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THE REGULARITY OF LP-SCALING FUNCTIONS*

KA-SING LAUT AND MANG-FAI MA#¥

Abstract. The existence of LP-scaling function and the LP-Lipschitz exponent have been stud-
ied in [Ji] and [LW] and a criterion is given in terms of a series of product of matrices. In this paper
we make some further study of the criterion. In particular we show that for p an even integer or for
all p > 1 in some special cases, the criterion can be simplified to a computationally efficient form.

1. Introduction. The solution f of a 2-scale dilation equation

N
(1.1) fl@)=> eaf(2x—n), zeR
n=0
is called a scaling function. This class of functions has been studied in detail in re-
cent literature in connection with wavelet theory [D] and constructive approximations
[DGL]. The question of existence of continuous, L' and L? solutions was treated in
Daubechies [D], Daubechies and Lagarias [DL1], Collela and Heil [CH], Eirola [E], Heil
[H], and Micchelli and Prautzsch [MP]. The regularity of such solutions was studied,
in addition to the above papers, in Cohen and Daubechies [CD], Daubechies and La-
garias [DL2,3], Herve [He], Lau, Ma and Wang [LWM] and Villemos [V1,2]. Also the
existence of LP-solutions has been characterized by Lau and Wang in [LW] and Jia[Ji].
In this paper, we will adopt the previous notations as in [CH], [DL1] and [LW].
Let Ty = [c2i—j—1]1<ij<n and T = [c2,—j]1<i,j<n be the associated matrices of the
coefficients {c,}, i.e.,

coc 0 0 ... 0 ct cg 0 ... O
Ccp €1 Cy ... 0 cC3 C2 C1 ... 0
TO — Cq4 C3 Co . 0 , Tl — Cs; C4 C3 e 0
0 0 0 ... CN-1 0 0 0 ... CN

It is known that if ZQLO ¢n, = 2, then 2 is always an eigenvalue of (T + 73). Fur-
thermore, if Y ca,, = > copy1 = 1, then 1 is an eigenvalue of both Ty and T;. Let v
be a 2-eignevector of (Tp 4+ T1) (which means a right eigenvector associated with the
eigenvalue 2) and let

vi=(To—DIv=(1-T)v.

In [LW] the following theorem was proved:

THEOREM A. Suppose 1 < p < oo and EnN:o ¢n = 2. Then equation (1.1) has a
nonzero compactly supported LP-solution (notation: LE-solution) if and only if there
exists a 2-eigenvector v of (To + T1) satisfying

1 -
Jm g 2 T =0
|J|=n
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In [Ji], Jai studied the same existence question by means of a "hat’ function and
obtained a similar criterion independently. Furthermore he showed that the existence
of an LP-solution implies that > cop, = Y cont1 = 1.

In this paper we will consider the regularity of the solution. We use the LP-
Lipschitz exponent to describe the regularity. It is defined by

. ——— V|
bpa () = Rl =

)

where Ay, f(x) = f(z + h) — f(x). Tt is well known that for 1 < p < oo, if

. 1

lim sup E”Ah‘f”p < 00

h—0*t
(which implies Lip,(f) = 1), then f’ exists a.e. and is in L? and f is the indefinite
integral of f’. Recall that the g-Sobolev exponent of a function f is defined as

supfa: / (14 €% £(€)|2de < oo},

For p = ¢ = 2, the 2-Sobolev exponent equals to the L2-Lipschitz exponent, and they
are different when p,q # 2. In general the LP-Lipschitz exponent describes the regu-
larity of f more accurately than the Sobolev exponent. The g-Sobolev exponent has
been studied in [He]. The LP-Lipschitz exponent (in a slightly different terminology)
has been used to investigate the multifractal structure of scaling functions in [DL3]
and [J1,2].

Let H(V) be the complex subspace spanned by { TV : J is a multi-index }. (We
use complex scalar because it will be more convenient to deal with the complex eigen-
values and eigenvectors.).

THEOREM B. Suppose that Y con = > cony1 = 1 and either (i) 1 is a simple
eigenvalue of Ty and Ty or (ii)) H(vV) = {u € CV : Ziil u; = 0}. Then for f an
LP-solution of (1.1), 1 <p < oo,

| e, TP
(1.2) Lip,(f) = hnniloréf pIn(z—)

We remark that Jia [Ji, Theorem 6.2] proved that the above formula by replacing
|T;¥|| with ||T;/H]|| where H denoted the hyperplane in (ii). Our special perference
on ||T,¥|| is that it allows us to calculate the sum in many cases (see Section 4 and
5). Even though there are some overlaps with Jia’s result, we like to give a full proof
of Theorem B because of completeness and the consistence of the development in the
in the sequel.

To reduce the formula in Theorem B, we only consider the 4-coefficient dilation
equation for simplicity. We show that if in addition c¢g 4+ ¢z = 1, then

In((Jeol” +[1 = col”)/2)

Lip,(f) = o2

(Proposition 4.3) and if ¢y 4+ ¢3 = 1/2, then

In((Jeol” + 15 — CO|p)/2)}
—pln2 ’

Lip,(f) = min{1,
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(Proposition 4.5). Note that the second case contains Daubechies scaling function Dy.
The formula was actually obtained in [DL3] using a different method and assuming
further 1/2 < ¢g < 3/4 . For the general case we show that if p is an even integer,
then

(1.3) > ITsv|P = aWyb
|J|=n

for an auxillary (p + 1) x (p + 1) matrix W, depends only on the coefficients of the
dilation equation and for some vectors a and b ( Proposition 5.1). In particular for
p = 2, the matrix Ws is equivalent to the transition matrix used in [CD], [LW] and
[V] for the existence of L?-scaling function. By using (1.3) it is easy to show that
the necessary and sufficient condition in Theorem A reduces to p(WW,) < 2 and (1.2)

becomes
In(p(Wp)/2)

Lip,(f) = o2

where p(W),) is the spectral radius of W), (Theorem 5.3).

The paper is organized as follows. In Section 2 we include some preliminary results
concerning the eigen-properties of the matrices Ty, T7 and Ty + 77 that we need. We
give a complete proof of Theorem B in Section 3. In Section 4, we will apply Theorem
B to obtain explicit expressions for the two special cases described above. Finally in
Section 5 we construct the matrix W), in (1.3) and use the spectral radius of W), to
determine Lip,(f) when p is an even integer. We also make some remarks concerning
extensions of the construction and discuss some unsolved questions.

2. Preliminaries. Throughout this paper, unless otherwise specified, we assume
that 1 < p < o0, ¢, € R, ¢o, ey # 0 and > cop = > copy1 = 1. For any k& > 1,
let J = (j1,.-.,Jk), Ji = 0 or 1, be the multi-index and |J| the length of J. Let
I; = I,,... 4. be the dyadic interval [0.51 - Jk, 0.1 - Jr + 2"“). The matrix T’y
represents the product T}, --- T}, . If v is a 2-eigenvector of (T + T1), it is clear that

1 1
(2.1) 7= Y Tyv= o (To + T)kv =v.
|J|=k

For any g € LP(R) with support in [0, N], let g : [0,1] — R

g(z) =[9(z), gl + 1), ..., glz+ (N =1))]", z€[0,1)
be the vector-valued function representing ¢ and let

{ Tog(2x) if z € [0, 1),

Tg(z) = Tig(2e —1) ifze[s, 1)

It is easy to show that f is a solution of (1.1) if and only if f = Tf [DL1]. With no
confusion, we use ||-|| to denote the LP-norm of g as well as the vector-valued function
g. Also for a vector u € R, ||u| will denote the 5, -norm in RV.
Let g7 be the average |I|™" [, g(z) dx of g on an interval 1.
PROPOSITION 2.1. Let f be an LE-solution of (1.1) andv = [f1),-- -, fiv—1,m)]*
be the vector defined by the average of f on the N subintervals. Then
(i) v is a 2-eigenvector of (To +T1).
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(ii) Let fo(z) =v, z €0, 1), and let £,11 = Tf,, n =0, 1,..., then

fu(x) = Y (Tov)xs, (@), €0, 1),
[J|=n
and [|£,41 — £[[P = 27" Z|J|:n 1759
(iti) | = £all” < 55 22 520 1Ty V|[P for some ¢ > 0 and £, — £ in LP([0, 1],RY).
Proof. The proof of these statements can be found in [LW, Proposition 2.3,

Lemma 2.4, 2.5, and Theorem 2.6]. In particular to prove the last identity in (ii),
we observe that

1
1 = £ull” =50g > UTH(To = DVIP + | T5(Tr = T)v?)
|J|=n
1 g
S T 0
|J|=n

Let
e TP
« = liminf .
n—oo 1n(2_n)

Then « is the rate of convergence of 27" > 7, 5, _, [T v||” to 0 in the sense that the sum
is of order o(27°") for any 3 < a. Let H(¥) be the subspace (with complex scalar)
spanned by { T,V : J is a multi-index }.

LEMMA 2.2. Under the same conditions and notations as in Proposition 2.1, for
any u € H(V),

In(27" _ || Tyu|P
vt 2" S [T
n— oo 111(2_”)
Furthermore equality holds if H(u) = H(v).

Proof. Since H (V) is finite dimensional, it suffices to consider u = T;/v for some
J'. Let |J'| =k, then

1 1 . 1 -
o STl = S T <2t S e
|J|=n |J|=n |J|=n+k

It follows that

In(27" 32 51, IToull?) - In(2k) In(2- (49 21—tk 1TV IP)
In(2-m) ~ In(277) In(2—(n+k)) ’

which implies the stated inequality. For the last statement we need only change the
roles of u and v and make use of the inequality we just proved. O
Let M = [CQi—j}lgi,jSN—la ie.,

C1 (o 0 0
C3 C2 (1 0

M = Cy C4 C3 ... 0

0 0 0 ... en_g
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be the common submatrix of Ty and Ty. If > cop = > . copt1 = 1, then 1 is an
eigenvalue of M and [1,1,...,1] is the corresponding left 1-eigenvector. Let H =
{ueCV: 3N wi=0}.

LEMMA 2.3. There exist vo, vi ¢ H (i.e., > .(vg); = Y.(v1); # 0) such that
(To — I)™vo = (Ty — I)™vy1 = 0 for some m > 0, and

(22) TOV1 = T1VO.
Remark. When m =1, vg and v are l-eigenvectors of Ty and T3 respectively.

Proof. Let Ey = {u € CN=1: (M — AI)™u = 0 for some m > 0}. Observe that
for A # 1 and for u € F),

N-1

0=[L1.. 1J(M-A)"u=1-N)"> u

i=1
for some m > 0, so that > u; = 0. In view of CN~! = E; @ Z/\# E,, there exists

a € E; such that > a; # 0. If 1 is a simple eigenvalue of M, dim F; = 1 and hence
the above a is a 1-eigenvector of M. Let

(23) Vo ‘= [07 Ay, ... 7aN—1]t7 Vi = [ala - AN-1, O]t

Then vg and v are 1-eigenvectors of Ty and T respectively, and vg, v ¢ H. More-
over, by the definitions of Ty and T3, we have

(24) (T()Vl)i = Zczi_j_laj = ZCQi_]‘aJ‘+1 = (T1V0)i.

so that Tyvy = Tivp. If 1 is not a simple eigenvalue of M, we let m be the smallest
positive integer so that (M — I)™a = 0. Define a) =a, ---, al™ = (M — I)" 'a,
and let
(2.5) =[0,aD" and vV =[a® 0", 1<i<m.

m)

Then v gé H and v§ are eigenvectors of T}, j = 0,1 and

(2.6) v =v? vt 1<i<m—1, j=0,1.

If we let vo = v(() ) and v; = vg ). then a similar calculation like (2.4) implies that
Tovy = Tivg again. O

COROLLARY 2.4. Let vy, v be chosen as in the proof of Lemma 2.3, Then

(i) Tovgi) = Tlv(()i) for1<i<m.

(i) TVTetvo = ToTy *vy  fork > 1.

(iil) (T§vo)1 = (I7vi)n =0 and (Tgvo)i = (T7v1)i—1 for 2 <i<N.

Proof. (i) and (ii) follows directly from the same calculation as in the proof of the
above lemma. The first identity in (iii) is a consequence of (vg); = (v1)y = 0 as in
(2.3). For the second identity, if vo and vy are 1-eigenvectors of Ty and T} respectively,
(2.2) implies that

(Tg'vo)i = (vo)i = (v1)i-1 = (T{"V1)i-1.

For the general case we need only apply

7D — 2o () ](Z—H) ifn<m
J "I Z;r;ol (i)v§i+1) lfan
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which can be checked directly by using (2.6). O

LEMMA 2.5. Let v be a 2-eigenvector of (Ty +T1) and v = (To — I)v. Then
H(v) is a subspace of H. Moreover, if (i) 1 is a simple eigenvalue of Ty and Ty; or
(i) H(V) = H, then for vo, vi ¢ H as defined in Lemma 2.3, there exists a constant
¢ such that

V:CVO+h0:CV1+h1

for some hg, hy € H(V).

Proof. Note that [1, 1, ..., 1]* is a left 1-eigenvector of Ty, so that (To —Iu € H
for every u € C™. In particular, v = (Tp — I)v must be in H. Also it is easy to show
that H is invariant under Ty and 77, hence H (V) is a subspace of H. Let vy and v,
be as in Lemma 2.3, then a = > (vg); = > (v1); # 0. Let ¢ = Zivzl v;/a, where v;’s
are the coordinates of v and let

hy=v—-—cvy and h; =v —cvy.

By the choice of ¢, we have hg, hy € H which implies case (ii) because H = H(V).
In case (i), we observe that if 1 is a simple eigenvalue of Ty, then Ty — I restricted
on H is bijective; it is hence also bijective on the (T — I)-invariant subspace H (V).
Consequently,

V= (T(J —I)V = (T() —I)(CVO+h0) = (To —I)ho

so that hy must be in H(v). The same proof holds for h;. a

3. Proof of Theorem B. Let f be an LE-solution of (1.1) and let v =
[f[o,1)7 ey f[N,LN)]t be the vector defined by the average of f over the N-subintervals
(see Proposition 2.1), then v is a 2-eigenvector of (Tp + T1). Let

B(0)= 3 (Tv)x, (@)

|J|=n

and let f,, be the corresponding real valued function of f,, defined on [0, N].
LEMMA 3.1. Forn>1 and { >0,

1-2—n
/ [fnre(x +27") — frpe(@)]|P d
0

1 " ,_ a
=g 2 |2 2. IT(nTE =TT T

[J/|=¢ \i=1|J|=n—i

Proof. We divide the interval [0, 1 —27") into 2™ — 1 equal subintervals. For each
subinterval, we further divide it into 2¢ equal parts. In this way we have 2¢(2"—1) equal
subintervals with length 2~ (9 For each such dyadic interval, we can write down its
binary representation with length 27+¢, say LG ,sjndtnndl) Since it is contained in
[0, 1 —27"), at least one of the ji,...,j, must equal 0. Suppose x € I;, .
with j,_,11 as the last zero in {ji,...,jn}, i€, @ € LGy gm0, 1,5

Jnsd1sedg)

,,,,, ) then
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r4+2" ¢ I(j1 77777 s 1,00, ) It follows that

frove(r +27") — fpe(2)

= le e TjnfiTlTéil(j}{ T Tjév) - Tj1 -~ T

= le e Tjni, (TlTé_l _ ToTll_l)T]{ T

i Je

Ty (T, -~ Ty v)

n—i

Since f,1¢(x +27") — £, 41¢(z) is a constant function on each dyadic interval of size
2-(+0 " an integration over the interval [0, 1 — 27") yields the lemma immediately.
o
We first give a lower bound estimate of ||Ag-n f]|.
ProrosITION 3.2. Forn > 1,

2r—1 .
N S A
|J|=n—1
Proof. Fix n > 1 and for any ¢ > 0,

N
1Bantuiell? = [ Ufusele+277) = fuselo) da

1-27n
> / e+ 277) — £y o) P de
0

b Dl O D D (TG R e (R

|77 |=¢ \i=1|J|=n—i

(by Lemma 3.1)
1
2 ontt Z Z 1T (Ty = To)Tyrv|?

|J|=£|J|=n—1

1 1
>0 Y Im@ =15 Y TP
|J|=n—1 |J|=¢
1
~on Z | T (Th — To)v|” (by (2.1))
|J|=n—1
401 _ )
=l ST TP (we (Ti - Tolv = —29).
|J|=n—1
The assertion now follows by letting £ — co. O

For the upper bound of ||Ay, f]|, we need an estimation of the integral of |Ay, f,,(2)]
near the integers k =0,...,N.

LEMMA 3.3. Under the same assumptions as in Lemma 2.5, for n > 0 and for
0<h<2™™,

/ A fn ()" de < 27 h([|Tg"ho [P + [ T7"ha [[7)
En

where E, = Ufcvzo[k —27" k).
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Proof. Since f, is a constant function on the dyadic intervals of size 27", we have
N k
/ |Anfn ()] de = Z/ [fn(z +h) = fo(2)[” dz
B, = Jh—a—n
N k
=3[ et - @) de
k=0"k—h
N
= (TP + DTV = (TEv)ical” + ] = (T ).
i=2

Recall that v = cvg+hg = cvi +h; as in Lemma 2.5. Therefore, by Corollary 2.4(iii),
(T5'v)1 = e(Tg'vo)1 + (Tg'ho)1 = (T5'ho )1
and similarly (T7'v)y = (T7"h1)n. Also for 2 < i < N, by Corollary 2.4(iii) again,
(T5'v)i = (T7'v)i—1 =c(Tg'vo)i + (1g"ho )i — c(T1'v1)i—1 — (T7h1)i
=(Ty'ho)i — (T7'hy)i-1.
We can continue the above estimation:
N
| 18t de = (@ Bn P + 3 (0 ho): = (Z7h)ia? + (T7h0) )
E,

=2
< 2" h([I75 0o | + |77 ha|7)

and complete the proof. O
PROPOSITION 3.4. Under the same assumptions as in Lemma 2.5, we have for
0<h<2™™,

op+1

o (D2 ITmoll” + 3 (Tuha?).

|J|=n |J|=n

[ARfall? <

Proof. Let E, = Un_olk—2"", k) and E,, = [-27", N)\ E,, = UL, [k, k+1—
27™). Since f, is supported by [0, N], we have

N
A fall? = / Ao fo ()7 d

—2—n

:/ \Ahfn(x)|de+/ |Ap fo(2)|P da

n n

= Il + 12.
Lemma 3.3 implies that

L < 27 A(|[ 5 ho [P + (| T3 ha [|7).
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On the other hand, if we write I5 in the vector form, we have

1—27™
I :/ 1. (z + ) — £, ()P do

0

=hY_ > T(T =TT P

k=1|J|=n—k
From Corollary 2.4(ii) we conclude that
(MVTF' = ToTFY)yv = TVTF (evo + hg) — ToTF Y (evy + hy)
= T\TF 'hy — ToTF 'hy,

and therefore

1232%(2 S T Rl + Y S ||TJTOT1’“’1h1||p)

k=1|J|=n—k k=1|J|=n—k
<2n( Y ITabol” + 3 1T )
|J|=n |J]=n
The lemma then follows from the two estimates of I; and I. O
We can now state and prove our main theorem of this section (i.e. Theorem B in

Section 1).
THEOREM 3.5. Suppose that either (i) 1 is a simple eigenvalue of Ty and Ty or
(ii)) H¥) = {ueCV: Zivzl u; =0}, If f is a LE-solution of (1.1), then

. @, IT)
Lp, ) = e

Proof. As a direct consequence of Proposition 3.2, we have

. Ayl T, [TV )
L <1 f ———— <1 f
ipy(f) < lminf = o=~ S tminf—— 2 o=

To prove the reverse inequality we first observe that ||Anf|| < 2|lf = full + 1A fall-
Proposition 2.1 (iii) and Proposition 3.4 imply that

[AnflP < (270 32 Il +270 37 [ Tholl? +27" 7 [ Tyhu?)

|J]=n |J|=n |J|=n

for some constant C' independent of n. Since v, hg, h; are all in H(v), we can apply
Lemma 2.2 to have the reverse inequality. O

4. Lip,(f) for some special cases. For the 2-coefficient dilation equation
f(x) = f(2x) + f(2x — 1), the scaling function is x[o,1) and it is easy to calculate that
Lip,(f) = 1/p from the definition.

PROPOSITION 4.1. If f is an LP-solution of f(x) = cof(2z) + c1f(2z — 1) +
cof (2x — 2) with co +c2 =1, ¢1 =1, and ¢y, co # 0, then

Llpp(f) _ ln((|c0|p + |1 — Co|p)/2) )

—pln2
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Proof. In this case,

o Co 0 o 1 Co
T°_<1—c0 1) and T1_<0 1—c0>’

and v = [cg, co — 1] is a 2-eigenvector of (To + T1). Then
~ C()(Co — ].)
= T —_ I = 0.
v ( 0 )V (—Co(Co—l)) i

Note that v is an cg-eigenvector of Ty and (1—cp)-eigenvector of Ty. A straight-forward
calculation yields

3 X 17l = 5 (3 (3) ool oy Yol

|J|=n k=0

|col? + |1 — co[P\™, -
= ()

This implies that
_ In((leo|” + 1 — ?)/2)

Li = . O
ip,(f) o2
We now turn to the 4-coefficient dilation equation

(4.1) f@)=cof(2x)+c1f(2x — 1) + cof (22 — 2) + c3f (22 — 3)
with ¢g +co = ¢1 +c¢3 =1 and ¢, c3 # 0. We first observe that

Co 0 0 1-— C3 Co 0
(42) TO = 1-— Co 1-— C3 Co y T1 = C3 1-— Co 1-— C3

0 C3 1-— Co 0 0 C3

The eigenvalues of (T + 1) are 2, 1, and (1 — ¢p — ¢3), and the 2-eigenvector v is

Co(l + Co — 03)
(4.3) v=| (14+co—c3)(1—co+cs)
Cd(l — Cp + 63)

Therefore

Co(CO — 1)(1 +co — Cg)
(44) v = (To—I)V: —Co(Co —1)(1—|—80—C3)+63(63— 1)(1—Co+03)
763(03 — 1)(1 —Co + 63)

Note that in Proposition 4.1, the computation can be made easier if v is an eigenvector
of both Ty and T;. Here we have

LEMMA 4.2. Let Ty and Ty be as in (4.2) and let v be the 2-eigenvector of (To+T11)
as in (4.3) and let v = (Top — I)v. Then v is an eigenvector of both Ty and Ty (not
necessary to the same eigenvalue) if and only if co + cs = 1.

Proof. Suppose ¢ + ¢35 = 1, then ¢ = ¢1, ¢3 = ¢3, and (4.2) reduces to

Co 0 0 Co Co 0
T(): ].—Co Co Co y T1 = 1760 1700 Co s
0 ].—Co 1—00 0 0 ].—CO
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and v = [—2c3cs, 2c¢3c3 — 2coc3, 2c0c3]t # 0. By a direct calculation, v is a co-
eigenvector of Ty and (1 — ¢p)-eigenvector of T;.

Conversely, suppose v is an eigenvector of both Ty and T;. Let ug = [0, 1, —1]*
and u; = [1, —1, 0!, then v = aug + bu; where a and b is determined by (4.4). By
using ug and u; as a basis of the subspace H = {u € C3 : 3" u; = 0}, we can rewrite
Ty, Ty (restricted on H) and v as follows:

_(1l—=co—c3 c3 _[c3 0 - [a
(4.5) TO—( 0 Co)’ Tl_(co 1—60—03>’ and V—<b>.

Note that Ty has ¢y and 1 — ¢y — c3 as eigenvalues while 77 has c3 and 1 — ¢y — ¢3
as eigenvalues. We claim that v is an cg-eigenvector of Ty. For otherwise, v is an
(1—co—c3)-eigenvector of Tp, then b must be zero and v = [a, 0]*. But this contradicts
to the assumption that v is an eigenvector of 77. Similarly, v must be a c3-eigenvector
of T1. Hence,

(TO + Tl){’ = (CO + Cg){’.

There are only three choices of the eigenvalues of Ty + T7: 2,1 or 1 — ¢y —c3. By a
direct check we conclude that ¢y 4 ¢z = 1 is the only allowable case. O

In view of Lemma 4.2 we can use the same technique as in Proposition 4.1 to
prove the next proposition

PROPOSITION 4.3. If f is an LE-solution of (4.1) with the additional assumption
that co + c3 = 1, then

In((Jeol® + 1 — «ol?)) /2

(46) Lip, (f) = R

In Figure 1, we draw the graphs of some scaling functions satisfying the as-
sumption in the above proposition and their LP-Lipschitz exponents. Note that if
Lip,(f) = 1 for all 1 < p < oo, then f is differentiable almost everywhere and the
derivative is in LP for all 1 < p < co. This is the case for ¢y = 0.5 and is obvious from
the graph of the corresponding scaling function. For the graph of ¢y = 1.125, we see
that Lip,(f) is undefined for p > 6. Indeed f ¢ LP(R), for p > 6, making use of the
criterion in Theorem A.

We conclude this section by giving a formula of Lip,(f) with the coefficients
satisfying co + c3 = % instead of ¢y + ¢3 = 1. It includes Daubechies scaling function
D4 which corresponds to ¢g = (1 +v/3)/4, c3 = (1 — /3)/4. This formula has been
obtained in [DL3] using a different method and assuming in addition that 1 < ¢o < 2.
Here, we need an estimation on the product of two non-commutative matrices.

LEMMA 4.4. Let By, 31 € R. Let

1 0 1 0
PO_<O 50) and Pl_(ﬂo 51)'

For any multi-index J = (j1,j2,...,Jn), we let Py =P;, ---P; . Then

1 0
by = <)\J uJ)

where Ay = Bo(j1 + j2Bj, + -+ Jn(Bj._y - Bj1)) and py = B, Bj. - Bj,. Let
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v = (1Bol” + [Brl?)/2. Then

2=n Z lws|P =~" and 27n Z [As]P < C'nP max{l,7"}
|J|=n |J]=n

for some constant C > 0 independent of n.
Proof. The explicit form of the product P; can easily be shown by induction. For
the second part of the lemma, the first identity follows from

27" 3wl =2 > 1B Bl =

| J]=n 1 reedin=0,1
P) P
1

< Ifo] (27 + 3 (X basor))

1=2 J1se30n=0,1

For the second identity we observe that

(2 |AJ|")’13 —ml( X

[J|=n J1se-30n=0,1

=

J1+ Zji(/@ji—l T ﬁjl)
=2

(by Minkowski inequality)
e - i1
— 60l (277 4 3 (0P + [517) 7 )

=2
n

< |Bol 2V (3 eyt

i=1
< |Bol n2=1/p max{1, (’yl/”)”}.

The last identity now follows. O
PROPOSITION 4.5. If f is the L2-solution of (4.1) with the additional assumption

that co + c3 = %, then

- : In((Jeol” + 13 — col”)/2)
TP pR L T Y
Proof. In this case, (4.2) reduces to
Co 0 0 1+ ¢ o 0
To=|1-co 3+c0 co and Th'=|42-co 1—co %+co
0 3—¢c 1—co 0 0 1 ¢

Note that h = [1, =2, 1]* is a co-eigenvector of T, and also a (1 — co)-eigenvector of

T;. It is clear that
1 n
27" 7 |Thlp =27 (ICOV’ 13- I) 7.
|J|=n
Since h € H(v), by Lemma 2.2, we have

In((Jeol” + |3 — col?)/2)
—pln2 '

Lip,(f) <
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Next observe that u = [0, 1, —1]* is a %—eigenvector of Ty and Thiu = %u + ¢oh.

Therefore, by using u and h as a basis of the subspace H(V), we can rewrite Ty, 71,
restricted on H (= H(V) in this case), and v, as

Lo 1 0 - a
—( 2 —( 2 _
To < 0 ¢ ) T ot % 0 ) and v L

where a = —i and b = %co(co - 1)(% + 2¢g). Let By = 2¢p and By = 1 — y. For
J = (41,72, -,Jn), we have Ty = %Pj, so that

175117 = a2~"[P + 27" (aXy + b7,
where Ay and p; are defined as in Lemma 4.4. This implies | T;V||? > |a27"|P and
Lip,(f) <1 by Theorem 3.5. Hence

In((Jeol” + 5 — COP)/Q)}

(4.8) Lip,(f) < min {1, b

On the other hand,
|75V ||P < ]a27™P 4+ 2P]a27 " Ay P + 2P|627 " s|".
By Lemma 4.4, we have

27" ST Tyv|P < CnP 2 P max{1, ((|6ol” + 161]7)/2)"}
|J|=n

= C'nP max {21’", ((1Bo/2IP + |ﬂ1/2lp)/2)n}-

Consequently we have the reverse inequality of (4.8) and completes the proof. O

In figures 2a—e we again sketch some LP-scaling functions from Proposition 4.5
(co+c3 = %) and their LP-Lipschitz exponents Lip,(f) of p. The case for ¢y = 0.25
corresponding to x(o,1] * X[o,1], it is differentiable and hence Lip,(f) =1 for all p. The
case corresponding to ¢y = 0.683... is the Daubechies scaling function D4. From the
picture of Lip,(f), D4 has LP-derivative for 1 < p < 2. It is known that for p = 2, D,
is differentiable almost everywhere but the derivative is not in L?. Also it is known
that the Holder exponent of Dy is 2 — In(1 + v/3)/In2, which is the same number as
the formula in the proposition when p — oc.

5. Lip,(f) when p is a positive even integer. The computation of Lip,(f)
in Section 4 depends on the existence of an eigenvector of both Ty and Ty (which
may be associated with different eigenvalues). This technique cannot be used for the
general case. In this section we show that if p is a positive even integer, then Lipp( )
is related to the spectral radius of a matrix W, whose entries are induced from the
coeflicients of the dilation equation. For simplicity, we only give the construction of
Wy, for the 4-coeflicient dilation equation. It is not hard to extend this to the case
with more coefficients.

In view of Theorem 3.5, we will first develop a simple expression for the sum
27" 32 j=n | Ts¥|P for p a positive even integer. Let [0, 1, —1]* and [1, —1, 0]* be a
basis of H = {u € C*: Y u; = 0}. Then Ty and Tj can be written as in (4.5). Let
ey = [1, 0], e; = [0, 1]. For a fixed u = [a, 8]' € H(V) (to be determined later), we
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define the vector a,, with the i-th entry by

(@n)i = Y (eoTyuw)P~*(eyTyu)’,  i=0,...,p.
|J|=n

If p is an even integer, then

STl = 3 (leoTyul? + e Tyul?)

|J|=n |J|=n
(5.1) = (an)o + (an)p = [(an)o| + |(an)p|-
Note that ag = [aP, o713, ..., aBP7L, BP]t. If we let d = 1 — ¢y — c3, we have, in
view of (4.5),
eolp = deg + cseq, e1To = coey,
eoT1 = czep, eT1 = coeg + dey,
and hence
(@ns1)i= Y (eoTyu)’~*(eyTsu)’
[J|=n+1
= Z (eOTOTJu)pfi(elTOTJu)i + Z (eoTlTJu)pfi(elTlTJu)i
|J|=n |J|=n
= Z ((deo + c;;el)TJu)pﬂ(coelTJu)i
|J]=n
+ Y ((cseo)Tyu)” " (coeo + des Tyu)’
|J|=n

p—1 .
— ( (pg Z) dpiz(eoTJu)pizcg(elTJu)E> (cg(elTJu)’)
|J]=n \{£=0

+ Z (cgfi(eoTJu)p*i) <i (Z)cé_e(eoTJu)iZdz(elTJu)e>

|J|=n =0
P\ , N .
= Z ( ’ >céc§dp’é(an)i+f + Z (4) C(’)*fcgﬂdf(an)g
=0 £=0

Summarizing the above, we have
PROPOSITION 5.1. For any integer p > 1, let W), be the (p+ 1) x (p + 1) matriz
defined by o
(?:;)céc%_zdpfj for0<i<j<p
(Wp)ij = chdP=t + Cg_idi fori=3j
(;)c(ifjcgfidj for0<j<i<p
where d =1 —co — c3. Then

_ _ +1
an1 = Wpa, =W  ag
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where ag = [P, aP~1B, ..., aBP~L, BP]L. In particular if p is an even integer, then

Z ||TJu||p = [170707 e ,07 1}W£ao
|J|=n

The matrix W), can be written as W, = WISL) + W,SU), where WIEL) and WISU) are
the lower and upper triangular part of W, in a very symmetric manner. For example,

O3 0 0 @) (esd (53
Wi = Deoes Hesd 0 |, wiP=1 0 (Heod (Deoes |;
@ (Deod (3)d? 0 0 ()b
(0)ed 0 0 0 0
(ot (Detd 0 0 0
W =1 ()3 (eocdd (D3> 0 o |.
G)ctes (cesd Qeocsd® (Jesd® 0
e (Degd Q) (5)eod®  (3)d*
Qd* (Desd® (e  (5ad  (()e
0 (@eod® (eocsd®  (3)ecoc3d  (3)eocs
W4(U) = 0 0 (3)036[2 (?)c%c:ad (g)c%cg
00 0 Medd (ees
0 0 0 0 (0)cd

Recall from basic linear algebra that if p(A) is the spectral radius of an N x N
matrix A, then p(A) = max{|A| : A is an eigenvalue of A} and
(5.2) lim |41 = p(A).

n—oo
Let A be any eigenvalue of A, and E) = {u € CV¥ : (A — A\I)™u = 0 for some m > 0},
then CN = E, @ Z for some A-invariant subspace Z of CV. We say that u has
a component in Fy if u = uy + z with uy # 0. It is clear that if u € CN has a
component in Ey, then there is a constant C' > 0 such that ||A™u|| > C|\|" for all
n > 0.

LEMMA 5.2. Let A be the eigenvalue of W, such that |A| = p(W),) and let E\
be defined as above. Suppose dim H(V) = 2. Then there exists u = abg + by €
H(v), where by = [0, 1, =1]*, by = [1, —1, 0], such that H(u) = H(v) and the
corresponding ag = [P, aP~13,...,aBP~L, BP] has a component of Ey. For such u,
there is a constant C' > 0 such that

Cp(Wy)" < Z I T5ul? for all n>0.

[J|=n

Proof. We choose p+1 vectors u; = a;bo+5;b1, ¢ =0,...,p, such that H(u;) =
H(v) and

a;fj —a;fBi #0, for i # j.
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Then the corresponding vectors
_ [P p—1 p—1 opit .
"/i_[ai7ai ﬁh"'aaiﬂi 751']; OSZSP

form a basis of CPT! because the matrix with the vectors v;’s as rows is a Vandermonde
matrix

—1 —1
ap o o e X 3
B T S e F 1 i ¢
af opT'B o BT B

and detA = H0<j k<p(ajﬁk — aif;) # 0. Hence, one of the v;’s has a component of
E\. Let u be the corresponding u; and the first part of the lemma follows. To prove
the second part, we observe that for any J with |J| =n and 0 < j < p,

|e0TJu|p_j|e1TJu|j < max{|eoTyul?, |[e1Tyul’}

< |eoTyul’ + |e1Tyul”.
Hence

(an);| = Z leoTyul’~7 e, T uf’
|J|=n

< 3 leoTyul + 3 fesTrul = [(an)ol + l(an)yl
|J|=n |J|=n

=Y ITmf?  (by (5.1))

|J|=n

It follows that ||a,|1 = ?:0 [(@n);jl < p 221712, ITsul/?. Since ag has a component
of E), there exists a constant C' > 0 such that

Cp(W,)" < [Wyaoll = llanl <p Y [ Trul”. 0
|J|=n

For the 4-coefficient dilation equation in (4.1), it is easy to check that dim H(v) =
0 if and only if (cg,c3) € {(0,0), (1,0), (0,1), (1,1)}, and the solutions are character-
istic functions ([LW, Lemma 3.3]). Hence Lip,(f) = 1/p. Also dim H(v) = 1 if and
only if ¢y + ¢3 = 1 (Lemma 4.2), and in Proposition 4.3 we have given a formula of
Lip,(f) for this case. It remains to consider the case H(v) = 2, which will complete
all the cases for all 4-coefficient scaling functions.

THEOREM 5.3. Consider the 4-coefficient dilation equation in (4.1) with the as-
sumption that dim H (V) = 2. For p a positive even integer, the equation has a (unique)
LP-solution f if and only if p(W))/2 < 1, and in this case

In(p(1V,,)/2)

Lip,(f) = o2
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Proof. Note that for any u € H(v) and for any € > 0, we have for large n

Y ITrall? = |(an)ol + [(an),l (by (5.1))

|J|=n
< llan|li = ||W1?a0||1 (by Proposition 5.1)
< Wyl llaolly
< llaoll1 (p(Wp) +€)".  (by (5.2))

If we choose u € H(V) as in Lemma 5.2, combining with Theorem A in Section 1, we
have the first conclusion. The second assertion follows from Lemma 2.2, the estimation
of 37—, I Tyu|[? from above and Lemma 5.2. d

Figure 3 shows the domain of (cg, c3) for the existence of LP-solutions for even
integers using the above criterion p(W,)/2 < 1. The curves are p(W,)/2 = 1 cor-
responds to p = 2, 4, 6, 10, 20, and 40. Note that when p — oo the limit is the
triangular region which is the approximate region plotted in [H] for the existence of
continuous 4-coeflicient scaling functions using the joint spectral radius. However, we
are not able to prove this assertion yet, i.e., lim, . Lip,(f) is the Hélder exponent.
Also we do not have a criterion for the existence of an LZ°-solution.

Figure 4 is the graph of Lipy(f) plotted against the (cp, c3)-plane. It shows the
overall picture of Lips(f) for the 4-coefficient case. It looks similar to the graph of
Lipa(f) plotted in [LMW].

We remark that if ¢g > 0, cg > 0, and 1 —co — ¢5 > 0, then Tj and T3 in (4.5) are
non-negative matrices. Also the vector u in Lemma 5.2 can be chosen to be a positive
vector. Hence (5.1) still holds if p is a positive odd integer. Consequently, we have

PROPOSITION 5.4. Consider the 4-coefficient dilation equation (4.1) with ¢o > 0,
cs >0, and 1 —cg — c3 > 0. Suppose dim H (V) = 2, then for p a positive integer,

In(p(17,,)/2)

(53) Lip,(f) = 20

Without such positivity assumption on the coefficients, the expression in (5.3)
does not necessarily give Lipp( f) for p odd integers. For example Figure 5a is the
graph of —In(p(W,)/2)/(pIn2), p = 1,---,10, of the scaling function corresponding
to ¢g = 0.5 and c¢3 = —0.4. The points bounce up and down but Lipp(f) should
be convex in that region. Figure 5b corresponds to Daubechies scaling function Dy
(cs < 0). On this graph, the points are obtained by —In(p(W})/2)/(pIn2) while the
curve is Lip,(f) given by (4.7). It shows that for even integer p, they coincide. For
odd integer p, the values obtained by (5.3) are different to Lip,(f) but surprisely
close (see Table 1). Also when p — oo, in our numerical and graphical experiments,
the values obtained from —In(p(W,)/2)/(pln2), p odd integers, seems to converge to
Lip, (f) rather rapidly.

Finally we remark that for the dilation equation with N+1 (N > 3) coefficients, if
dim H(v) = 1 then v is an eigenvector of both Ty and T3, say Tov = av and T1v = bv.
Then the same technique as in the proof of Proposition 4.1 yields

Lip, () = 0+ 7)/2)

—pln2

for 1 < p < oo. For the case dim H(V) > 2, we can use a similar method to that in
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Proposition 5.1 to obtain a (p+ 1)V =2 x (p+ 1)V =2 square matrix W,, and Theorem
5.3 and Proposition 5.4 will still hold for dim H(v) > 2.
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value obtained
p Lip,(f) by (5.3)

3 0.874185416  0.892690635
5 0.749617426  0.750414497
7 0.692852392  0.692893269
9 0.661125656  0.661127939
Table 1
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