dx > o}

h1+¢x

This can be derived by using [LN1, Proposition 3.1] (see also [Lal], [LN2], [St]).
Our approach is to partition the collection {Ti}fzo into two subcollections,
indexed by 7y and 7, so that if we let

(3.4) d™(h) =

> J p(Br(Tix))% dx,

i€l

h1+1x

then ®(® (h) behaves like 1/h1t& f(;lu(Bh(x))q dx as h — 07 and moreover, it
satisfies a functional equation of the form

(3.5) ®®(h) = Z cx(q, ) d™ (ph ) +o(h?),

k=0

where s € N and € > 0 (or more precisely (1.11)). The second-order identities
(3.3) alone are not sufficient to fulfill these requirements; further restrictions need
to be imposed.

We will assume that each of the subcollections {T; } jes, and { T;} i1, is equicon-

tractive with
n ifie 1o
n; =

n ifie 71;.

Moreover, we assume they satisfy the following basic conditions (C1), (C2), and
(C3). (C1) governs the asymptotic behavior of ®® (k). (C2) and (C3) are used
in deriving (3.5). These conditions are satisfied by the interesting examples we
consider, but not all of them are necessary. For simplicity we do not consider
the more general framework, which will require a vector version of the renewal
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theorem. For k > 1, we denote by 7¥ the k-time Cartesian product 7y X - - - X 7o;
7% is similarly defined.

(C1) Forsome i € 7y, T;[0, a] contains an interval of the form S;, - - - §;,[0,al
with w;, - - - wj, > 0. Furthermore, there exists a positive integer t (chosen
to be the smallest) and a subset I < {(iy,...,i) | ij € 7;} such that, for
A < [0, a]l, conditions (C2) and (C3) below are satisfied:

(C2) Suppose for each k = 2, ..., t, I} denotes the collection of multi-indices
I = (i1,...,1x) such that i; € 7; and k is the smallest integer such that I is
not an initial segment of any member of I. Then for each I € I}, there exists
an index i = i(I) € 7, and a constant ¢ (I, 1) depending only on I and i
such that

(3.6) H(T1A) = c(I, D) u(T;A).

Moreover, for each i € 7y, the following sums are independent of i:

(3.7) cpy (@) == DAc, )| T €LY, iy € 1},
Choi (@) =D HcI, D111, ix € 11}

(C3) Suppose I = (iy,...,ir) € I. Then for each J = (ji,...,ji) € ’J(’)‘, k>0,
and for each j € 7y, there exists an index i = i(I, J, j) € 7; and a constant
c(I,],1,j) depending only on I, J, i, and j such that

(3.8) U(TiT)TiA) = ¢, ], i, j)u(T;A).

Moreover, for each i € 7i, the sum

(3.9) &(a) =D 1, ], i, 1€, je1, Je1f}
is independent of i.

Remark 1. The second-order identities imply that u(T;A) and p(T;T;T;A)
are linear combinations of p(T;A). (3.6) and (3.8) require in addition that they
are multiples of some p(T;A).
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Remark 2. The assumptions corresponding to (3.7) and (3.9) can be dropped
in a more general framework. Without these assumptions, a vector analogue of
the functional equation (3.5) can still be set up and the vector renewal theorem
of Lau et al. [[WC] can be used to obtain the desired results. However, for sim-
plicity of exposition and for the purposes of this paper, we choose to include these
assumptions and consider only the scalar case.

Remark 3. We can also consider the more general case which allows the T;
to be non-equicontractive. Again, a vector version as mentioned in Remark 2 is
required.

Example 1. The IFS defining the Bernoulli convolution associated with the
golden ratio serves as a basic example for conditions (C1), (C2), and (C3): Sp(x) =
px,S1(x) =px+ (1 -p), p=(/5-1)/2. It is shown in [STZ] that the asso-
ciated self-similar measure satisfies a family of second-order identities with respect
to the following nonoverlapping maps

Tox = p’x, Tix =p’x+p?, Tox=p>’x+p.

(C1) holds if wy and w are both positive. By taking 7o = {0,2}, 7; = {1}, and
I = {(1)}, it can be shown that (C2) and (C3) also hold. We refer the reader to

[LN2] for details. Here we illustrate these conditions by another example.

Example 2. Let

1 2
Six == +_'1 ':0;11211

and let pu be the self-similar measure defined by {S j}izo and positive weights
{w;}7_o. Then supp (1) = [0,3]. Define

Tix=%x+i, i=0,1,2.

Then for any A < [0, 3],
uU(ToT; A) u(ToA)

u(hT;A) | =M; | ui(ThA) |, i=0,1,2,
H(TLT;A) U(T,A)



940 KA-SING LAU ¢ SZE-MAN NGAI

where My, M1, and M, are given by (4.4) (see Proposition 4.2). Partition the index
set {0,1,2} for T; as 7y = {0,2} and 7; = {1}. Then, since

11[0,3] = [1,2] =2 §;,S;,[0, 3]

for, say, (ji1,j2) = (1,2) (or (1,3), (2,0), (2,1)), (C1) is satisfied.

To verify (C2) and (C3) welet t = 2 and I = {(1,1)}. For (C2) we need
only consider I = (1,0) or (1,2). Let A = [0,3]. Then from the second-order
identities, we have

H(T1 THA) = wip(T1A) and p(T1TLA) = wou(ThA).
(See Proposition 4.3(a).) Hence (3.6) is satisfied with k = 2, i(I) = 1, and

w1 ifI = (1,0)
c(l,1) =
w, ifI=(1,2).

(3.7) is also satisfied with c?(q) = ci (@) = wi + wj.
For (C3) weletI = (1,1), J = (j1,...,Jjx) with j; = 0or2,and j = 1. Then
forany A < [0, 3], we will show that

w(TiT;ThA) = cyu(T1A),

where

Cj = [W2, wl]M][zz],

Wo 00 w1 0 Wo
1\70=[0 0 0], Mzz[o 0 o].
w3 0wy 00 w3
(See Proposition 4.4.) Hence (3.8) holds with ¢ (I, J, 1, j) = ¢; and (3.9) is satis-
fied with CNk(Q) = Z\]\:k C?.
Throughout the rest of this section we assume that (C1), (C2), and (C3) are
satisfied. For « > 0, h > 0, and q > 0, define

and

(3.10) P = X | u(Bu(Tix) dx.
i€l 0
Then

1
®X(h) = W(P(h)-
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Condition (C1) enables us to establish the asymptotic behavior of ®® (h),

so that if 0 < lim .o+ @@ (h) < oo, then & = T(q).
Proposition 3.1. Assume that condition (C1) holds and let q > 0. Then there

exist some k € N and constants C1, Cy > 0, independent of b, such that

(3.11) Ju(Bh/pk(x))qu @ (h) < hmxj H(Bn(x))?dx.

(h/ k)1+(x

Consequently, if 0 < lim o+ @@ (h) < oo, then & = T(q).
Proof First, it is easy to see that

612 [uBitax=p" S [T matax = oo,

i€l

For the first inequality in (3.11), condition (C1) implies that there exists some
i € 7y such that T;[0,a] 2 S;, - - - Si, [0,a]. Hence,

\

o) = [ uB Ty dx = - [ u(B0)Tdx
0 P T;i[0,a]

1

> — (Bp(x))1dx.
p" sil---sik[o,a]“ "

Iterating (1.4) yields
HBA(x)) = Z Wi, Wil (Bpype (S5 + S51X)).

Hence,

v

P = p " wy +wi)? | H(Blpi (S - - - S71%0)7 dx

Siy-Sig 0]
a
= pk—’l’l(wil P wik)q JO “(Bh/pk (X))q dx.
Combining this with (3.12) gives

p—(k(x+n (w
(h/pk)1+l><

wtk) J H(Bh/pk(x))q dx

< @) = f [ uaoo)dx.
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This establishes (3.11). As a consequence,

- - a
0 < lim @*(h) <o e 0< Ain&ﬁﬁ) H(Bp(x))1dx < oo,

and the last statement follows. O

We now derive the functional equation (1.11). Let I and 12 2<k<t)be
the index sets in conditions (C2) and (C3), and define I! = 7;. For 2 < k < t we
let I,l( be the complement oflg in ’J{“l X (1g U 1y). Then for h > 0,

613) @) = 3 | uB (T3 dx

L€l

( 2+ 2 )pnizJ:U(Bh(TilTiZX))qu

(i)ely  (i,i)el

a
S o | u (T T dx 4

(i1,i2) €l

a
4 z p(t—z)"”lit JO UBp (T, - - - Ty, x))1dx

(i1 yeensit) €T}

a
+ > pIM | uBR(Ty, - - Tiyx)) T dx.
0

(i1,e.0,it) €I

Write J = (ji,...,Jx) for J € ’_l(lf, k = 0, and let N be any nonnegative
integer. Then by iterating the last term of (3.13), we get

t a
Z Z pk=2meny J U(Bp(Tix))1dx
k=2 rer ’

@(h)

N . [ra
+ 22 > 2 P““""J p(Bn(TiT;Tix))? dx + e (h)
k=0 I€l |J|=k jeT, 0

(I) + (II) + ' (h),

where the sum over |J| = k runs over all J € ’J(’f and

~ [
(3.14) elthy=> > p<f—1>"+<N+1>"[ U (Bn(TiTyx))4 dx.
I€l |J|=N+1 0



Second-order Self-similar Identities 943

Note that for2 < k < t, ith/p(k—l)rH-nik (x) € [0,a]l, then condition (C2) ensures

that for each I = (iy,...,ix) € 12, there exists an index i = i(I) € 7; and a
constant ¢ (I, i) such that

H(Br(T1x)) = ¢, i)“(Bh/p(k72)n+nik (Tix)).

For I € IY, let sg = sx(I) := (k— 1)n + n;,. Then for2 < k < t,

615) 3 % | uta(Tix)tdx

I€)
h/p*k a—h/pk a
=3 e (J S ) U(Ti By ()4 dix

10 0 h/p’k a-h/p
k

a
= > pSTe(l,i)1 JO U(Bpypsn Ty x))1dx + e (h) — &3 (h),

0
I€I},

where

h/psk a
ehh) = 3 p%n (I - )u(Bh(Tlx))qu

0 a—h/pk
Ien)

a

h/p*k
& (h) = > p e, i) <J0 +J

Rk )H(Bh/pfk-"(Ti(I)x))q dx.
Ien a=h/p
k

By using the last statement in (C2), we can write the last expression in (3.15) as

ynad h - h
(3.16) pk=2n+ied  (g)@ (m) +p* el (@ (p(k—l)n>

+ e} (h) — &(h).

Similarly, for k > 0 we let S := (t + 1)n + k#i. Ith/pT‘k (x) < [0,a], then for
Iel, J=(i,...,Jk) € ’J(’)‘, and j € 7;, we can apply (C3) to get
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a
JO U (B (T;TyT;x)) dx
h/ﬂgk tl*h/pfk a
- * + (TyT;T:B, 5 (x))T dx

a
= LT i) [ BBy (T X)) dx

h/pEk a
+ J +J (Bh(T[TJTJX))
0 a— h/pfk

h/p’k a
e, J,1, ) (jo +| N)u(Bh,pskn(Tiu,J,ﬁx))wx.

a—h/pk

Now suppose N is the largest integer satisfying 0 < h < p* (= p(t+1Dn+Nit) Then
by the above derivation and the second statement in condition (C3), we have

AN h
In = > p* "&(@)e (p;k_n)

k=0

N 1p%k a
+ >3 S plen (J +J )u(Bh(TITJTJx))qu

k=0 I€l |JI=k je1, a-h/p

N h/pk a
- Seira@ X (] + KBy picn (Tj)T dx.
k=0

3
jen, 0 a-h/p’k

Substituting this expression and (3.16) into (3.13) yields

t
N h
(3.17) @(h) = > pk=2nicd (g)p <p(k—2)n+ﬁ)
k=2

: h
+ > pkbnel (@)@ <7)n>
k=2 pk

N
+ P (g) @ (pm%) +e'(h) +e*(h),
k=0
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where e! (h) is given in (3.14) and
t
e2(h) = > (e} (h) - &(h)

k=2

N h/pSk a
Z > Y phen J +J o M(Bn(TT;T;x))1dx
k=0 I€l

lJ1=k je a-

|
-
g;[\/]z

. h/p% a
P S| B Ty ax.

JEL a=

Recall that for & > 0, ¥ (h) = (1/h'**)@(h). Hence (3.17) has the
equivalent form (1.11) with E(h) = (1/h!'*%)(e!(h) + e?(h)). This completes
the derivation of (1.11).

Let F(q, ®) and D be defined as in (1.12). For g > 0, let & = &(q) be the
unique « such that (¢, ®) € 0D, the boundary of D.

Proposition 3.2. D is convex. Consequently &X(q) is an increasing concave func-
tion of q.

Proof. For each k, the definition of ¢i(q) allows us to write

my

Gla) = S alj, k)

Jj=1

for some 0 < a(j,k) < 1. The convexity of D follows by applying Holder’s

inequality. As q increases, Cx(q) decreases and hence the corresponding &(q) will
increase. O

Proof of Theorem 1.1.

The proof is similar to that of [LN2, Theorem 3.2]; we include it for com-
pleteness. We will apply the renewal theorem ([Fe], [F]). Let N be the largest
integer satisfying 0 < h < pt+Dn+Nit Then for any o = 0 and any k = N + 1,

h h (1+ex)
(&) _ n(l+a)
& (pthrkﬁ) = (ptn+kn) J “(Bh/p"”k"(x))q dx <ap "F¢

Also, the hypotheses imply that D is open, and hence for (q,«) € D and € > 0
sufficiently small,

[ee]

Z pf(tn+ker)(xE’k(q) _ 0(”18).
k=N+1
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These imply that

(o)

Ew(h) := Z p—(tn+kﬁ)(x5k(q)q,(a)(

) =o0(h®) as h-0".
k=N+1

ptn+kﬁ

For0 <h < 1,letx = —Inh = 0, and define f(x) := ®® (e~X) if x > 0 and
f(x):=0if x <0. Then the formula for ®® (h) becomes

t—1
(3.18)  f(x) = > p (keDmiacd(g) f(x + ((k — 1)n + #1) Inp)
k=1

~
|
—

+ > pKei(q) f(x + knlnp)

T
n

+

Me

p~ ke (q) f(x + (tn + ki) Inp)

T

0
+ E(e™) — Ex(e™).

Now assume that o satisfies F(q, @) = 1 and let v be the measure with weight

p~(k=Dnri)acd gy ar — ((k—1)n+M)Inp, k=1,...,t 1
pknecl(q) at —knlnp, k=1,...,t—1
ptntkideg, (g) at — (tn+ ki) lnp, k=0,1,2,....

Then F(q, ) = 1 implies that v is a probability measure with support contained
in [0, o). Moreover, for x > 0, (3.18) can be written as

f(x) = JO fix—=y)dv(y)+E(e™) —Ex(e™) = L fix—=y)dv(y) +S(x),

where
S(x)=E(e™) —En(e ™) =0(e¥*) asx — oo.

Since D is open and (q, ®) € D, the moment fooo v dv(y) is finite. The renewal
theorem now implies that 0 < lim ¢+ ®® (h) < co (see [LN2, Theorem 3.2]).
Proposition 3.1 implies that T(q) = «. Lastly, note that C,(g(q), C,i(q), k=1,...,
t—1and ck(q), k=0, 1,2,... are linear combinations of exponential functions.
Using again the fact that (¢, ®) € D and D is open, we conclude that F is a C!
function with 0F /0q < 0. The differentiability of T now follows from the implicit
function theorem. O
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To simplify notation, for k =0, ..., t — 1, we let
c(q) +ci(q) ifn #7,
cla) =9 | 1 . N
(@) (=c(q) ifn=1.

We can apply [N2, Theorem 1.1] to conclude that the dimension of p is equal to
T'(1). By implicitly differentiating T(q) and using the fact that 7(1) = 0 we have

Corollary 3.3. Assume the same hypotheses of Theorem 1.1. Then

t—-1 0
> (1) + > & (1)

. ’ k=1 k=0
dim(u) = 7'(1) = = o '
Inp( Y (knee(1) + (F—n)ed(1) + > (tn + kM) (1))
k=1 k=0

4. A SPECIAL FAMILY OF IFS

In this section we consider the family of IFS

Six) = L4 M1
m

Jj, J=0,1,...,m,

where m > 3 is an “odd” integer. Let {w J'}}n=0 be a set of probability weights and
let p be the corresponding self-similar measure. We allow some w; to be zero so

that we can consider the measure defined by a subfamily of {S; };”zo.
Define

(4.1) Tix=ix+i, i=0,1,...,m— 1.
m

Then by Proposition 2.1, p satisfies a family of second-order identities with respect
to {Ti}’iﬁal. In fact for A < [0, m],

(4.2) p(T;T;A) = Zw\qu(%A+i+mj—(m—l)€>.
=0

Fori=0,1,..., m—1, let M; be the matrix defined by (2.3) and let m;l,l, Js
k=0,1,...,m—1, denote the (j+ 1,k + 1)-entry of M;. Then, in view of (4.2),

wy f0<f<mandi+mj—-(m-1)4~¥=k,

(4.3) mﬂ = {

0 otherwise.
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For example, for m = 3,

wy 0 0 0 wy O w; 0 wy
(44) My = 0 w1 0 , M;i=1w 0 w |, M= 0 w; 0
w3 0 wy 0 w3 0 0 O w3

Let7g = {0,m —1}and 7; = {1, ..., m — 2}. Then
m-2 .m
(4.5) ph) = > Jo HU(Br(Tix))%dx.
i=1

In order for (C1) to hold, we will assume that wq, w;, > 0 and that there exists j
(1 =< jo =m —1) such that wj, > 0. In fact, suppose either wy or Wy, vanishes.
Then p can be identified with the measure defined by {So, ..., Sm-1} (in the
case Wy, = 0). This family satisfies the OSC and the corresponding T(q) can be
computed easily by using (1.5). Similarly, if wj = 0 forall 1 < j < m — 1, then
the reduced family {So, Sy} will also satisfy the OSC.

Proposition 4.1. Assume wo, Wy, > 0 and there exists jo (1 < jo < m —1)
such thar wj, > 0. Then condition (C1) is satisfied. Consequently the conclusion of
Proposition 3.1 holds.

Proof. If 2 < jo < m — 1, then §;,S9[0,m] is contained in Tj,—1[0,m]. If
1 < jo <m —2, then §,Sn[0,m] is contained in T}, [0, m]. O

The verification of condition (C2) is contained in the following two Proposi-
tions. For simplicity, we shall use the notation i’ := m — 1 — i throughout the rest

of this paper.

Proposition 4.2. Ler A < [0, m]. Then
(@ fori=1,....,m-2,

U(TiTy A) = wis 11U (ToA) + wip(Tin—1A).

(b)

H(ToToA) wy 0
" U(ToTm-1A) w; Wy u(ToA)
i = .
U(Ti-1ToA) Wm Wim-1 | | H(Tp-1A)

U(Tm-1Tm-14A) 0 wpy



Second-order Self-similar Identities 949

(i) forl <k <m -2,

H(ToTrA) = wou(TxA) and  p(Tm-1TkA) = winp(TiA).

Proof. All identities follow by applying the definition of the T;’s and identities
(1.4) and (4.2). We will prove (a) as an example:

W(T;iTyA) = p (miA+—+) wa( A+(1+1—€)(m—1))

Since (i + 1 —¥£)(m — 1) is always an integral multiple of m — 1, it belongs to the
set {0,1,...,m — 1} ifand only if £ = i + 1 or € = i. Hence the sum reduces to
Wi 1 (THA) + wiu(Ty-1A). O

Proposition 4.3. Let A = [0, m]. Then
(@ fori=1,..., m-2,

wiu(TjHA) if0 < J <i
u(TiTjA) =
wi+1u(Tj_irA) ifi’ < J <m-1.
(b)
m-2m- m—1 m—2
(4.6) > z WTA) = (> wl) Y u(TA).
i=1 j=0 j=1 i=1
Ji
Proof-
(a) By (4.2),

u(TiT;A) = wa( A+J+ml—(m—1)€>

Lets =s(i,j,&) :=j+mi—-(m-1DL. If0<j<i (=m—-1-1i), then
mi—(m-1)¥ <s < (m-1)(1+i—¥), and s belongs to {0, 1, ..., m—1}
ifand only if £ = i. Hence s = j + i and p(TiT;A) = wiu(Tj+iA). On
the other hand, if i’ < j <= m—-1,then (iIm - 1)1 +i-¥) < s <
mi + (m — 1)(1 —¥€); s belongs to {0, 1, ..., m — 1} if and only if
{ =i+ 1 and the result follows.
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(b) Applying part (a) to the left-hand side of (4.6), we see that it is equal to

m-2 m—i-2 m-1
Do( 2 winTpAt+ Y wi u(TirA))
i=1  j=0 j=m-—i
m-2 m-2 i
= D (X wlk(mA) + Y wi u(134)7)
=1 j=i j=1
-2 m-2

= S (T wli, NTA + wl u(TiA)7),
where

Wit1 1{:J < i,
w(i,j):= _
wi 1fJ > 1.

After re-grouping, it equals

m-2 m-2 m-2 m-1
S (S w, )+ wh umat=3 (S wiu(T;A)N. =
j=1 =1 J=1 =1

Remark. 1f A = [—1, m] then the conclusion of Proposition 4.3(a) still holds
except when (i, j) = (1,0) (in the case 0 < j < i’) or when j + i = m (in the case
i’ < j <m — 1). In these cases we have

1 e
Wi-1H (EA + m) + wiu(Tj+iA) if (i, j) = (1,0),
u(T;T;A) = )
wip (EA + m) +wiap(Ti—yA) ifj+i=m.

The analogous result for A = [0, m + 1] can also be established.

Lett =2,n=0=1,1={(i,i):i=1,...,m—2},and c1(q) = c)(q) =
cl(q) = Z;":_ll w?. Proposition 4.3 shows that condition (C2) is satisfied.

In order to verify condition (C3), we will first introduce the following aux-
iliary matrices defined in terms of the M;’s. Fori = 0 or m — 1, let M; be the
matrix formed from M; by keeping its first and last rows and assigning 0 to all
other entries. For 1 < i < m — 2, let M; denote the matrix formed from M; by
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keeping its (m — i)-th row and assigning 0 to all other entries. For example, when
m =3,

wy 0 0 000 w; 0 wy
My=| 000 |, Mi=|lwO0w |, My=| 000
u/30w2 000 OOW3

For J = (j1,...,jx), k = 0,and j; = 0 or m — 1, we define

Wo Wo
(47) Ci,J = [wi+ll 01 wl:IMJ 0 (: eiMi’MJ 0 ),

Wm
fori=1,..., m—2, where 0 = (0,...,0) denotes the zero vector in R™~2, and
we recall that e; denotes the unit vector in R" whose (i + 1)-st coordinate is 1.

Proposition 4.4. For A < [0, m], the following higher-order relations hold:

(a) Fori=0o0rm—1,

H(TT;A) H(THA)
0 = M; 0
U(Ty-1T;A) H(Tim—1A)

(b) Fori=1,..., m—2,

u(ToA)
p(T; Ty A) = e;My 0
U(Tm-1A)

() ForJ = (j1,-.+,jx), k=0, and j; =00rm -1,
(1) H(TiTi'TJTJ'A) = Ci,J[.,l(TjA),fbrj = 1, v, M — 2,’
(ii) u(T; Ty TjA) < C - ciy, for the constant

1 1
C_max{l—wl'l—wm,l}'
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Proof-

(a) Proposition 4.2(b)(i) shows that, for i = 0 or m — 1, pu(TyT;A) and
U (Tm-1T;A) can be expressed as linear combinations of p(TpA) and p(Tm-1A).
This together with the special form of My and My,—; implies that

u(ToT;A) u(ToA) u(ToA)
0 = M; 0 =M 0
u(Tm-1T;A) u(Tm-1A) H(Tm—1A)

(b) Fori=1,..., m -2, Proposition 4.2(a) shows that u(T;Tj' A) is a linear
combination of u(TyA) and u(Tyu_1A). Hence

H(ToA) H(THA)
u(T; Ty A) = e;My 0 = &My 0 ,
H(Tm-1A) U(Tm-1A)

and the result follows.

()G Let J = (J1,...,Jk)> k=0, ji=0o0orm—1. Thenforj=1, ...,
m — 2, by applying part (b) and repeatedly applying part (a), we have

u(ToT;A) wy
U(TiTifTJTJ'A) = ei]\’\ii/ﬁj 0 = eiMifﬁJ 0 [,l(TjA)
(T TjA) Wm

= Ci_Ju(TjA).

(The second equality follows from Proposition 4.2(b)(ii).)

(c)(ii) By using the same argument as in the proof of (i), we get

H(ToA) ulo,11]
(48) H(TiTi' T]A) = eiﬁi/ﬁj 0 < eiﬁifﬁj 0
U(Ty—1A) ulm -1, m]

Applying (1.4) yields u[0, 1] = wou[0, m] + w;u[0, 1], and hence

Wo
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Similarly,
(4.10) ulm-1, m] = Tw,
The result follows by combining (4.8), (4.9) and (4.10). O

Proposition 4.4(c)(i) shows that (C3) holds with ¢x(gq) = 2{2{2 2=k C?J.

As a result, we can apply (1.11) to obtain the following functional equation:

m-—1
() = m*( 3 w)e' mh)
i=1
m-—2
Om(k+2)(x Zl (lekcfﬂq’(“)(mk”h) + E(h),
i Z

Mz

+
k

where N is the largest integer satisfying h < 1/(2mN*3), and E(h) is some error
term (see Section 3 and the Appendix).

We will now use a change of basis to replace the m x m matrices M, and
My,—1 in the definition of ci,j by the following 2 x 2 matrices:

_ wo 0 _ w1 wo
PO_|:wm wml]’ Pt = |: 0 wm].
Proposition 4.5. Letk = 0 and J = (ji,..., jk) where ji = 0 orm—1. Then
fori=1,...,m-2,

(411) Ci,Jj = [le, wi]P][;"O].

m

Proof. Let S be the m X m matrix obtained by interchanging the second
and the last rows of the m x m identity matrix. Then S™! = S. If we define
Qo = S~1M,S and Qm-1 = S~1M,u_1S, then and a direct calculation yields

[ wy 0 0 --- 07 fwy we 0 --- 07
Wm Wmfl O =t O O Wm O =t O
Qo = 0 0 o --- 0 . Qmoy = 0 o o0 --- 0
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Hence

Wo
Cij = [wi+1, 0, wi] (5Q;;S™H---(5Q;S™ [ 0 ]

Wm
Wo
P; 0 w
R B F I Y P ) I P
Wm m
Let
m-—1 © m-2
F(q,x) = m*® Z wlq n m(k+2)tx< z C?J>,
=1 k=0 i=1 |JI=k
and
D ={(q,x) | g >0and F(q, x) < «}.

Then we have the following key lemma. Since it involves quite a lot of technical
estimations, we will postpone its proof to the Appendix.

Lemma 4.6. Fixing q > 0, if (q, &) € 0D, then F(q, &) tends to o as &
increases to &. Moreover, for the unique & satisfying F(q, &) = 1, there exists € > 0
such that E(h) = o(hf) ash — 0™,

Theorem 1.2 now follows by combining Theorem 3.3, Lemma 4.6, and the
derivations in this section. Furthermore, applying Theorem 1.2 and Corollary 3.3
witht =2,n =% =1,c1(q) = 7 wf and & (q) = X% 3k ¢}, we ob-
tain the following result concerning the dimension of p. (We use the convention
xInx :=01in the case x = 0.)

Corollary 4.7. Under the same hypotheses of Theorem 1.2,

m—1 o m-2
— Z wilnwi— Z Z Z Cl'JlnCiJ
i=1 k=0 i=1 |J|=k

dim(p) = 7'(1) = -

m 0 m-—2 )
mnm( Y wi+Yk+2) Y 3 ciy)
k=0

i=1 |J|=k

1=

—
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5. RESULTS FOR INTEGER ¢

For q equal to a positive integer, we can reduce the expression for F(q, ) in
Section 4 to a polynomial. This greatly simplifies the computations of T(g) for
small positive integers q. Let

)

! ,J;,Llwm if0<j=<ix<agq,
if0<i<j=<gq,
>w0 Wiyl ifo<i<j=<aq,

10
0

and define A; = (@ij)o<i,j<q + (Pij)o<i,j<q- For example,

f0<j<i=<aq,

Wo 0 w1 Wo
A = +
[ w? 0 0 w? 2wow,; w?
A, = WoWm WoWm—1 0 +1] 0 WWy,  WoWp
| w2 2wmawm Wi 0 0 w2,

Theorem 5.1. For q € N, the equation F(q,x) = 1 in Theorem 1.2 can be
reduced to

m-—1 m-2
G 2N wie2 S [( ) wi | (?)wg;wl (Z)wq]

i=1 i=1

with z = m®. Furthermore, T(q) = Inz/lnm, where z is the smallest real root of
equation (5.1).
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Proof’ Rewrite F(q, ) as

m—1 -2 o
(5.2) F(q,00 =m~ > wi+ > (Z DY CZJ)'
i=1

i=1 k=0 |JI=k

Lete; = [1,0],e2= [0, l]andforiz 1...,m—2, let

Sik = D, CZJ

1=k

For g > 0 by applying Proposition 4.5 and the binomial theorem, we have

a
Z ((wi+1€1 + wiez) Py [3;])

[JI=k

250 conl2]) (en )
3 (et

n
s
~

I

Il
|| ™M=

where

a-j J
(k) Wo Wo '
y, = z (elpj|: ]) <62P1|: ]) f J:O,l,..-,q
! \JI=k Wm Wm

By using the identities

e1Py = woey, e1Py_1 = wie; + wopey,
ePy = wpey + w183, e Py 1 = wpyey,

and the binomial theorem again, we get the following recursion formula for yJ(.k)
(see also [LN2, Theorem 4.1]):

J qa
k k k .
3’1(+1 Sajeyy + Y by, i=01,...,a.
=0 f=j
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In matrix form

(k+1) 7 M. (k)]
Yo Yo
(k+1) (k)
Y1 Y1
=Aq
(k+1) (k)
| Ya i | Ya |

By repeatedly applying this recursion formula, we get

wg
a a\ a1 a wi wm
Sik = [<O>wf+1 (l)wfﬂwl (q)w?]A’; '
Wi
The result follows by substituting this expression into (5.2). O

6. CONVOLUTION OF THE CANTOR MEASURE

Let u denote the 3-fold convolution of the usual Cantor measure, which is defined
by the similitudes
Six = lx + 2 J
J 3 3’
with probability weights §, 2, 2, and  respectively. By Theorem 1.2, for g > 0,
T(q) is defined by the equation

J=0,1,2,3,

o]

6.1) 25 (3 ) P (D ( 5 ) _ 1,

k=0 [J1=k

where J = (ji1,...,Jk), ji = 0 or 2,

3 1 1110 1131
Cj = 64[1 1] |:1:|, P0=§|:13:|, and P2=§|:01:|.

Moreover, T is differentiable on (0, o). By Corollary 4.7, the dimension of u is
equal to

%ln%-f- Z Z CJlnC]

kOIJIk

In3(3+ Z(k+2) > cj)

[JI=k

(1) = -
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To simplify the sum in the denominator we define

g(x) = > 3”‘*”"‘( > Cj).
k=0 [J1=k

By a direct calculation,
320(+1 o [1] 8. 320<+1 _ 33o<+2

— x k —

By calculating the derivative of g () at & = 0, we get >.p_o(k+2) 35— ¢ = %
Hence dim(u) is simplified to

9ln%+122 Z C_]lIlCJ
k=0 |JI=k

-201ln3

The computation for k = 30 in the above formula yields dim () ~ 0.9884....

For q equal to a positive integer, we apply Theorem 5.1 to obtain the follow-
ing results for T(g) and the L9-dimension (where z = 3%). They coincide with
those obtained in [FLN] by using a different method.

dim(p) =

q F(q,x) =1 T(q) L9 — dim

2 4522 - 832242048 =0 0.976628125 0.976628125
3 387z% — 18944z + 131072 =0 1.930649224 0.965324612
4 2697323 — 1688371222 + 1853882368z — 34359738368 = 0 2.865462001 0.955154000

5 81866723 — 118554624022 + 347355480064z — 17592186044416 = 0 3.785773809 0.946443452

For the rest of this section, we calculate the lower L*-dimension of u. Let
~ 1 0 ~ 3 1
P0—|:1 3:| and P2—|:0 1:|

Proposition 6.1. Letk = 1 and ] = (ji,...,jk), ji = 0 or2. Then:

- 1 0 N 3k (3k-1)/2
P§ = d P¥= .
@ B [(3’<—1)/2 3’<] we [o 1 ]

(b) J =(2,...,2) and J = (0,...,0) maximize, respectively, the first and the
second column sums over all Pj.
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(c) [1, 1]13] {i] is maximum when J = (0,...,0) or J = (2,...,2). Conse-
quently,

k+2 k+2
62) maxies 1Jl =k = 32 < (3) .

2. gk+2 8
(d) Z;?:o Zm:k cj= %

Proof. Both (a) and (b) follow directly by induction on k. To prove the first
statement of (c) we again apply induction on k. The statement obviously holds
when k = 1. Assume that it holds for |J| = k. We want to maximize

(6.3) [1, 1]13]131[1], j=0,2

for all possible J. In the case j = 0,

(1, 1]13,130[1] =[1, 119, [}] +3[1, 1]13][(1)].

By induction hypothesis the first term is maximized when J = (0,...,0) or J =
(2,...,2). The second term is 3 times the second column sum of 131 and by part
(b), it is maximized by J = (0,...,0). Hence the quantity in (6.3) with j = 0 is
maximized by J = (0,...,0). The case for j = 2 is similar. The second statement
of (c) follows from the first statement and part (a). (d) can be proved directly as
follows:

k=01J|=k

o] o] 1
> > ¢y = %Z 1, 1](P0+P2)k[1}
=3[1uu4%+anlﬁ}

3 g [41]\[1] 1
e[

Alternatively it can be obtained by putting g = 1 and @ = 7(1) = 0 into
(6.1). O
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In(8/3)

Theorem 6.2. dim, (u) =
In3

(= 0.89278926...).

Proof. It sufhices to show that

lim T(q) _ lﬂ(8/3)_
a-« q In3

(See [LN1, Proposition 3.4].) We first observe that for all g > 0, (6.1) implies

that :
2. 3T<q>(%) < 1.

Taking logarithms on both sides and then letting g — o0, we have

. 7(q) _In(8/3)
(6.4) %Ln(}o e < n3

To prove the reverse inequality, we let £ = limy—[T(q)]1/q and suppose

In(8/3)

(6.5) < In3

We claim that the first term in the series (6.1) with & = T(q) would tend to 0 as
q — . In fact we notice that

3\1 3\1
T(q) | 2 _ T(@/a , 2
s (g) = (0 5)
and by assumption (6.5),

. 3 3
T@/a(2) 3t (2
1%15903 (8) 3 (8) <l

Consequently, 2 - 37@ (2)4 — 0 as g — .
The claim above implies that there exists g, > 0 such that, for all g > qo,

% < Y 3kr@( 3 o)

k=0 1=k
< > 30DT@ (max{cy - |J] = kDI Y o)
k=0 [JI=k
© 3 (k+2)(q-1)
< z 3(k+2)'r(11) (_) ( z C]) (by 6.2)
k=0 8 [JI=k

3 q—l k+2 1
< |sup(37@ (= > - (Prop. 6.1(d))
L}g ( (8) 4 P
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This forces 37@ (%)‘1‘1 > 1 forall g > qo, which yields

lim 74 In(8/3)
a—= q In3

This contradicts (6.5) and thus the reverse inequality is also established. O

APPENDIX. PROOF OF LEMMA 4.6

Some techniques in this section have been used in [LN2]. For the sake of com-
pleteness, we include the proofs and indicate the main differences. We first show
that D is open and that for each g > 0, F(q, &) can take arbitrarily large values.

Proposition A.1. For each fixed q > 0, if (q, &) € 0D, then F(q, &) tends to
00 as « increases to &. In particular, D is open.

Proof Foreachi=1,..., m — 2, we define

Fi(g,0 = > m®2«( 3 ¢} and D;={(q,c)1q>0, Fi(q,c) < 0},
k=0 1=k

Then
m-—1 m-2
F(g,@) =m® > wi+ > Fi(q, ).
i=1 i=1

We first prove that, if wi, wis+1 > 0, then the analogous conclusions of the
proposition hold for the pair (F;, D;). For such an i, let d; = min{w;, w;;} and
do = min{wg, Wi, }. Then

o0 ~ qa
~ ~ Wo
Fi(q,00) = dgd? > mk2x ([wi+1, wi]PJ [Wm]> ,
k=0 [JI=k
where W; = w;/d; and Wj.1, Wy, Wy, are similarly defined. Note that Ww;, Wi, 1,
Wo, Wi = 1. For k = 0, let

~ 4
~ ~ Wo
Sk = Z < Wi, Wi PJ|:N :|>
1=k | | Wm

It can be checked directly that sp,, < spsk for any integers £, k = 0. We can now
apply the same proof as in [LN2, Proposition 2.5] to conclude that D; is open and
that F;(q, ®) tends to o as « tends to 0D;.
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Next, we claim that if wj, wj;; > 0 and Dj is as above, then Dj = D;. In
fact, 0D is determined uniquely by the number

Rj:= @o( ch"?])l/k'
IJI=

Letd; = min{wj, wj1}. Then d; > 0 and the inequality

i (o 5 (19 m1n [ 2]))

[J1=k

(5 (e[ 2]))

yields R; = R;. By symmetry we have Rj = R; and hence 0D; = 0D;.
Lastly we show that, even if one of w; or wj,1 is zero (but not both), we still
have Dj = D;. It suffices to show that

o T\ 1/k o T\ 1/k
(2 0n[2]) b 0m [2])
k““(ﬂ—k 1] Wm k= N ir=k 1] Wm
o\ 1k
“m (g e f2]))
k= \ |72k Wm
The second equality can be easily established. To see the first equality we notice
that
(o))
, 1Py
1=k Wm

g (e[S ]) (e [2]))

where y; = max{1,2971}. We now recall the fact that if {ax}, {bx} are two
sequences of nonnegative numbers, then

i 1/k _ T 1k Tim 1/k
lim (@ + bi)"/* = max {im (@), Tim ()%},
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Thus by taking the k-th root on both sides and then letting k tend to o, we get

(e[ )) <m (s o)) -

The reverse inequality is obvious. Consequently, Fi(q, &) still tends to o as «
tends to 0D;. We conclude that if w;.; # 0 or w; # 0, then D; = D and the
proof is complete. O

Recall thatfori=1,...,m -2, weleti’ =m -1 —1i.
Proposition A.2. Let | = (ji,..., jx) wherek =0, jy =0, orm — 1, and let
1<i,j<m-—2. Then

(a) There exists a constant C > O such that, for B < [—1, 0] or B < [m, m+1],
CiJ[,l(TjB) < [J(TiTi'TjTJ‘B) <C- Ci,J[J(TjB).

(C can be taken to be max{1 + wWy_1/wo , 1 + W1 /wm}.)
(b) For B < [—-1,0], the following hold:
(i) u(T;Ty Ty Tin—1B) < C - ¢y, where we can take C = max{1/(1 — wy) ,
/(1 —wm-1)};
(i) i#fJ = (J',m—1,0,...,0), |J'| = &, then u(T; Ty T;ToB) < wX 4 lc; s
(iii) #fJ = (0,...,0), then u(TiTy Ty ToB) < wywk 2.
For B < [m, m+1], similar statements hold by interchanging the roles of Ty
dﬂd Tmfl.

Proof-
(a) ForanyB < [-1, m+1]andany j = 1,..., m—2, wehave T;B < [0, m].
Hence, as in the proof of Proposition 4.4(c)(ii),

u(ToT;B)
(A1) W(TTy T TjB) = | win, O, wi | M 0
U(Tm—1T;B)

For B = [—1, 0], a direct calculation yields

(A.2) u(ToT;B) = wou(T;B),
U(Tm-1TiB) = winu(TjB) + Wy 1u(TjB+m - 1).
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The first inequality in the proposition follows immediately. For the second in-
equality we observe that

wpu(B+m) ifj=1
u(TiB+m-1) =
0 ifj>1,

while u(TjB) = wou(B+m) + wiu(B+ 1) if j = 1. Hence p(T;B+m — 1) <
(Wm /wo)u(T;B) and consequently

Win-
t(Ty 1 TjB) < W (1 + l)u(TjB).

m
Wo
Substituting this and the first equality in (A.2) into (A.1), we get the desired result

with C = 1 + wyu—1/wy. The proof for B = [m,m + 1] is similar and yields
C=1+wi/wn.

(b)(i) Since Tu—1B < [0, m], the inequality follows from Proposition 4.4(c)
(ii).
(b)(i) Let J = (J',m — 1,0,...,0) with |J'| = €. Then Tp_1TE /B <
[0,m] and hence
U(ToTyn-1 T¢'B)
(A3)  WGTyTyToB) = [winr, 0, wi | My 0
U(Typ—1 Tn—1 T 'B)

The desired inequality follows by putting the following identities into (A.3).

H(ToTn—1 TE'B) = wowk G uB +m - 1),

m
(T 1 T 1 TEB) = wwk 4 u(B +m - 1).

(c) For J = (0,...,0), by a similar calculation as above, we have
u(T; Ty Ty ToB) = wiwk 2 u(B +m - 1) < wywk 2. O

Define

Inwy ifw, >w Inwm_; ifw > w
_ Inm b="m _ lnm m-l =0

! Inw,, ’ m-1 lnwyg ) ’
ifw; <wp if wm—1 < wo
In Inm
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and fori=0,m,or2 <i<m — 2, define

In wi
Inm

i ,  ifw; > 0.

If w; = 0, we use the convention a; = .

Proposition A.3. There exist constants Cr, Co > 0 so that, for all 0 < h < 1,
the following statements hold:

@) Fori=0,m,or2<i<m-2,
Cih% < u(Bp(i)) < C;h%;

(b) Fori=1orm—1,letio=mifi=1andletio=0ifi=m—1. Then
(i) C1h% < p(Br(i)) < Gh% ifw; + wj,, and
(ii) Cillnh|h* < u(By(i)) < G| Inh|h%, z'fwi = Wij,.

Proof-
(a) Let k be the integer satisfying 1/m**! < h < 1/mk. For the given values
of i, a direct calculation using (1.4) yields

p(Br(i) = wXU(Bp (1) = w2 p(By ey (i)).

k+2

Byykeapp (1) contains the interval [0,m] and therefore wX™2 < p(By(i)) < wk =

m~kai The result follows.

(b) We need only consider the case i = 1; the case i = m — 1 is similar. Let k
be the integer such that 1/m**! < h < 1/mX. Then by using p(B,,er1,(m)) =
w,’;l’g’lu(Bmkh(m)) for0 <€ <k — 1, we have

k-1
WU B (1)) + wo > win(B ey, (m))
{=0

p(Bn (1))

k-1
W B (1) + wo( 3 whi 1wl ) (B (m))
{=0

%

k-1
w2 U(B ke (1)) + wowzn(z wl,‘{e’lwﬂu(Bmmh(m)).
£=0
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Since both B,,k2j, (1) and Byk+2, (M) contain the interval [0, m], the last in-
equality gives the following lower bound estimations:

k-1 P
_ w .
wi? + wow2 wk 1> (—m> ifw; > wp,
o=\ W1
pu(Bp(1)) = f w2 + wokwk+! if w) = wm,
k-1 0
k+2 k+1 w1 :
wit? + wowki > ifwy, < wi,.
1= \Wm

By using u(Bp (1)) < wk +wo X5-¢ wkt1w!, similar upper bound estimations
can be obtained. This proves part (b). O

Proposition A.4. Lerq > 0. Ifw; > 0 and « = qa; for somei =0, 1, ...,
m, then F(q, x) > 1.

Proof. Fori=2,...,m-2, & = qa; if and only if m® = w;q. Hence
F(q, &) > w?m"‘ > 1. Fori = 1 and w; = w,,, the same result holds. Hence we
assume that w; < wyy,. Note thatif J = (m —1,...,m — 1) with |J| = k, then
c1,y = wiwkt!, In fact, for such J,

- k
_ w1 Wo Wy
o= Lo ][5 T ]

k-1
w{< Wo Z w{ﬁlﬂw;ln wWo
= [wz, wh ] i=0
Wm
0w
> wiwkt,
Now let g > 0 and & > ga;. Then m®w;}, > 1 and
F(g,00 = > m("”)"‘( > c{%) > N mk gy — o
k=0 |J1=k k=0

The case for i = m — 1 is similar. The cases for i = 0 or 2 can also be proved by
modifying the above argument slightly. O



Second-order Self-similar Identities 967

Now we can prove the required error estimations for e!(h) and e?(h). We

first rewrite e2(h) as

1 m-2 m-1 m2h m
e’(h) = — Z 2 (J +J )u(Bh(TiTjX))qu
m 5 oo \JO m-m2h
j=i’
% mz_z 1 ( mkShem
i J, +J )“(Bh(TiTi'T]T'X))q dx
k J
k=0 IJI=k ij=1 T 2 \Jo m—mk
1 m-2 m-1 mh m
a
m w + B (Tix))% dx
m 2 <J§1 7) (fo [ )u( o (Ti))
N m-2 C;a] mk+3n m
- , + B2y (Tix))% dx
% IJ1=k i,jzz:l mk+2 (JO Jmmk+3h> H(Byisap ( J )

+ (II) = (III) — (IV).

Lemma A.5. Suppose q > 0 and (q, &) € D such that x < qaj forall j = 0
m. For 0 < h < 1 let N be the largest integer satisfying h < 1/(2mN*3)

1, ..., m.
Then there exists € > 0 such that e*(h) = o(h1*%*€) g h — 0+
Proof. Choose € > 0 so that x + € < qa; forall j =0, 1 m and that
(q,x + €) € D. Let us first estimate (II). By symmetry, we need only estimate a

generic term
mk+3n

J (Bh(TiTifT]TjX))q dx.
0

(A.4)
k=0|JI=k
[—1, 1] and Tj (B35 (X)) S Bayreap ()

For 0 < x < mK3h, By (x)
Hence by Propositions A.2(a) and A.3, there exists a constant C > 0 such that
C - i gu(TjBpyrssp(x))

(A.5) UBR(T;iTy T;Tjx)) <
< C-ciglln@2m** 2h) | (mk+2h)%

By using (A.5), we see that (A.4) is dominated by
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M=z

C> > hcljlln@m*2h) |1 (mk2n)aa;
7=k

k=0

N
< C|Inh|9n1+a4 2(mqajf((ere))km(kJrZ)((ers)( Z cfj>
k=0 =k

[ee)

<C| lnh|qh1+qa‘,-(mqa‘,'—(zx+e))N Z m(k+2)(<x+e)< Z qu> _ 0(h1+¢x+5/2)
< by .
k=0 [JI=k
Hence we have the desired estimation for (A.4) and thus for (II). For (I), by using
the remark following Proposition 4.3, we have, fori = 1, ..., m -2, j =0, 1,
..,m—1,j#1i,and 0 < x < m?h,

w1t (Bomn (M) + wWepu(Boyn (i + )1 ifj < i’

u(Bp(T;Tjx))1 < C a a . e
Wi UBymh (M) + Wi UBomn(j — ') if j> 1,
where C is some constant depending only on q. Note that 1 <i+ j <m —2and
1 <j—1i <1i=<m-2. Hence Proposition A.3 implies that p(Bn(T;T;x))% is
of order 0(h®*€/2) as h — 0. Therefore the integral f(;nzhu(Bh(Tizj))q dx is
of order o (h!***€/2)_ This yields the desired estimation for (I). Lastly, in view of
Proposition 4.3(b) (together with the remark that follows it) and the first inequal-
ity in Proposition A.2(a), we see that (III) and (IV) are dominated by (I) and (II)

respectively and this completes the proof. O
Recall that
1 m-2 m
A6 e > Y| uBanTTx)dx.
m . 0
i=1 |JI=N+1

Lemma A.6. Under the same hypotheses of Lemma A.5, there exists € > 0 such
thate'(h) = o(W'*%+€) s h — 0+,

Proof. Again we need only estimate

1

m
A7) i 3| eI T dx
[JI=N+1
1 m
- 2| T T T0) ¢ BT Ty T ) dix.

[JI=N
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By symmetry we need only estimate the first sum in (A.7). For 0 < x < m and
|J| = N, we have

(A.8) u(Bn(TiTy TyTox))* < C(u(T;Ty TyTo[—1, 0D + p(TiTir Ty To [0, m])
+ W(Ti Ty Ty To[m, m + 1)),

where C can be taken to be y7 with y; = max{1,297°'}. Let J = (J',m-1,
0,...,0), [JI = N, and |J'| = k. Then by applying Propositions A.2(b)(ii) and
4.4(c)(ii) to (A.8), we have

(A.9) HBR(TiTy Ty Tox))? < C((wh K e )+ cl)).

Similarly, if J = Jo := (0,...,0), then by using Proposition A.2(b)(iii) instead, we

have

(A.10) U(BR(T; Ty Ty Tox ) < C(wi™N? + cige)-

Applying (A.9) and (A.10), we see that the first sum in (A.7) is dominated by

N-1
|

G N-k+1 G
- . \4 a q(N+2) q
mN+2< >, > wpilent+ > Ci,]) t N2 (W= ™ +¢iy,)
k=0 1J'I=k 1JI=N
J#Jo

Gs
mN+2

<

N-k G a(N+2)
Z (wip—rci, ) + mN+2wm—1 )
0 |JI=k

M=

k

where Cy, C,, Cs are constants. Choose € > 0 sufficiently small so that (g, x+¢) €
D and & + € < qa; for all j. Then the sum in the expression above is dominated

by

C N

~— Z m’(k+2)(°‘”)wf’,f]_vl_k)m(k”)(““)( Z Ciqj)
m k=0 IJ1=k
—Ngam- N
m _
< CW Z(mqam,1 (1x+s))km(k+2)(a(+s)< Z ng)
k=0 |J1=k
(since Wy < M~ 9m-1)

—Ngam-

< C%(Mqam,l—(aﬁ—e))N

0(h1+0(+5)_
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Lastly, it can be checked directly that the term w,‘fjﬂ”)/ mN*2 is also of order

o(h'*%*€), and the proof is complete. -

Combining Proposition A.4 and Lemmas A.5 and A.6, we have

Lemma A.7. Suppose @ > 0. Then the equality F(q, ) = 1 is attained in the
region {(q,x) € D | « < qaj forall j =0,1,...,m}. Moreover, if (q, ) is in this
region, then there exists € > 0 such that E(h) = o(h®) ash — 07.

Lemma 4.6 follows by combining this lemma and Proposition A.1.
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