SIAM J. MATRIX ANAL. APPL. (© 2003 Society for Industrial and Applied Mathematics
Vol. 25, No. 1, pp. 224-236

SOME OBSERVATIONS ON GENERALIZED SADDLE-POINT
PROBLEMS*
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Abstract. This paper studies the solvability and stability of a generalized saddle-point system
in finite- and infinite-dimensional spaces. Sharp solvability conditions and stability estimates are
derived.
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1. Introduction. We shall consider the solvability and stability of the following
saddle-point system: Find (u,p) € V x @ such that

(1.1) a(u,v) + b1 (v,p) = f(v) Yw eV,
(1.2) ba(u, q) — c(p,q) = g(q) Vg € Q,

where a, by, b2, and c are bounded bilinear forms and where f and g are bounded
linear functionals on V' and @, respectively. The system (1.1)—(1.2) seems to be one of
the most generalized saddle-point systems investigated in the literature. The case of
bilinear forms ¢ = 0 and b; = by has been extensively studied [1, 3, 4, 7, 5, 9, 10]. Also,
considerable research has been done on the system with b; = be and ¢ # 0 [4, 11, 14],
while the well-posedness for the system with ¢ = 0 but b; # by was established in
[13] and [2]. However, to our knowledge there have been no investigations into the
solvability and stability for the most general form of system (1.1)—(1.2) with by # by
and ¢ # 0.

The aim of this paper is to establish the solvability and stability conditions for
the generalized saddle-point system (1.1)—(1.2). The existence and uniqueness of
the solutions to the system are shown under some standard conditions, and stability
estimates of the solutions are derived in terms of the given data.

The system (1.1)—(1.2) arises in, for example, mixed variational formulations of
some boundary value problems. The first of such examples is the following general
non-self-adjoint elliptic problem:

(1.3) =V (a(2)Vp +b(z)p) +7(z)p = p(z), ze,

where  is a bounded domain in R? (d = 2,3) with boundary 02, the solution p
is assumed to take the boundary value w(z) on 092, and a(z), b(x), v(z), and u(z)
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are given functions with appropriate smoothness [6]. By introducing the new variable
u = —(aVp+bp), and letting &(z) = a(z)~! and b(z) = @(z)b(z), we have that
the weak form of (1.3) is then described by system (1.1)—(1.2) (see [6]), with two
spaces V = {u € L?(Q)%divv € L?*(Q)} and Q = L?(R), and two linear functionals
f(v) = —{w,v-n) and g(q) = —(p, q), while the bilinear forms are given by

a(u,v) = (au,v), bi(v,p)=—(divv,p)+ (Bp,v)7
cp,q) = (vp,q),  ba(u,q) = —(divu,q),

where (-,-) and (-,-) denote the scalar products in L?(2) (or L?()?) and L2(95),
respectively.

A second example comes from some exterior electromagnetic interface problems
[12, 13]. The weak formulations of such problems also take the form (1.1)—(1.2) if one
introduces a Lagrange multiplier variable u for the current density V¢, where ¢ is
the potential function [12, 13], and introduces another Lagrange multiplier variable £
for the boundary value of ¢ on the boundary of the physical domain €.

2. Preliminaries. In this section, we introduce some existing saddle-point
theory. Let V and @ be two finite- or infinite-dimensional Hilbert spaces equipped
with the inner products (-,-)y and (-,-)q, and the induced norms | - |y and || - ||g,
respectively. Let a(v,w), b1 (v, q), and by(v, ¢) be bilinear forms on V x V| V x @, and
V x @, respectively, which are bounded; i.e., there are positive constants ||al|, ||b1]],
and ||bz]| such that

(2.1) la(v, w)| < lallllv]lvlwllv Vv, w eV,
(2.2) b1 (v @) < [lorlllvllvllglle YveV, geQ,
(2.3) b2 (v, @) < [|b2llllvllvllalle YveV, qeQ.

Associated with the three bilinear forms are three linear operators A € L(V,V), By,
By € L(V,Q) defined by

a(v,w) = (Av,w)y Yo eV, wevV,
bi(v,q) = (Biv,q)q = (v, Big)vy Vv eV, ¢€Q,
b2(v,q) = (B2v,q)q = (v, B3q)v Vv eV, ¢€Q.

Clearly, the three constants in (2.1)—(2.3) can be taken as
lall = 1Al ey, Mloall = [[Billeqvigy, b2l = [1B2llc(vio)-
We first consider the saddle-point problem

a(u,v)erl(v,p):(f,v)V VUGM

(2.4) ba(u,q) = (9,9)0 YVgeQ.

This system is equivalent to the following operator equation (or matrix equation in
finite dimensions):

(2.5) Au+Bip=f, Byu=g.

Let U; = Ker(B;), i« = 1,2. Then we have the following results on system (2.4)
(cf. [13, 2]).
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THEOREM 2.1. In addition to assumptions (2.1)—(2.3), we assume that

(2.6) sup 2 S Gl Vo € Ua,
wet, |[wllv
(2.7 sup a(v,w) >0 VYweU, w#0,
veUs
bi ) .
(2.8 ©.9) 5 Bilgle VaeQ (=1,
vev |[vllv

hold for some constants a, B1, B2 > 0. Then for any f € V and g € Q, there exists a
unique solution (u,p) € V x @ to system (2.4), and the following stability estimates
hold:

(2.9) lullvy < 831 (1 +a"MalDlglle + = I fllv,
(2.10) Iplle < B (1fllv + llalllullv).

Theorem 2.1 generalizes the standard saddle-point theory (b; = b2) [1, 3]. Equa-
tion (2.8) is the so-called inf-sup condition, which plays an important role in the entire
saddle-point theory. We refer to [4, 7] and the references therein for more details.

To apply the saddle-point theory for the compressible Stokes equations, Kellogg
and Liu [11] introduced another abstract framework; see also [4]. Let ¢(p,q) be a
bounded and weakly coercive bilinear form on ) x @Q; i.e., there exist a positive
constant ||c|| and a constant v (possibly negative!) such that

(2.11) le(p, @)l < llelllipllellalle VP, ¢ € Q,
(2.12) c(q,9) = —llaly VaeQ.

Further, define the operator C' € £L(Q, Q) by
(2.13) cp.g) = (Cp.a)q Vp, ¢€Q.

Let b(v, ¢) be a bilinear form on V' x @ satisfying

b(v,
(2.14) @9 5 glgle YaeQ,
veEV HUHV
(2.15) b, )] < [Bllollviglo Yo eV, qeQ

for some positive constants 3 and [|b]|. Then for the saddle-point problem

a(u,v) +b(v,p) = (f,v)y VveV,

(2.16) b(u,q) — c(p,q) = (9,9)¢ Vq€EQ,

which is equivalent to the operator equation (or matrix equation)
(2.17) Au+Blp=f Bu—-Cp=y,
we have (cf. [11, 4]) the following.

1Tt is clear from (2.11) that the weak coerciveness (2.12) is always satisfied for any v > ||c||, but
we are interested only in the case with v < ||c||.
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THEOREM 2.2. Assume that for some constant o > 0,
(2.18) a(v,v) > a|v|} VYvev,

and conditions (2.1), (2.11)—(2.15) are satisfied. Then for any f € V and g € Q, there
exists a unique solution (u,p) € V x Q to system (2.16) if v < allal| =282, and the
following stability estimates hold:

o Bl Al + lglle
ol 2F =y

Finite-dimensional case. Let us briefly discuss the equivalent forms of the
inf-sup condition and other conditions used in Theorems 2.1 and 2.2 when V and @
are finite dimensional. Without loss of generality, we consider V = R™ and Q = R™
(n > m), and both spaces are equipped with the standard Euclidean norms || - ||2 and
inner products (-, ), with no distinction between the notation of the norms and inner
products of R™ and R™.

First, we claim that the inf-sup conditions (2.8) are equivalent to the conditions
rank(B;) = rank(Bs2) = m. To see this, we write

(2.19) Iplle < lully < a7 (Ifllv + lIllplQ)-

bl(vaq) U7th
— sup 8B1D o,
STl P ol

so (2.8) with 4 = 1 is the same as the condition
IBigll2 > A1 llal2 Vg€ R™,

or rank(By) = m. Similar derivations lead to the fact that (2.8) with i = 2 is
equivalent to the condition rank(Bs)= m.
Second, one can directly check that conditions (2.18) and (2.12) amount to

A+ At C+Ct
)\min ( _; ) Z «, )\min (;) Z -,

respectively (cf. [8]).
Finally, we analyze conditions (2.6)—(2.7). Let rank(B;) = m; < m, i = 1,2;
then we know that dim(U;) = dim(Ker(B;)) = n — m;. Let N; be the n x (n —m;)
matrix formed by an orthonormal basis of Ker(B;). To rewrite condition (2.6), for
any w € Uy and v € Uy, let w = Nyz and v = Noy with z € R"™"™ and y € R"™"2;

then
a(v,w) (ANyy, Nix) (NT ANoy, z)

sup = sup -————= = sup
wety [wllv zera-mi |N1zl2 zERP-m1 (B4

= ||[N{ AN2y|2,

so (2.6) is equivalent to the condition
INY ANzyll2 > arllyllz Yy € R*™,
or rank(N{ AN3) = n — my. Similarly, we can rewrite condition (2.7) as

sup a(v,w) = sup (ANpy, Nyz)= sup (y, NI ATNz).
veUs yeRN—mM2 yeRM—m2

This indicates that (2.7) is equivalent to the condition
NIATNiz #0 Va#0,
or rank(NJ ATNy) =n —mj.

One can further conclude from the above that rank(B;) = m; = mg = rank(Bs)
if both conditions (2.6) and (2.7) are satisfied.
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3. Main results. This paper is concerned with the following generalized saddle-
point problem: Find (u,p) € V x @ such that

a(u,v) + by (v,p) = (f,v)y Yo eV,
ba(u,q) —c(p,q) = (9,0)q Y9 €Q.

The system can be written in the operator or matrix form

(3.1)

(3.2) Au+Bip=f, Byu—-Cp=g.

Obviously, problem (3.1) covers systems (2.4) and (2.16) as two special cases.

In this section, we present two results on the solvability and stability for system
(3.1) under two sets of different conditions: the first result requires that only one of the
bilinear forms b (v, q) and by (v, q) satisfy the inf-sup condition; the second does not
assume the weak coerciveness (2.12) for the bilinear form c(p, ¢) with v < alal| =232

3.1. Well-posedness with either b;(v,q) or bz(v,q) satisfying the inf-
sup condition. The main results of this section are summarized in the following
theorem.

THEOREM 3.1. The same assumptions as in Theorem 2.2 are made but with
b(v, q) replaced by by (v, q) here. Then for any f € V and g € Q, there exists a unique
solution (u,p) € V x Q to the saddle-point problem (3.1) (or (3.2)) as long as

a”[ba[||br — b
allal| =267 — v

where ||by—bz|| = || B1—Bz| (v,q)- Further, the solution admits the stability estimates

(33) 6 = <1,

b1 — ba|

1
3.4 uljv < U Vs p < ﬁ + U V5
(3.4) lullv < 37— || v, llple < lplle (Oé||a||‘2ﬁ%—7)(1—51)” |

where (4, D) solves (2.16) with b replaced by by, and thus has the bounds

- a bl fllv + llg
Ifllo < oIl 1lv + llgll@

- , Nlally < o7 (£ llv + llalHBlle)-
aflal =287 -~

Proof. We choose u° = 0 € Q and determine a sequence {(u™,p")} by

(3.5) Auntt 4 Btpntt = f,
(3.6) B1 n+l Cpn-i-l =g+ (Bl _ Bg)un,
forn=0,1,2,.... The sequence {(u",p™)} is well defined by Theorem 2.2. Subtract-
ing (3.5)—(3.6) from (3.5)—(3.6) with n replaced by n — 1, it follows that
n+l _ ., n t(,n+1 _ n _
(37) A(u u ) + Bl(p )

Byt —ut) = C(p"tt —p") = ( By)(u" —u" ™).
Now applying estimates (2.19) to (3.7), we have

(3-8) [u* =y < a7 bl llp" =2 lo,

n n ||b1 — b2H n
(3.9) Ip" ™ ="l < T —lu

“1
P < — u" v
allal| =287 - ’
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which implies for n > 1 that
(3.10) [u" T —u" |y < il —u v < 8ty

that is, for any nonnegative integers m > n,

m—1 m—1
Dol =y < <Z 51) lutflv
i=n i=n

or
—1-46;

IN

[ —u[ly

(3.11) llut]v.

This means {u"} is a Cauchy sequence, and there exists a u € V such that
(3.12) " —u inV.
On the other hand, it follows from (3.9) and (3.10) that

61 — ba|

|| n+1 L e |
allal| =267 —~

Pt —plg < st M,

which implies that

[by —ba| 677!

1
u |-
ala 23 —71 -5 " |

(3.13) [P =p"llq <
Hence {p"} also is a Cauchy sequence, and there exists a p € Q such that

(3.14) p"—p inQ.

Letting n tend to infinity in (3.5)—(3.6), we know that (u,p) € V x @ solves (3.2).

We next verify the uniqueness of problem (3.2). Assume that there are two
solutions (u1,p1), (u2,p2) € V x @ to the system. It is easy to see that the difference
between the two solutions satisfies

(3.15) Al —uz) + By (pr - 22)
2

Bi(u1 —uz) = C(p1 — p2) = (B1 — Bz)(u1 — u2).
Using the same technique for deriving estimate (3.10), we have
lur — uallv < 01llur — uz|lv,

which shows u; = ug since §; < 1. Equality p; = py follows immediately by applying
estimate (2.19) to (3.15).

Finally, we derive the stability estimates. As u’ = 0, we see that (u!,p') solves
(2.16) with b replaced by by; thus (u', p') satisfies estimates (2.19). Taking n = 1 in
(3.11) and letting m go to infinity, we obtain the first estimate in (3.4). Similarly,
taking n =1 in (3.13) leads to the second estimate in (3.4). |

Sharpness of the condition on §; in (3.3). Below, we give a simple example
to show that condition 6; < 1 is a sharp condition guaranteeing the unique solvability
of system (3.2). For this, consider V.= R", Q = R™, where n > m. We choose
A=1,,C=1I,,and By = —B; with B; € R™*" such that rank(B;) = m. It is easy
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to see that &, = 202, (B1)/(1+ 02,.(B1)), where opmin(B1) is the minimal singular

max min

value of By. Then §; < 1 means that

(316) 20—12nax(B1) <1+ O—rznin(Bl)v
which implies opax(B1) < 1. Tt is also easy to show that problem (3.2) is uniquely
solvable if and only if the matrix (I,, — By B!) is nonsingular. Hence, oyax(B1) < 1
is indeed a sufficient condition for the unique solvability of (3.2).

On the other hand, for any é; > 1, choose the m X n matrices B; and By as

follows:
1 0 0
~B=5= (() 6110 1 0 )'

Then the matrix (I, — By B?) is singular, and so (3.2) is not uniquely solvable.
Remark 3.1. In most applications, the constants v in (2.12) are negative. Then
the condition vy < alja||72/3? required in Theorems 2.2 and 3.1 is automatically satis-
fied.
Remark 3.2. In Theorem 3.1, only b1 (v, ¢), not ba(v, q), is required to satisfy the
inf-sup condition. Similar results hold when by (v, ¢) satisfies the inf-sup condition but
b1 (v, q) does not.

3.2. Well-posedness not assuming condition (2.12) for any v < ||c||.
The main results of this section are summarized in the following theorem.

THEOREM 3.2. If we make the same assumptions as in Theorem 2.1, then for
any f € V and g € Q, there exists a unique solution (u,p) € V x Q to the saddle-point
problem (3.1) as long as

(3.17) 82 := 1By all(L + o lal)lle]| < 1.
Further, the following stability estimates hold:

: o B+ a falDlel
IFlle: ullv < lally + 22 g,

1
3.18 <
(318 lplo <

where (,p) is the solution to (2.4) and thus has the bounds
lallv < B3 A +a  alllgle +a  Hfllv, llBle < BT (fllv + llalllallv)-

Proof. We first prove the existence of the solution to system (3.2), which is
equivalent to (3.1). Choose p° = 0 € Q, then determine a sequence {(u",p")} by

(3.19) Au™tt 4 Bt = f,
(3.20) Bou™t = g + Cp"

forn=0,1,2,.... By Theorem 2.1, {(u™, p™)} is well defined. From (3.19)—(3.20) we
have

(3.21) A" —u™) + Bi(p" T = p") =0,
(3.22) Bo(u"tt — ™) = C(p" —p" ).
Applying estimates (2.9)—(2.10) to this system, we obtain

(3.23) lu*t =y < B2 (1 + o alDlelllp™ = p" e,
(3.24) lp"** = p"lle < By llalllu™* = u”|lv,
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which implies for n > 1,

(3.25) " = p"llq < 82llp™ — "o < 6 o

Therefore, for any nonnegative integer m > n,

m—1 m—1
o < S 15 il < (z a;) Pl

i=n i=n

o
2 < .
(3.26) < 2=l

That is, {p"} is a Cauchy sequence, and there exists a p € @) such that
(3.27) p* —p in Q.
On the other hand, it follows from (3.23) and (3.25) that

[t ="y < By 1A+ HalDlellgz " Ip'lla,

which implies that for any integer m > n,
n—1

2
1—069

(3.28) lu™ = u"|lv < B3 (1 + o al)) el Ip* |-

Hence {u™} is also a Cauchy sequence, and there exists a u € V' such that
(3.29) u" —u inV.

Letting n tend to infinity in (3.19)—(3.20), we see that (u,p) € V x @ solves (3.2).
The uniqueness of the solution can be shown using an argument similar to the one
used in Theorem 3.1.

It remains to give stability estimates (3.18). As p = 0, we see from (3.19)—(3.20)
that (u',p!) solves systems (2.4)—(2.5). Then taking n = 1 in the estimate (3.26)
gives

1
m < 1
I lla < =510l
which leads to the first estimate in (3.18) by letting m tend to infinity with the help
of estimates (2.9)—(2.10) for (u',p!). In the same manner, taking n = 1 in (3.28) leads
to the second estimate in (3.18). 0

Sharpness of the condition on d; in (3.17). Next, we give some simple
examples to show that condition (3.17) is a sharp condition guaranteeing the unique
solvability of system (3.2). Clearly, in the finite-dimensional case, we have

(3.30) 8 = B B3 I All2(1 + a7 All2)IIC -

Our first example shows that system (3.2) may not necessarily be uniquely solvable
if 65 = 1. For this, consider V = R? equipped with the Euclidean norm, @ = R' in
(3.1) or (3.2). Then we choose By = (1,0,0), By = (k,0,0), C = —1, with k a nonzero
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constant to be determined later. For the matrix A, we take the following symmetric
form with € > 0:

One can easily verify that conditions (2.6)—(2.7) hold with « = ¢, 51 = 1, and 2 = |k|.
The next steps are intended to construct the matrix A and constant & such that
82 = 1, but system (3.2) is not uniquely solvable. That is,

(3.31) b =a(l+e%a), a=|Als,
and

A B\ 2
(3.32) det ( B, —C ) =det A — ke® = 0.

To do this construction, we want to be able to choose the matrix A with three eigen-
values a, a1, and —ay, respectively, with a; > 0. In this case, we obtain from (3.31)
and (3.32) that

(3.33) aa} = |det A| = |k|e? = a(1 + ¢ 'a)e?,
which gives
(3.34) a1 = Ve? + ae.
As a = ||A]|2, we must have a; < a, i.e.,
(3.35) e? +ae < a®.

On the other hand, the characteristic equation of A is

AP — di A%+ dod — det A =0,

with d; = a1; + 2¢ and dy = 2a;16 — a?5. Then by the Vita theorem we know that

(3.36) a+a;+ (—ay) = ap + 2,
(3.37) aay + a(—ay) + (—a?) = 2a1,¢ — aly.

From (3.36) we get

(3.38) ail = a — 2¢.
Combining this with (3.34) and (3.37) leads to

(3.39) aly = 2a116 + (€2 + ae) = 3¢(a — ¢).
Then if we take

(3.40) e <a/2,

(3.35) is satisfied, and by (3.39) we may choose

(3.41) a12 = £+/3e(a —€).
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In summary, for any fixed constant a > 0, we may choose € € (0,a/2], then compute
a; and ai2 from (3.38) and (3.41), and k from (3.31). Clearly, with the matrix A
constructed above, we have 63 = 1, || A2 = a, and | det A| = |k| €2 (see (3.33)).

Using |det A| = |k| 2, we have either det A = ke? or det A = —ke?. If the former
is valid, then (3.32) holds, and system (3.2) is singular; otherwise we should choose
By = —kBj. Then (3.32) holds with k replaced by —k, and (3.2) is again singular.

Our second example shows some very interesting results when V = R? and Q =
R': system (3.2) is always uniquely solvable when 6 = 1 but may not be when &5 > 1.

To see this, we take A = (gl! gi2), C = —1, B; = (1,0), and By = (k, k). In this
case, system (3.2) reads as follows:

a1 az 1 uy fi
(3.42) as az 0 uz | =1 fa
k ko1 P g

Clearly, both By and Bj satisfy the inf-sup conditions (2.8) with £; = 1 and §; =
V/2|k|, respectively, and U; = span{(0,1)*} and U, = span{(1,—1)!}. For condition
(2.6), a simple calculation gives

A —
(3.43 inf sup (40 _ el
velUz e, ||’UH2||'U}H2 \/E

thus (2.6) holds with a = |ag; — a22|/v/2, and we should assume as; # ags. The
condition as; # ag2 also ensures condition (2.7). Furthermore, it follows from the
definition of (3.30) that

(3.44) Valk| = §ia(1 +ala),
2

where a = [|All2 = Omax(A) stands for the maximal singular value of A. On the
other hand, problem (3.42) is uniquely solvable if and only if its coefficient matrix is
nonsingular, namely,

a;p ajp 1
(345) det as1 a0 = k(a21 - agg) +det A 7& 0.
k k1

Let a; be the other singular value of A. Then a? and a? are the two eigenvalues
of A*A, and we have

(3.46) a® +a? =tr(A'A), d%a? = |det A

Let us first consider any given 65 > 1. We want to be able to find a constant
k > 0 and a matrix A such that both (3.44) and

(3.47) k(az1 — age) +det A=0

hold. That is, it is possible to construct an example of the linear system (3.42), which
is not uniquely solvable.
It follows from (3.43), (3.44), and (3.47) that

1 1
(3.48) |det A| = |k||ag1 — ag2| = V2|k|a = 6—04(1(1 +a7ta) = 6—a(a +a).
2 2
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Combining this with the second equation of (3.46), we see that

1 2
a’a? = (a(a + a)> ,
P

or a; = (a + «)/b3. To ensure a = |Al|2 we need a1 < a, that is,

a
4 > .
(3.49) a_52_1

Now we have to check the first equation of (3.46), that is,
(3.50) a® 4+ a? = tr(A'A) = a?, + ady + ady + a3,

For simplicity, we take asy = 0. Then from definition (3.43), we have as; = v2a (or
—\/ioz), so the condition ag; # ago is fulfilled. Now we take ajo = as; = ﬂa, and
(3.50) becomes

2, 2 2 2
a” +aj =aj; +4a”,

which gives

a;; = £y/a? + a? — 4a?

if @ > 2a.. Therefore, given o > 0, if a satisfies the condition

(3.51) a>a max{?, ﬁ},

we obtain a suitable matrix A by the above construction.

Hence, for any fixed o > 0, we can choose a > 0 satisfying condition (3.51), and
afterwards choose k from (3.44). Then we can compute A from (3.50)—(3.51). Clearly,
with such a resulting matrix A, we have 83 = 1,||All2 = a, and |det A| = |k a1 ]
(see (3.48)).

As |det A] = |kaz1|, we have either det A = —kag; or det A = kag;. If the
former is valid, then (3.47) holds, and system (3.42) is singular. Otherwise we should
choose By = —(k,k); then (3.47) is satisfied with k replaced by —k, and (3.42) is
again singular.

Finally, we consider the case 6o = 1. To our surprise, this condition guarantees
the unique solvability of (3.42) when V = R? and = R'. This is summarized in the
next proposition.

PROPOSITION 3.3. Let V = R%, Q = R! and A, By, and By satisfy conditions
(2.6)-(2.8), C # 0. Then for any f € R?> and g € R, problem (3.2) is uniquely
solvable.

Proof. Without loss of generality, assume C' = —1. We proceed by contradiction.
Assume that there exist A = (it ai2), B1 = (b1,b2), B2 = (¢1,¢2) such that §; = 1;
however, system (3.2) is singular, that is,

a;n aiz b
(352) det ao21 A29 bQ =0.
c1 co 1
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Clear1Ya Ker(Bl) = Span{(_b27b1)t}7 KGI'(BQ) = span{(—cz,q)t},ﬂl = ||B1||23
B2 = || Bz2]|2, and conditions (2.6)—(2.7) are equivalent to

air a2 —C2
“by,b
(3.53) ‘( 2 1)< a1 G22 > ( 1 )‘ |det A|

= =a>0,
| B l2(| B2 |l2 | B1ll2/| B2 |l2

where we have used the fact, thanks to (3.52), that there holds

det A = bycaai; — bicaas; — bacrara + biciaos.
On the other hand, it follows from (3.30) and 63 = 1 that
(3.54) IB1ll2l| Ball2 = [[Afl2(1 + o™ | All2).
This with (3.53) implies
(3.55) | det A| = [ Bi|2]| Bz [z = [|A[|2([| All2 + o).

Let o1 be the smallest singular value of A in comparison with the singular value
a = ||A||2; then from (3.46) and (3.55) it follows that

[Al307 = [ det A = [|AI5([All2 + @)?,

which gives o1 = ||A||2 + «. This is a contradiction. 0

Concluding remarks. We have studied the solvability and stability of a gener-
alized saddle-point system in finite- or infinite-dimensional spaces. Sharp solvability
conditions and stability estimates are derived. The results generalize some existing
saddle-point theories in such a natural way that the results here reduce to the existing
ones in the special cases. For example, Theorem 3.1 reduces to Theorem 2.2 when
two bilinear forms b; and by are equal, while Theorem 3.2 reduces to Theorem 2.1
when the bilinear form ¢(p, ¢) vanishes.

Theorems 3.1 and 3.2 hold for both finite- and infinite-dimensional Hilbert spaces
V and @. In the case that V' and @ are infinite dimensional, one may further consider
their finite-dimensional approximations Vj, and @y, e.g., by finite element methods,
and establish the error estimates for the approximate solutions of problem (3.1) asso-
ciated with the spaces V}, and Q. The detailed discussions on the error estimates are
omitted here as they follow naturally from the standard error estimates for systems
(2.4) and (2.16), as done in [13, 4]. For the solvability and stability of the resulting
finite-dimensional system, one of the most important and difficult issues is to appro-
priately choose the pair (V3, @Qp) such that the inf-sup conditions are held with the
constants (; in (2.8) and [ in (2.14) independent of the mesh parameter h.
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