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A NONOVERLAPPING DOMAIN DECOMPOSITION METHOD FOR
MAXWELL’S EQUATIONS IN THREE DIMENSIONS*

QIYA HUT AND JUN ZOU?

Abstract. In this paper, we propose a nonoverlapping domain decomposition method for solving
the three-dimensional Maxwell equations, based on the edge element discretization. For the Schur
complement system on the interface, we construct an efficient preconditioner by introducing two
special coarse subspaces defined on the nonoverlapping subdomains. It is shown that the condition
number of the preconditioned system grows only polylogarithmically with the ratio between the
subdomain diameter and the finite element mesh size but possibly depends on the jumps of the
coefficients.
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1. Introduction. In the numerical solution of the Maxwell equations, one needs
to repeatedly solve the following system [9], [12], [17], [21], [28], [30]:

(1.1) Vx(aVxu)+pfu=£f in Q,

where Q is an open polyhedral domain in R? and the coefficients a(x) and 3(x) are
two positive bounded functions in . Among various boundary conditions for (1.1),
we shall consider the perfect conductor condition

(1.2) uxn=0 on 09,

where n is the unit outward normal vector on 0f2.

Both the nodal and edge finite element methods have been widely used for solv-
ing the system (1.1)—(1.2); see, for example, [5], [10], [11], [12], [22], [24]. However,
the algebraic systems arising from the discretization by the edge element methods
are very different from the ones arising from the discretization by the standard nodal
finite element methods. So the nonoverlapping domain decomposition theory for the
nodal element systems, which has been well developed for second order elliptic prob-
lems in the past two decades (see the survey articles [13] [33]), does not work for the
edge element systems in general, especially in three dimensions. During the last five
years, there has been a rapidly growing interest in domain decomposition methods
(DDMs) for solving the system (1.1)—(1.2). Some substructuring DDMs were studied
for two-dimensional Maxwell equations in [29], [30] and for a different three dimen-
sional model problem in [31]. Overlapping Schwarz methods were investigated in
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[15], [28], [16] for three-dimensional Maxwell equations. As far as the nonoverlapping
DDMs are concerned, very few works can be found in the literature. A nonoverlap-
ping DDM with two subdomains was proposed in [3] for Maxwell equations in three
dimensions. The current work represents some initial efforts in the construction of
efficient nonoverlapping DDMs for the case with general multiple subdomains. As we
shall see, not only the construction of the coarse subspaces but also the estimates of
the condition numbers of the preconditioned systems for the three-dimensional case
with multiple nonoverlapping subdomains are much more difficult and tricky than in
the two-dimensional case or the three-dimensional case with overlapping subdomains.

In this paper, we will propose an efficient preconditioner for the Schur comple-
ment system arising from the nonoverlapping DDM based on the edge element dis-
cretization. For the analysis of our new method, some important inequalities will be
established for discrete functions in edge element spaces. We believe these inequalities
should also be useful to the future developments in the field. It will be shown that the
resulting preconditioned system has a nearly optimal condition number; namely, the
condition number grows only polylogarithmically with the ratio between the subdo-
main diameter and the finite element mesh size. Unlike the optimal nonoverlapping
domain decomposition preconditioners for elliptic problems [13], [25], [33], we are still
unable to conclude whether the condition number of the preconditioned system gen-
erated by our nonoverlapping DDM is independent of the jumps of the coefficients.
This is an important problem that we are currently working on.

The paper is arranged as follows. The edge element discretization of the system
(1.1)—(1.2) and some basic formulae and definitions will be described in section 2.
The construction of nonoverlapping domain decomposition preconditioners and the
main results of the paper are discussed in section 3. Section 4 presents some auxiliary
lemmas, which are needed in section 5 to deal with the technical difficulties in the
estimates of the condition numbers.

2. Domain decompositions and discretizations. This section is devoted to
the introduction of the nonoverlapping domain decomposition and the weak form
and the edge element discretization of the system (1.1)—(1.2) as well as some discrete
operators.

Domain decomposition. We decompose the physical domain €2 into N nonover-
lapping tetrahedral subdomains {€2;}V, with each €; of size d (see [7], [33]). The faces
and vertices of the subdomains are always denoted by F and Vv, while the common
(open) face of the subdomains €2; and Q; are denoted by I';;, and the union of all
such common faces is denoted by T, i.e., I' = UT;;. T will be called the interface. By
I'; we denote the intersection of I' with the boundary of the subdomain €2;. So we
have I'; = 09, if Q; is an interior subdomain of €.

Finite element triangulation. Further, we divide each subdomain 2; into
smaller tetrahedral elements of size h so that elements from the neighboring two
subdomains have an intersection which is either empty or a single nodal point or an
edge or a face on the interface I'. The resulting triangulation of the domain 2 is
denoted by 7, which is assumed to be quasi-uniform (cf. [33]), while the set of edges
and the set of nodes in 7, are denoted by &, and N}, respectively.

Weak formulation. The primary goal of this paper is to construct an efficient
nonoverlapping DDM for solving the discrete system arising from the edge element
discretization of (1.1). For this, we first introduce its weak form and then the edge
element discretization of the weak form. Let H(curl; Q) be the Sobolev space con-
sisting of all square integrable functions whose curl’s are also square integrable in €,
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and let Hyp(curl; Q) be a subspace of H(curl; ) with all functions whose tangential
components vanish on 99, i.e., v xn = 0 on 99 for all v € Hy(curl; Q). Then, by
integration by parts, one derives immediately the variational problem associated with
the system (1.1)—(1.2).

Find u € Hy(curl; ) such that

(2.1) A(u,v) = (f,v) Vv € Hy(curl;Q),
where A(-, ) is a bilinear form given by
A(u,v) = (aV xu,V xv) + (fu,v), u,v € H(curl;Q).

Here and in what follows, (-, -) denotes the scalar product in L?*(2) or L?(Q2)3.
Edge element discretization. The Nédélec edge element space, of the lowest
order, is a subspace of piecewise linear polynomials defined on 7}, (cf. [14] and [23]):

V() = {v € Ho(curl; @); v |x€ R(K) VK €T, },
where R(K) is a subset of all linear polynomials on the element K of the form
R(K) = {a+b xx; a,beR3, x € K}.

It is known [14], [23] that the tangential components of any edge element function
v of V},(Q2) are continuous on all edges of every element in the triangulation 75, and
v is uniquely determined by its moments on edges of 7p:

{)\e(v) :/v~teds; eegh},

where t. denotes the unit vector on the edge e. Let {L; e € £} be the edge element
basis functions of V}, () satisfying

1 ife =e,
Aer(Le) = {O ife #e;

then the edge element basis function L. associated with the edge e has the represen-
tation

(2.2) Le = ce (A{VAS — ASVA),

where c. is a constant independent of h, and A and A§ are two barycentric basis
functions at the two endpoints of e. Furthermore, each function v of V;(€2) can be
expressed as

v(x) = > Ae(vV)Le(x), x€Q.

ecéy

With the above notation, the edge element approximation to the variational prob-
lem (2.1) can be formulated as follows: Find up € V() such that

(23) A(U}“Vh) = (f, Vh) Vv € Vh(Q),
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where A, (-,-) is a bilinear form given by

N
Ap(up,vy) = Z Ai(up,vp)

i=1
with each A;(-,-) defined only on the subdomain ;:
Ai(u,v) = (aV xu,V xv)q, +(Bu,v)g,, i=12,...,N.

Some edge element subspaces. In section 3, we will formulate our DDM for
solving the edge element system (2.3). Before doing so, we need to introduce more
notation, subspaces, and discrete operation tools.

We will often use G to represent a subset of I', which may be the entire interface
T" or the local interface I'; or a face F of I';. The notation e, with e C G, always
means that e is an edge of 7;, and lies on G. By restricting V,(2) on G, we generate
a subspace of L?(G)3:

V(@) = {weLQ(G)g; Y=vxn on G for some VEV}L(Q)}.

By Vi(9;) we denote the restriction of Vj,(2) on the subdomain ;. The following
two local subspaces of V},(€;) and V},(F) will be important to our subsequent analysis:

V2(Q,) = {vth(Qi); vxn=0 on Fi},

VhO(F):{@:vxnth(F); Ae(v) =0 vecapmgh}.

Discrete operators. We will often use the natural restriction operator from
Vi (L) onto V,(G), denoted by I, and the natural zero extension operator from V,(G)
into L*(I")*, denoted by IL,. By definition it is clear that for a face F, ILv € V3 (I) if
and only if v € V2(F), and I and I, satisfy

IV, @) = (V,I5P) VU e V,(D), @ € V4(G),

where (-,-)¢ stands for the L?-inner product in L?(G) or L?(G)3, and the subscript
G will be dropped when G' =T Also, we shall write I; = I, and I}; = I .

For any face F of Q;, we use F;, to denote the union of all 7j-induced (closed)
triangles on F which have at least one edge lying on OF and Fy to denote the open set
F\Fp.

By definition, for any ® € V},(T;), there exists a v € V;,(£2;) such that ® =v x n
on I';. So @ has the representation of the form

(2.4) (x) = Y Ae(v)(Le xn)(x), x€ Ty

eClI';

For any open face F on I';, we define an operator IOFB Vi (Dy) — ILVO(F) by

(2.5) (I2,2)(x) = > Ae(v)(Le xn)(x), x €Ty,
eCFy
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and an operator I, by

(Ig, ®)(%) = Y Ae(V)Ih(Le x m)(x), x €T,
eCFy

Some nodal element spaces. From time to time, we shall also need some
nodal element spaces in the analyses—for example, the continuous piecewise linear
finite element space Zj,(Q) of H{ (), its restriction Z,(T') on T' and Z,(£2;) on any
subdomain €;, and the restriction Z,(T';) of Z,(9;) on the local interface I'; and
Zy(F) on a face F.

The operator If, : Z,(F) — L?(T') is defined similarly to If.

For a subset G of T';, we introduce a “local” subspace

Z)(G) = {v € Z,(T;); v =0 at all nodes on I';\G}.

For any open face F C I';, we will use I% : Z,,(T';) — ZJ(F) and 19, : Z,(I';) — Z(OF)
to denote the natural restriction operators (see [33]).

curl- and harmonic extension operators. The next two extension operators
will play an important role in the subsequent analysis. The first is the discrete curl-
extension operator R} : V},(T;) — V,(9Q;) defined as follows: For any ® € V,(T;),
R} ® € V},(€;) satisfies R;® x n = ® on I'; and solves

A;(RLD,v,) =0 Vv, € V().

The second is the discrete harmonic extension operator Ri : Z,(I';) — Z5,(£;) defined
as follows: For any v, € Z,(I';), R;L’Uh € Zn(Q;) satisfies Rflvh = vy on §; and

(VRjvop, Vwy) =0 Yy € Z,() N Hy ().

3. Nonoverlapping DDMs. In this section, we propose a nonoverlapping DDM
for solving the edge element system (2.3). The notation (-,-)r, and (-,-)q, shall be
used for the scalar products in L?(T';) and L?(;), respectively.

3.1. The interface equation. For the solution uy to the system (2.3), we write
up; = up|q,. It follows from (2.3) that

(31) Ai(uhi,vh) = (f,Vh)Qi Vv, € V;?(QZ)

This indicates that if the tangential components uy; X n; are known on I'; the “local”
unknown uy; can be obtained by solving the local equation (3.1).

Next, we will establish an equation for the interface quantity ® = up x n on I
To do so, we introduce a “local” interface operator S; : V3, (T';) — Vi, (I';)* by

(S;®;, U)p, = A;(R;,®;, R, T;) VU, &; € V().
Using the obvious decomposition
up; = ul, + R (up; x nyg)
with u), € V,P(Q;), solving (3.1), (2.3) reduces to the interface equation (cf. [27])

N N
(3.2) > (SLR, L), = > (R L¥)q, V€ Vi(T).

=1 i=1
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Let g € V3 (I')* be defined by

N
1=1

and let S = vazl I!S;I;; then (3.2) may be written as

(3.3) (S®,T) = (g, U) VT € Vi(D).

With ® = uy, X n available on T, the solution of (2.3) can be obtained by solving one
subproblem, (3.1), on each subdomain ;. Therefore, the solution of (2.3) reduces
to the one of the interface problem (3.3). However, it is very expensive to solve this
interface equation directly. Instead, we will construct an efficient preconditioner for
S; then (3.3) can be solved by the preconditioned CG method.

3.2. Preconditioners for the interface operator S. We now start to con-
struct a preconditioner for S. As usual, a good preconditioner should involve both
local solvers and global coarse solvers.

First, the local solvers can be constructed on each local face I';;. For each I';;,
we define a “local” operator S;; : V.2(T;;) — V;°(I';;)* by

(Sij®ij, Uij)r,, = A(R}IL 0 RETLU55) + A (R0, RITL T5)
VO, W5 € Vi) (Ty)),

and S;jl will be our desired local solvers. The construction of the global coarse solvers
is much more tricky and technical. Before doing this, we would like to illustrate our
main idea about the construction. The essential difficulty in the construction of a
coarse solver lies in two facts: (1) The edge element space V3 (R2), different from
the nodal element space, is not a subspace of H(Q)3; (2) for any v;, € V,(Q), its
tangential components are continuous on all cross-edges, namely, the edges which are
shared by more than two fine elements (tangential components make no sense at the
cross-points in two dimensions), but the moments on the cross-edges are not sufficient
to determine the values of the tangential trace v;, X n on these edges. As one will see,
we have the Helmholtz decomposition

Vi(Q) = grad Z,(Q) + Vi, (Q),

where Vh(Q) corresponds to the divergence-free part and is closely related to the
space H'(Q)3. Thus it seems necessary to construct two coarse subspaces and coarse
solvers, corresponding to the curl-free and divergence-free subspaces VZ, () and
Vi (), respectively.

For the construction of the coarse subspaces, we introduce some more notation
below. For any subdomain €;, by W,; we denote the set of the edges of €2;, which
belong to at least two other local interfaces I';, 7 # 4. On each W;, we define the
discrete L2-scalar product

(e, =h Y eX)W(x) Yeo,v € Zy(T);

xXENL,NW;

the corresponding norm is denoted by || - ||n,w,. Let

Ai=|J m, i=1,..,N.
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We introduce a norm || - ||« a, that is induced from the following inner product in
LQ(Ai)BZ

(VXn,wxnya, = Z (vxn,wxn)gg VvxnwxnceV(Ty),
KCA;

where the summation is over all triangles K in A;.

For any given subset G of ) and function ¢ in L?(G), we use v, (p) for the
average value of ¢ on G. Similarly, for a vector v = (v1,v2,v3) in L?(G)?, we use
T (v) for the constant vector with three average values v, (v1), 7. (v2), and . (v3)
as its components.

Now we define two discrete operators in Z,(I') and V4 (I") which will generate two
coarse subspaces. For any ¢ € Z,,(T"), we define mop € Zx(T') by

[ ex) forx e W, NN, (i=1,...,N),
(3.4) Top(x) = {%F(Qp) forx e FNN;, (FCT).
Similarly, for each v x n € V(I'), we define IIyv x n € V},(I") such that

_ fAe(v) forec A UQ; (i=1,...,N),
Ae(Tlov) = { A(Tor(v))  foreCFy (rCT).

Note that although IIyv involves the degrees of freedom inside ;, I[Ipv X n is deter-
mined on I" uniquely by the moments A.(v) for all e C I'. Thus IIjv x n € V,,(T) can
also be defined directly by

vxn ond; i=1,...,N),

Mov > n = {Tap(vx n) onFy (FCT),

where we have used the fact that the normal vector n is constant on any face F C T’
and

Tor(v) X nl, = Tor(v x n).
Now, we can define the two coarse subspaces:

VT = {<I>0 € Vi(D); 1,0 = grad(R{I;mop) x n on T; for some ¢ € Zh(F)} )

V(D) = {Vo xn € V,(T); vo =Ipv for some v x n € Vh(F)}.

The operator R} used in V,°}(T) is the zero extension into the interior of Q;; namely,
for any v, € Zh( i), Révn € Z1,(£;) takes the same values as vy, on I'; and vanishes
at all interior nodes of €2;. We can define two coarse solvers Sqy, : V2¥(I') — V,0F(T)*,
k = 1,2, associated with these coarse subspaces. For any ®g, ¥y € V,21(I'), there exist
@, ¥ € Zy(I') such that on T';,

1,09 = grad(RjLimop) x n, 1;¥, = grad(R1imoy) x n

Then Sg; is defined by

N
(S01®o, o) = [1 +log(d/h)] Y (w0 — Yoy, (W0), Mot — You, (M%) )0
=1
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Similarly, for any ®g, ¥y € V,2*(T), there exist v ,w € V,,(2) such that on I';,
Ii(I)o = Ilpv X n, IZ\IJO = Ilpw X n.

Then Sg9 is defined by

N
(S02®o, Wo) = [1+1og(d/h)] > (®o — Ta,(v) x 0, ¥y — Ta, (W) X 1) 4,
1=1

+ d <q)05 \IIO>*,AL

Hereafter, Ta,(v) is the constant vector satisfying

o= T, (v) x 12 5, = min (@~ Cy, xnl?a,

Ag

which can be viewed as some average of &5 on A;. And the average is well defined.
Finally, the preconditioner for the interface operator S can be defined as follows:

(3.5) M~ =S5 + 8, + ) TS T
Fu

For this preconditioner, we have the following theorem.
THEOREM 3.1. The condition number of the preconditioned system can be esti-
mated by

(3.6) cond(M™'S) < O[1 + log(d/h)]>.

Remark 3.1. A simple algorithm to implement the coarse solver Sy, can be found
n [33]. By the minimum property of the average Ta,(®g), we can also derive a
simple algorithm for implementing the coarse solver Sga, which is similar to the one
n [33]. Note that one may also use the inner product h=!(-,-)a, in the definition
of Sgz instead of the inner product (-,-). a,. Furthermore, one may use the discrete
L?(A;)3-inner product

((v x n,w x n})y, Z)\ (w) Vvxnwxne V()
eCA;

to define the coarse solver Sgs, but we do not know yet how to verify the existence of
the corresponding average.

Remark 3.2. The “local” operator S;; may be replaced by any other spectrally
equivalent operator, for example, the operator defined by

(SL®, Uij)r,, = A((RLIL D, RITL W) VI, € VO(Ty).

Sz is easier to implement than S;;, but it loses the symmetry with respect to the face
P”

Remark 3.3. Based on our current analysis in section 5, the constant C' in the
condition number estimate (3.6) may have a factor Ymax/Ymin related to the coeffi-
cients in (1.1), where Yyay is the supremum of 3(x) and o?(x) over Q, and Yy is the
infimum of B(x) and o?(z) over 2. It is possible to improve such dependence on the
coeflicients if a more localized and sharper analysis can be found.
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Remark 3.4. The nodal element coarse interpolant 7 is widely used in nonover-
lapping DDMs for second order elliptic problems [13], [33]. The new edge element
coarse interpolant Il is very similar to my but with some essential differences. For a
H(Q)? vector-valued function v, there is no trace on the wirebasket set W;, and the
coarse interpolants mov and IIyv make no sense. However, it is known that 7 is stable
in the nodal element space Z(T';) [13], [33]. Likewise, we shall show in section 4 that
I, is stable in the edge element space V;(T;), with the stability constants growing
only polylogarithmically with d/h. This explains somewhat why we can achieve a
logarithmical bound (3.6) on the condition number.

4. Some auxiliary lemmas. As we shall see, the estimate (3.6) of the condition
number cond(M~1S) for the preconditioned system is rather technical. This section
presents some basic properties of Sobolev spaces and auxiliary lemmas, which are
needed to deal with the technical difficulties in the estimate of the condition number.
The proofs will be provided in the appendix. The constant C will be used often
in what follows for the generic constant that may take different values at different
occasions.

4.1. The scaled norms. A large part of the condition number estimate will be
carried out on the subdomains, for which we need some scaled norms. For the space
H'(Q;)3, we define a scaled norm by

_ 1
Vil = (VR o, +d72IVIE )7 Vv e H (),

while for the space H(curl; ();), the restriction of Hy(curl; ) on the subdomain ;,
and the interface space H -3 (T;), we define their scaled norms by

1
2

IVleurter, = (leurtviig o, +d2Ivl3 0, )" Vv e Hicurl ),

A ‘ 1
Wioyr = s S290l vy gty

veEH 2 (T'y) ||’U‘ 3.1

where
_ 1
Pollsr, = (o, +d ol

For any ® € V;(T;), we use div,® to denote the tangential divergence of ®; see
2] and [3] for the definition of div,®. It is known that div,® € H~2(T;), so it makes
sense to define the norm

@[, = d=H @]y p, + [dive®]| s -

2

The next two estimates on this norm || - |4 can be found in [3].
LEMMA 4.1. The discrete curl-extension R ® € V;, () satisfies

(4'1) ||R}L(I)||curl;ﬂi < CH(I)HXri'
LEMMA 4.2. Let u € V,(€;), which satisfiesu x n=® on T';. Then

(4.2) [®[lxe, < Cllulleurto;-
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4.2. Estimates with the norm || - ||;/2,r, and the edge element inter-
polant. The results in Lemma 4.3 can be found in [7] and [33].
LEMMA 4.3. For any ¢ € Zp(T"), we have

(43) Clmogl] r, < [1+log(d/M)]le — 1, (DIl w, < CL+log(d/m)Plef} 1,
and for any face ¥ C T,
(4.4) I1%(p = T3, < Cl1+log(d/M)Plef3 1, -

Now we define an interpolation operator rj, associated with the space V3,(€2). For
any appropriately smooth v, rpv € V;(Q) is a function in V},(€2) which has the same
moments on the edges of 7, as v, namely,

/rhv “tods = /v~teds Vv e Hl(Q) and e € &.
The interpolant rj,v is well defined on each element K for all v lying in the space
{w € LP(K)3; curlv € LP(K)® and v x n € L”(@K)3}

with p > 2; see Lemma 4.7 in [4]. From this we immediately know that rpv is well
defined for all v in H'(Q)3 whose curl is in LP(K)3.

The following three lemmas present some estimates on the interpolation operator
rn. The proof of the first lemma below is quite similar to the proofs of Lemma 4.7 in
[4] and Lemma 3.2 in [12], and details can be found in [20].

LEMMA 4.4. Let w € HY(Q;)3 and its interpolant r,w be well defined in V,(€;).
Also, we assume that curlw = curlvy, for some v, € V,(Q;). Then
(4.5) lenw = wllo.0, < Ch(lw[3 g, + [leurlvi§ ,)?.

LEMMA 4.5. Under the same assumptions as in Lemma 4.4, for any face F of T';
we have

(4.6) |(erw) x nl.k, < C[1+log(d/h)? (|lw

LEMMA 4.6. Under the same assumptions as in Lemma 4.4, for any face ¥ of T';
we have

(4.7) d™?|lraw = Yop(raw)|lg o, < C[1 +log(d/h)]|(Iw]? o, + leurlval[§ q,),
(48)  d7?|w = Yop(raw)lloq, < C[1+log(d/)]|(|w]7 o, + leurlva|[j q,)-

4.3. Some estimates with the norml| - || &, .
LEMMA 4.7. Let w and vy be the same as specified in Lemma 4.4, and ® =
rpw x n on I';. Then for any face F C I'; we have

(4.9) TR, ®llxe, < C+log(d/M)]([®]|xe, + Wl 0, + [curl vallo.o,)-
LEMMA 4.8. Let ® =v xn € V,(I';) on Ty, and

INO(x) = Y A(v)(Le x ny)(x), x €T,
eCA;

1
10, + leurlvallg o,)2.

We have
(4.10) 1, ®]| 2, < C[1 +log(d/h)]Z[|®]|:,a,
LEMMA 4.9. Assume that v € Vi, (Q) and F C T'y,. Then
(4.11) 1T, (Tor (Tov) x n) %, < C[1+ log(d/h)][[(TTov) x n|2 s, .
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5. The estimate of condition number. This section is devoted to the esti-
mate (3.6) of the condition number of the preconditioned system M~1S. The estima-
tion will be done by using the following additive Schwarz framework [26], [32], whose
proof is standard (cf. [18] and [27]).

LEMMA 5.1. Assume that the following two conditions hold:

(i) For any ® € Vi(T) there is a decomposition ® = Pg; + Poa + >

with ®o, € VI¥(T) (k= 1, 2) and ®;; € V2(T';;), such that

t .
i<j L5 ®ij,

(5.1)  (S01Po1, Po1) + (So2Po2, Poz) + Z<Sijq)ija ®ij)r,, < C1(SP, );

i<j

(ii) For any Wor € VO¥(T) (k=1,2) and ¥;; € V2(T;;), we have

(5:2) <S ZIﬁj\Ijij +Wo1 + Yoz |, ZIZ—‘I’U‘ + Wo1 + \1102>

1<j i<j

< O Z<Sij\l’ij, Ui, + (So1Wor, Yo1) + (So2Wo2, Wo2)

i<j

Then we have cond(M~18) < C1Cs.

The rest of this section applies Lemma 5.1 to show Theorem 3.1, the main result
of this paper. First, we construct the important decomposition required in the lemma.
For this, we will make use of the so-called regular decomposition instead of the usual
L?(Q2)-orthogonal Helmholtz decomposition [14].

For any v € Hy(curl; ), there exist some w € H{ (2)? and p € H}(Q) such that
the following regular decomposition holds (cf. [6], [16]):

(5.3) v=Vp+w
with the estimates
(5.4) [wllo,e + llplle < Cllvloe,  [vlie < Clleurlv|joq.

We remark that the use of Helmholtz-type or regular decompositions is a fundamental
technique for the analysis of preconditioners for H(curl;Q)- and H(div; Q)-elliptic
problems [1], [15], [17], [16], [28].

Now, for any ® € V,(I'), we define a v, € V() such that v), = R,L;® in
each subdomain ;. By the regular decomposition (5.3), there exist p € H}(Q) and
w € H}(Q)? such that

(5.5) v, =grad p+w.

As w € H}(Q2)? and curlw = curlvy,, so r,w is well defined (see subsection 4.2).
This, with (5.5), implies

v =rpgrad p+rpw.
By Lemma 5.10 in [14], there exists a function pj, € Z5,(€2) such that

(5.6) vy, = grad py, + rpw = gradp;, + wy,



DOMAIN DECOMPOSITION METHOD FOR MAXWELL EQUATIONS 1693

with wp, = rpw € V3 (22). By (5.5) and (5.6), we know
(5.7) curl w;, = curl w = curl vy,

Now we are ready to show Theorem 3.1 using Lemma 5.1. We divide the proof
into four steps.

Step 1. Establish a suitable decomposition for ® € V;(T"). For ease of notation,
we introduce p) € Z,(2) and P by

p% :R;LIiWO(ph‘F) in Qi7 i= 1)"'7N7
®o1(x) = (grad (p)|a,) x n)(x), x€Tly, i=1,2,...,N.

By direct checking, we can also write
o1 (X) = (grad (]5?7,|Qz) X Il)(X), x ey,

with p9 = RiLimo(prlr). So we know ®g1(x) € VPH(T'). Next, we choose woo =
Mywp, € V() and let

Do = (WOQ X n)|r S V}?2(F)
Define ®;; € V,,(I';;) by

;5 = Lij((grad pp + wp) x n) — Lj;(Po1 + Po2)
= L;j(grad (p, — P?z) xm) 4+ Ljj(w, x n— @)
=1I,;(grad (py — p%) xn) + L;((wn, — wo2) X n).

Noting the fact that p% — pp, vanishes on the wirebasket set W;, we can easily verify
that A\.(grad (p, — pg)) =0 for any e € &, NW;. Also, we have A.(wj, — wga) =0
for any face e on A;. Thus ®;; € V}?(I‘ij), and the following decomposition holds:

(5.8) ¢ = Po1 + Doz + Z ;5.
T

Step 2. Prove the estimate

(5.9) D (8ij®ij, @ij)r,, < C[1+ log(d/h)]*(SP, B).
For any face I';; of I';, we define

pzj = R;LI;j[(ph _p}g) Fij} € Zh(Qi)’

ij = RZIL-[((Wh —wo2) X n)|r,;] € Vi(),

v;:j = grad p;:j + w;:j € V().

Using the fact that

it . N}
RhIz’j(I)ij XxXn= Iijq)ij =V,

;xn oon I,

we obtain by the minimum curl-energy property of the discrete curl-extension that
. . . . 1 ; 1
(5.10)  Ai(RGI; @55, RLL;@y5) < Ai(vig,viy) = laeurl wijll§ o, + 162v; 5 0,

< C’(ngad p%”%,Ql + ||W?L:j||?:ur1,ﬂi)'
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As p) = mo(pn|r) on T', we have

Igj[(ph - p%) iyl = I%-(Phh“ — 7o (palr))-

Thus, using (4.4) and the trace theorem, we obtain

(5.11) lgrad p;l[5 .o, = P41 o, < CIT;[(or — P))Ir,;]
< C[1 +log(d/h)*|pnl3 r,
< C[1+log(d/m)*|pnli q,-

2
3L

We next estimate wjj. For each (open) common face F = I';; shared by €; and Q;, it

follows from the definition of Iy that

0 if e C Fy,

Ae(Wh — Wo2) = { Ae(Wn — Top(wp)) ife CFy.

Then we derive by using (5.7) and Lemmas 4.1 and 4.7 that

(5.12) W35 leure, < CIT;I((Wh — Woz) x n)[r,, ]I,
= O|Ig, [(wn — Tor,, (wn)) x n]||,.

< C[1 + log(d/m)}(]

(wn — Tor,, (wn)) x |3,

+Hw = Tor,, (wn) 7 o, + eurl vi |3 o,)-

On the other hand, for the term (wj, — Yor,;(Wz)) X n we have by Lemma 4.2 and
(5.5) that

[(Wh — Yor,; (wn)) x %,
< Cllwn — Yor,, (Wh) | Zuri0,
= C([[curl wp|[5.q, + d™?|wWn — Tor,, (wn)[[5.0,)
= C(llcurl vp|[§.q, +d~2[lwn — Tor,, (wa)[5.0,)-

Combining this with (5.12) and using Lemma 4.6 give
Wi 12ur. 0, < CIL+log(d/M)P(Iwfi o, + llcurl vallg q,).
With this estimate, (5.10), and (5.11), we come to
(5.13)  Ai(R,I}; Py, RLI;;0y5) < ClL+log(d/h)]*(Ipali o, +IwlT o, +llcurl vig o,).
Similarly, we have
AJ(R%I%‘I)U’ Rilfj@ij) <C1+ log(d/h)]g(\Phﬁ,Qj + \Wﬁ,ﬂj + [[curl VhH(Q),Qj)'
So we have proved

(Sij®ij, Pij)r,; < C[L+ 10g(d/h)]3(|ph|?,ﬂ,- + |ph|i§zj + |W|%,Q,i
+wli o, + eurl vi |3 o, + [[curl vi|[§ o ),
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or
N
(5.14) > (Si;®ij, Pij)r,, < C[1+1log(d/m)]* > (

Fij =1

plE o, + [WE g, + [leurl v4l[§ )
= C[1 +log(d/h)]’ (lphﬁ,n +wlig
N
+ Z ||curl Vh|(2)’ﬂi> )
i=1
To prove (5.9), it suffices to show

(5.15) pali o + Wi < Cllvallgq + leurl vall o),

as this, with (5.14), implies

] =

> (8ij®i5, 0j)r,, < C[1+log(d/h)]* > " (leurl vil[§ o, + IVall§ o,)

Ty 7

Il
-

Ay(RIL®, RIT;®).

] =

< C[1 +log(d/h))?

@
Il
-

Next we show (5.15). It follows from (5.4) and (5.7) that
(5.16) |W|isz < C||curl WH?),Q = C/|curl Vh||(2),sz-
However, by Lemma 4.4 and (5.4) we obtain that
I wlig o < € (h* [leurlvi[§ o +h* [wli o + Wl o) < Clleurlvy|[§ o.

Inequality (5.15) is then a consequence of this estimate, (5.16), and the triangle in-
equality

IVenrlloo < [villoo + lrawlloq -

Step 3. Derive the estimate
(517) <S()1<I)01, (1)01> + <S()2(I)02, @02> S C[l + log(d/h)]2<S<I>, (I)>

It follows from the definitions of Sp; and ®q; that

N

(S01®o1, Po1) = [1 + log(d/h)] Z P = va.Ph|
i=1

2
h,AG

Thus, by (4.3) and the trace theorem, we have

N
(5.18) (S01®o1, Po1) < C[1 + log(d/h)]* Y |ph|2%,r,i
i=1

N
< C[1+1log(d/m)* > Ipnli o,

i=1
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< C[1 +log(d/h)*|palf -
By the definitions of Sgo and ®gz, we know

N
(5.19) (So2Po2, Poa) = [1+log(d/h)] D (I (Wr—="Ta,(wn))xn| s, +d*[wixn]? A,)-

i=1
From the definition of YT, (w},), we have
[(wn = Ta, (W) x 0l s, < [l(wn = Tr, (W) x 0] 4,

This, with Lemma 4.5 and the Poincaré inequality, gives

(5:20)  [l(wn = Ya; (W) x nZa, < D I(Wn = Tr,(w)) x
FCT;

< C[1 +log(d/W)](|w = Yr,(W)[.0,

+eurl (vi, — Yr,(w))[I3 )
< [1+log(d/M)(Iw[3 g, + curl vallgg,)-

The other terms in (5.19) are estimated by Lemma 4.5 and (5.5) as follows:

Ellwp xnff s, =d* D wn xnlp,
Fcry;

< Cd*[1 + log(d/h)](] 6.0:)
= C[1 +log(d/h))(d*|w|3 g, + W3 o, + d?[lcurlv4 |2 o)
< CO[1 +log(d/h)](jw]? 20

So we have proved by (5.19) that

(So2®o2, o2) < C[1 +log(d/h)]*(|W[T g + [IVall§.q + lcurlvalf o),
which, together with (5.18), yields

(So1Po1, Po1) +
< C[1 +log(d/h
d/h

(

I6.02)

C[1+log *(Ipnli o + [eurl wit o + [[vallg o + leurl vi[g o)

(
(d/h)
[ (d/h)
C[1 +log(d/h)
< C[1 +log(d/h)
[ )

C[1 + log(d/h

2(Ivallg o + leurl val[§ o)

I?
]
P(lpnliq + IValls.o + llcurl vi[5 o)
]
2(S®, ®).

The estimates (5.9) and (5.17) indicate that the constant Cy in (5.1) can be
bounded by C[1 + log(d/h)]?.
Step 4. Estimate the constant Cs in (5.2). It is easy to see that

ZI%\Ijij + Vo + Vg2 | = Z L@ + L,Woy + L, Uoo.
ij FUCFk
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Hence
(5.21)
< Zlfj‘l’ij + Wo1 + Vo2 |, Z L0+ Yo + \I/02>
T T,

Mz

Z (SkIi; Wi, I ®i5)r, + (SeleWor, L Wor)r, + (SklkWoo, IxVo2)r,
k=1 |\ I'i; CT'x

Mz

> (S, Uig)r,, + AR W1, RET W01 )+ Ag (RET W, RET,Wo,)
k=1 \ I'i;CT'x

As each face I';; is shared only by two subdomains €2; and Q;, we have
(5.22) Z > (SyWi, Ui, < OZ SiiWis, Uij)r,,-
k=1T;;CI'y
Note that ¥o; € V,P1(T) can be written as
I, Vo, = grad(RiT,meb) x n on T,
for some 9 € Z,(T"), so we have

AR Uo1, RFT,Ugy) < Akl(grad(RlﬁIkﬂow) grad(Ry1,mov))
187 RiLemot |3 o, < Clrovli r,-

Then it follows from (4.3) that
Ap(REL o1, RELWo1) < C[L+ log(d/h)]||m0v — s, (mo) 7 oy,
This, with the definition of Sy, shows
N
(5.23) ZAk(REIk\IIOM RELUo1) < C(So1 o1, Tor).
k=1
We next estimate the last term in (5.21). We can write ¥y € V,P%(T) as follows:
LWy =1ljv xn = [H()V — TAk (HOV)} X n -+ TAk(H()V) xn on I
for some v € V;, (). Then, by the triangle inequality, we obtain

AR(RFTWoo, RET, Ugp)
<245 (RETL[Myv — Ta, (ITpv)] X n, RFTL[gv — YA, (ITpv) x n])
+AL(RITL[Y A, (TTov) x n], RFTL[T A, (TTgv) x n])).

Furthermore, using Lemma 4.1 and the minimum curl-energy property of the discrete
curl-extension, we obtain (note that Ta, (IIpv) is a constant vector)

AR(RET, Wgo, RETL W)
< O(|I[Mov — Ty, (ov)] x 0%, + Ax(Ta, (ov), Ta, (ov)))
(5.24) = C([[[Mov = Ta,([ov)] x 0%, +[ITa, (o)l 0,),
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where the last term can be estimated using the Holder inequality and direct compu-
tation:

(5.25)
ITa, (Mov)[I.0, = d°[Ta, (ov)[* < Cd?||Ta, (ov)[[7 A, < Cd®[[(Lov) x nlf} A, -

Next, we show that the first term in (5.28) has the following bound:
(526) |[[Mov —Ta, (Mov)] x 0%, < C[1+log(d/m)][[[Mov — Ta, (Hov)] x 02 A,
For this, it suffices to prove
(5.27)  [[(Iov) x nf[%, < C[1+log(d/M)][(Tov) x nff 5, Vv € Vi(9).
To see this, using the relation
L[(Tov) x n] =13 (Tov x ) + Y Iy, (Tor(Ilov) x ),
FCry

we have

I(Mov) x n|%,, < C [T, (Tov x (|3, + Y |15, (Tor(ov) x n)[%,,
FCTy

This, together with Lemmas 4.8 and 4.9, yields (5.27).
Finally, we obtain using (5.24), (5.25), and (5.26) that

AR oz, RELWoz) < C([1+log(d/h)][|[v = Ya, (v)] x 0} o, +d*[lv x ]2 4,),

which implies
N

> AcREL Voo, RETWo2) < C(S02Won, o).
k=1

This estimate with (5.22)—(5.23) indicates that the constant Cy in (5.2) is bounded
by a constant independent of i and d.

6. Appendix. This appendix provides the technical proofs for the auxiliary lem-
mas in Section 4.

6.1. Proofs of Lemmas 4.5 and 4.6. In this subsection we shall prove Lem-
mata 4.5 and 4.6. For this, we first give some auxiliary results. The first lemma can
be found in [7], [33].

LEMMA 6.1. Let vy, € Zp(I';). Then, for any F C T';, we have

(6.1) lonlloor < CI1+log(d/h)]%[|vnlls r,.

(6.2) 1vnll 1, < CIL+ log(d/B)]l|vnlls r,.
1

(6.3) 1Brvnly < C[L+log(d/h)]2 ||vally r,-

LEMMA 6.2. Assume that vi, € Z,(;)3. Then, for any face ¥ of T'; we have

(6.4) A2V = Tor(va)[§.q, < C[1 4 log(d/h)]|val}q,-
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Proof. Since YTsp(+) is invariant with constant vectors, we have

d72(|vi = Yor (va)llg o, = d2Ivi = Te(vi) — Yor(vi — Te(va))ll§ o,
(6.5) <2d7*(|lvip = Ye(vi)llg., + ITor(vih — Ye(va))ll5.q,)-

It can be verified, by the Holder inequality, that
ITor(vih = Ye(vi)) 5.0, < Cd®|Tor(vh — Te(va)|* < Cd?|lvi — Te(va)l§ op-
This, together with (6.1) and the trace theorem, yields

A= Tor (v = Tr(vi))l§ o, < C1+log(d/MlIve = Tr(va)li r,
< C1+log(d/)][v = Te(va)li .-

Now (6.4) follows from this, (6.5), and the Friedrich’s inequality. |
For any face F of I';, we define a quantity (not a norm) on F; as follows:

2

Vi, = | D VI3 ox Vv e ZyTy)® or veVip(l)
KeF,

LEMMA 6.3. Assume that vy, € Z,(T;)3. Then
(6.6) [Valler, < C[1+ 10g(d/h)]%||vh\|%,ri~

Proof. Consider a triangle K € Fp, and let e be one of its edges lying on JF. Then
we have

(6.7) Ivalld.ox < 2(ve = Te(va)li§ ox + I Te(vi)lE ox)-
By the Poincaré inequality we obtain
h=HIve = Te(va)ll§ ox < h72lIve = Te(vi)ll§ x < Clvali k-
Thus
(6.8) v = Te(vi)lg.ox < Chlvai k-
On the other hand, it can be verified directly that
ITe(vi)l§.ox < ChTe(va)]* < CllVallf.-

Substituting this and (6.8) into (6.7) and then summing over all the edges e on K
yield

IVallg ox < C(AlvaIE g + IIva

b.0r) < C(valijop + Ivalld or)-

Now, (6.6) follows from (6.1). a
Proof of Lemma 4.5. Let Py: L2(%;)% — Z,(€2;)3 be the L?-projection operator,
which is known to have the following H®-stability (with 0 < s < 1) and estimate [8]:

(6.9) [Pawllso < Clwlls,a,  [w—=Prwloga, <Chlwla,.
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It is easy to verify that

(6.10) [[(raw) x nllv5, < Clrawl2 g, <C Y (IPaw|, + [[taw — Paw]3 ).
eCF,

Let K. € 7, be an element in €); with e being one of its edges, and {)\Z—}?:l the
barycentric basis functions at the four vertices of K., A1, and Az, correspond to two
end-points of e. By the expression (2.2) of the edge element basis functions, it is easy
to verify that (rpw — Ppw) can be written, in the element K, as

4 4 4 T
rnw — PhW = <Z ai)\i s Z bz)\z N Z Cz>\1> 5
i=1 =1 i=1

where a;, b;, and ¢; (i = 1,2,3,4) are constants which may depend on h. By the
standard scaling argument, we obtain

W~

[rnw — Puw|§ i, > Ch*> (af + b7 +¢})

i=1

2
[rpw —Ppw|§, < Ch> (af +b] +cf).
=1

This implies
lrnw — Ppwl[5 . < Ch™?[rpw — Puw|f k., |

and so we have

(6.11) > |lraw-Puw|3 <Ch™2 Y [lraw-Puw| k. < Ch72|ryw—P w3 o,
eCFy eCFy

This with (6.10) leads to

(6.12) [rawl g, < CUPrwl 5, +h72(lrnw — Prwllg q,).
On the other hand, by (6.6), the trace theorem, and (6.9), we obtain
(6.13) IPhwll.p, < C[1+log(d/h)]? [Prw], r,

< C[1 + log(d/h))? IPrw| 1,0,
< C[1 + log(d/h)] 2 [|W]|1,0..

while by the triangle inequality, (4.5), and (6.9), we deduce

(6.14) W eaw — Prwlloo, < A7 (Iraw — wlloo, + [Prw —w

|0»Qi)

1
< C(\Wﬁ,szi + |\Cur1"h”(2),szi)2-

Now, (4.6) follows readily from (6.12)—(6.14). 0
Proof of Lemma 4.6. We can write

rpw — Yop(rpw) = (rpw — Ppw) + (Ppw — Yop (Prw)) + Top(Prw — rpw);
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then, by the triangle inequality,

(6.15)  [[raw — Tor(rrw)l§ o, < 3(IPaw — Tor (Prw)l[5 o,

+Hrnw — Prwlf o, + [ Tor(Prw — 14 w)|[§ ,)-
Using (6.4) and (6.9), we know

(6.16)
[Prw =T or(Paw)|[§ o, <Cd?[1+log(d/h)][Prw(t o, < Cd*[1+log(d/h)]|w[i g,

On the other hand, by the definition of T yp, one can verify directly that
ITop (Prw — rhw)||%’9i < Cd3|TaF(PhW - rhw)|2 < Cd2||Phw - I'hW||(2),Fb~
This with (6.11) gives
ITor(Prw — rpw)[[g o, < Cd®h™? |lrpw — Prw|§ g,

and so we obtain by (6.14) that

[rnw — Prwl[g o, + I Tor(Paw — raw) |5 o,

<C(l1+ d2h72)||rh,w - Phw||§7Qi
<O+ d)(|wli g, + l[curl vy |3 q.).

Now (4.7) follows from this, (6.15), and (6.16).
Finally, the relation

W — TaF(I'hW) = (W — I‘}LW) + (I‘}LW — Tap(rhw)),

with (4.7) and Lemma 4.4, leads to (4.8) directly. 0

6.2. Proofs of Lemmas 4.7, 4.8, and 4.9. The proofs of these lemmas are
rather technical, and we will start with some auxiliary results.
LEMMA 6.4. For any ® € V,,(T';), we have

_1 1
(6.17) [@llor, <Ch7Z[[ @]y r, . T, @llor < ChZ[ @],

Proof. The first estimate was proved in [3]. We prove only the second inequality
in (6.17). For any ® € V;(T;), we can write ® = v x n on I'; for some v € V,(€;).
Using the definitions of I%b, we deduce

(6.18) I, @l5p < C D AV)IILe x 143 g
eCFy
It follows by (2.2) that |[L. x n|§ » < C. This, together with (6.18), yields
I, ®l5p < C D N(v).
eCFy

Now we need only to prove

(6.19) A2(v) < Ch|®|5. VecC T, CT.
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Noting the fact that v = (v-n)n+n x v x n on F, for any e C F we have

Vg te=(mxvxn); - te.

F

Thus (6.19) comes readily from the following:

/v-teds

LEMMA 6.5. Let ® € V,(T;), and let IOF8<I> be defined as in (2.5). Then

2
(6.20) N2(v) = < /|n><v><n|2ds/|te|2dsSCh/|n><v\2ds. 0

(6.21) T, @[3 r, < C([1 +log(d/M]| @] 3 r, +h2[®[xF,)-

Proof. The proof is similar to that of Lemma 6 in [19]. However, for the reader’s
convenience, we still give a complete proof below.
For any ve H'/2(T;)3, let v,€Z,(T;)® be the L?(T';)-projection of v. Then

(6.22) [0, @), | < (32,97 — vir, | + (12, @.vi)r |
It is known that

(6.23) Vi = Vlor <CRA VIl pes IVally ., <CIVI g p
This, together with (6.17), leads to

0
(624) |<IF5(I),V _Vh>1“i
< Ch'?|®llo.r,

< 11, @llo,r, IV = vallo,r,

i, SCI® s p

vl

VH%,FZ"

i

On the other hand, from the definitions of the operators I%a and I%b, we have I%aq) =
P — I%b@ on F. Then

(625) ‘<I%3®vvh>1—‘i

= |3, ®,vi)p| < (@, va)r| + [T, @, va)E|-
It follows from (6.17) that

(6.26) (ID, @, vi)p| < 12, @[lo.r [[Vallor < ChE|@

wF, Va1,
For the term (®, vp,)y in (6.25), we use the simple decomposition
(6.27) vi(x) = 13vi(x) + Ipvi(x) VxEF

to derive (note that Ivy(x) = 0 on I';\F)

(P, vip)r| < |<@,IEFVh>F\ + |<(I>71%th3F|
< (@, Ipva)r | + 1 ®]loF Tgrvallor
1
<|@_yr, 1vallsr, +ChE[[@[lor, [IValloor,

where a direct computation is used to bound the term |[I9pvy|lor by hY2|vh|lo.0F
using the discrete L2-norm. This with (6.17), (6.2), and (6.1) yields

(@, vi)r| < C[1 +log(d/h)][[®[| -3 r,

2

VhH%,Fi‘
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Substituting it and (6.26) into (6.25) yields

(1%, @, va)e| < C([1+log(d/MI|®]_y.r, + £ Dl ) Vally r,
which, along with (6.22) and (6.24), leads to

13, @, v)r,| < O+ log(d/M]IB] g, + h¥ @] r,) VI3 .

Now (6.21) follows directly from the definition of the norm || - ||_ /2., O

Next, we are going to prove Lemma 6.10 on the estimate of HdivT(IoFtb)H_%,Fi for
all ® € V,,(I';). To do so, we have to present some auxiliary results first (Lemmas 6.6
6.9).

LEMMA 6.6. Let p € L3(T;) be piecewise constant with respect to the Tp,-induced
triangulation Tp, ; on I';. Then

1
(6.28) Iellor, < Ch il p.
Proof. By definition,
|<<)Oa ¢>Fz|

lell_1p, = sup ==,
2 gemzry Wl

The inequality (6.28) then follows if we can construct a function ¢y € Hz (I';) such
that

_1
(6.29) (@, %o)r,| = Cllello,r, Iollor, s [1Yolly,r, < CR™2([Yollo,r, -

To construct the function ), for each triangle K € 75, and lying on I';, with Og
being its barycenter, we refine K by connecting O with three vertices of K. Let ax
denote the (constant) value of ¢ on the triangle K, and let 1)y be a piecewise linear
function on K with respect to this subdivision such that 1y equals ax at Ok and
vanishes on the edges of K. It is clear that such a function tg is in H'/2(T;). As 1
is piecewise linear on the entire boundary I'; with respect to the subdivision of 7,
the second inequality in (6.29) follows directly from the inverse inequality. Moreover,
by the equivalent discrete L?-norms we have

(6.30) [boll§r, < CR* D lak|.

KeTh,;

Let Sk be the area of the triangle K. We have

|<<p7¢0>ri|: Z <<P71/}0>K = Z aK<17wO>K

KeTy,; KeTn,;
-1 E a’ Sk | > Ch? g la? |
- 3 kPK| = Kl
KeTh,; KeTy,

Now the first inequality of (6.29) follows readily from this and (6.30). 0
The next lemma can be shown similarly as Lemma 6.5 by using Lemma 6.6.
LEMMA 6.7. Let ¢ be the same as in Lemma 6.6; then

(6.31) I (ele)ll -3 r, < C[L+log(d/B)]llll s p,-
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For the proof, we introduce some new functions. For any ® = v xn € V},(T';) and
any face F C I[';, we define a function in L?(T;) as follows:

(6.32) 2 (x) = Z Ae(V)(n; - curl L.)(x), x€E€F; r, (x) =0, =xeTI}\F,
eCFy

where {L.;e € &,} are the edge element basis functions defined in (2.2). One can
see that ¢p Is piecewise constant on T';, and it vanishes everywhere except in those
b

triangles which are in ¥ and have a vertex on OF at least. We now present two
estimates for ¢, (x) below.
b

LEMMA 6.8. For any ® € V(T;) and any face F of T';, we have
(6.33) g [I-1r, < Ch2[1+log(d/h)]? [lep [lo.F-
b b

Proof. For any v € H'Y2(T;), let v,€Z,(T;) be the L?(T;)-projection of v. We
see directly from (6.27), (6.23), and (6.1) that
|<30Fb7v>ri| < |<<p1:1‘b’v - Uh>ri + ‘1<<pr71ng}1>1¥| + |<¢Fb’1%vh>ri|
< ChH[1 + log(d/m) gy, lor 0]y, + oy, en)rl.

where we have used the fact that ¢, =0 on I';\F. It remains to show that
b

(6.34) {ep, - Trvon)p| < Ch2[1+log(d/R)]* |lep llor VIl r,-

Let F. denote the union of all triangles that have at least one of their vertices lying
on JF. We regroup the triangles in F. such that . = UK, with each K being one
triangle or a union of two triangles and having at least one of its edges lying on JF.
Then by the definition of PF, and the Holder inequality, we have

> (g, Thon)x

K
< lewpb o, 5 [ITgonlo, -
K

635) g, Teon)rl = pp, 0un)y | =

As each K € F. has an edge lying on OF, I%v;, vanishes on the edge. Then by
Friedrich’s inequality we obtain

1
1vnllo.xc < ChE [l k-

Plugging this in (6.35) and using the Cauchy—Schwarz inequality, we derive

1
2
0 1 2 0 2
(6.36) (g,  Tron)r| < ChZ { EK ep, IIO,K} {EK: IIFUh;,K}

1 1 1
= Ch#{|leg o r}* {Tponll p 3

< Ch|lep,

1
2

0F [Tponlsp
On the other hand, it follows from (6.27) and (6.3) that

1
Tponl 1 p = lon — Bgpvnly p < only p + 1ponly p < O[L +log(d/h)]2||val 1 r, -
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This, together with (6.36), gives (6.34). 0
LEMMA 6.9. Assume that ® = v x n € V,(I';). Then

_1
(6.37) lPp, lor < Ch™2[|®]. F, -

Proof. We have by the definitions of Pr, that

(6.38) leg, l5F < C > A(v)[n; - curl Le||§ .
eCFy

It follows from (2.2) that curl L, = ¢, VA§ x VA, which gives ||n;-curl L. |2 p < Ch™2.
Then we derive from (6.38) that

g, 26 < CR2 3" A2(w)
eCFy

This, together with (6.20), gives the desired results. O
LEMMA 6.10. For any ® =v x n € V},(T;), we have

(6.39) [|div, (I9®)[|_y r, < C[1+log(d/h)]||div, @] _y r, +C[1+log(d/h)]?[|D. , -

Proof. We use Lemmas 6.7, 6.8, and 6.9 to estimate divT(I%CD). By Green’s
formula and the definition of div,®, one can verify (cf. [2]) that

div,® = div,(v X n)|r, = —(n; - curl v)|p, in H*%(Fi).

Thus div,® is a piecewise constant function on I';. It suffices to prove that
(6.40) div, (I, @) = Is(div, &[p) + @, in H™2(Iy).

As diVT(I%8<1>) = 0 on I';\F, the inequality (6.40) is valid in T';\F. However, on the
face F, we have by (2.4) and (2.5) that

div,® = > Ac(v)div,(Le x my),  div,(Ip, @) = > Ac(v)div,(Le x n;).
eCF eCFy
Hence
(6.41) div,® — div,(Ip, ®) = Y Ac(v)div,(Le x ;) on F.
eCFy

Noting that (see (2.10) in [2])
div,(Le X 0;)|p, = —(n; - curl Lo)|p, in H~3(T;),

we see that (6.40) holds also on F, using (6.41) and (6.32). 0
The following result can be proved in an analogous way as Lemma 6.6.
LEMMA 6.11. For any ® € Vi,(I';) and any face ¥ of T';, we have

(6.42) 150, @]l ¢ < ChE[L +log(d/h)] I3, @lo.r-

Below, we start to prove Lemmas 4.7, 4.8, and 4.9. Lemma 4.7 is a direct conse-
quence of Lemmas 4.5, 6.5, and 6.10, and it indicates that the norm ||I(1~)‘(I)||Xri cannot
be bounded only by [|®|xy., (compare to the estimate (6.2)).
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Proof of Lemma 4.8. Using (6.40) and the relations

10,0= > Th(Ip,@)p, I} O)p =10 —If @
Fcr;

and the facts that I ®)|p,\p = 0 but (I%bq))h\p # 0, we can write

div, (I3, @) =div, | Y IEd— > Ipd | =div, [o— Y I} @

Fcr, Fcr; Fcr;
= div,® — Y div (Ip,®) = Y (Tgdiv,(®)]p — div, (I}, )
Fcr; Fcry
= Z #p,-

Fcr;

This leads to

MR @) yr, < 3@ e, [div 03B yr, < 3 g [-sr

p)
Fcry Fcr;

Using these two estimates, together with Lemmas 6.11 and 6.8, we have
(643)  [12,®]x, < O3 (1 +log(d/m)]? 3 (@713, Bllor + op o).
Fcr,;

Substituting (6.17) and (6.37) into (6.43), we obtain the desired result. d
Proof of Lemma 4.9. By Lemma 6.10 we have

(6.44) div- [T, (Yo (ov) x n)]||2 4 1,
< C([1 +log(d/h)] | div,[Tor (Tov) x nlr,]|2 4 1
+[1 +log(d/h)][| Tor (Lov) x 1| p, ).

k

It is easy to see that
(6.45) [ Tor(lov) x ny || p, = [ Tor (Lov) x ni % p, < C||(Lov) x 0|2 p,.
Since Top(Ilgv) is a constant vector, we have
div, (Yor(ov) x 0|, ) =0 in  H ™ 2(Ty).
Hence

| div-(Yor (IIov) X n|r, )| _1

27Fk' = 0

Substituting (6.45) and the above inequality into (6.44) yields
(6.46)  [|div, [Tg, (Tor(ov) x m)]2, 1 < C[1+log(d/h)][|(ITov) x 0|2 p,.
On the other hand, it follows from Lemmas 6.11 and 6.4 that
(6.47)  d™ T, (Yor(ov) x n)||_1 r, = d ™" Tg, (Tor(Mov) x n)||_1 p
< C(d M Top(Mov) x n|| 1 p+d~ AL+ log(d/hﬂ%HTaF(HoV) xn|,r,).

2
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However, for any ¥ € (H2(F))3, we have

dH{(Top(ov) x n, ¥)p| < d~ | Tor(Ilov) x nllor [|¥]oF
< Cd™ | Top (Mo x ) [lo.r 3
< Cd3[Yop (v x n)| [ ¥]1 p
< C[|(Iov) X nf|oor [|¥]|1 p
< C||(Hov) x nll. g, [1¥]| 1 .

which implies
A7 Tor(ov) x n||_1 p < C||(Tlpv) X 1|, F,-
Plugging this and (6.45) in (6.47) leads to
A3, (Yo (Tlov) x )|y p,, < C[1 + log(d/h)] | (Tgv) x n 1.

which, together with Lemmas 6.4 and 6.9, gives the desired result. O
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