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SUBSTRUCTURING PRECONDITIONERS
FOR SADDLE-POINT PROBLEMS
ARISING FROM MAXWELL’S EQUATIONS
IN THREE DIMENSIONS

QIYA HU AND JUN ZOU

ABSTRACT. This paper is concerned with the saddle-point problems arising
from edge element discretizations of Maxwell’s equations in a general three
dimensional nonconvex polyhedral domain. A new augmented technique is
first introduced to transform the problems into equivalent augmented saddle-
point systems so that they can be solved by some existing preconditioned
iterative methods. Then some substructuring preconditioners are proposed,
with very simple coarse solvers, for the augmented saddle-point systems. With
the preconditioners, the condition numbers of the preconditioned systems are
nearly optimal; namely, they grow only as the logarithm of the ratio between
the subdomain diameter and the finite element mesh size.

1. INTRODUCTION

In the numerical simulation of electromagnetic models, one needs to repeatedly
solve the following system [8], [0], [11], [14], [25], [29], [30]):

curl(acurlu) + ypfu=1f inQ,

(1.1) div(fu) =¢ inQ,

with the following boundary condition:
(1.2) uxn=0 on 0N

Here 2 is an open, simply connected and Lipschiz domain in R?, and n is the unit
outward normal vector on 9. The source functions f € L?(Q2)3 and g € L?()
satisfy the compatibility condition v9 g = V - f. The coefficients a(x) and §(z) are
two positive bounded functions in Q. In applications, we have a(z)/6(z) = c¢(x)
with ¢(x) being the velocity of light. The constant -y is nonnegative, i.e., vo > 0,
and it is allowed to be identically zero. It is this extreme case that causes the most
troublesome technical difficulty to be dealt with in the paper.
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For the numerical solution of the system (III)-(L2), the edge finite element
methods have been widely used in recent years; see, for example, [8], [9], [21]. Tt
is important to note that the algebraic systems arising from the discretization by
the edge element methods are very different from the ones arising from the dis-
cretization by the standard nodal finite element methods. Thus the construction
of the nonoverlapping domain decomposition preconditioners for the nodal element
systems, which has been well developed for the second order elliptic problems in the
past two decades (see the survey article [32]), does not work for the edge element
discretization of the equations (I))-(T2) in general, especially in three dimen-
sions. Recently, there has been a rapidly growing interest in domain decomposition
methods for solving Maxwell’s equations. A substructuring domain decomposition
method was discussed in [30] for Maxwell’s equations in two dimensions, and an
overlapping Schwarz method was studied in [13] and [29] for Maxwell’s equations in
three dimensions. Also, a nonoverlapping domain decomposition method with two
subdomains was proposed in [2] for Maxwell’s equations in three dimensions. To
our knowledge, there exists no work in the literature, which studies nonoverlapping
domain decomposition methods for Maxwell’s equations in three dimensions for the
case with general multiple subdomains. This paper intends to make an initial effort
in this direction, and certainly there are still many problems which remain open.
As we shall see, for the three-dimensional case with multiple nonoverlapping sub-
domains, not only the construction of the coarse subspace but also the estimates
of the condition numbers of the preconditioned systems are much more difficult
and technical than in the two-dimensional case or the three dimensional case with
overlapping subdomains.

We will propose an efficient substructuring preconditioner for the saddle-point
system arising from the edge element discretizations of the problem (CI)-(IC2). The
most difficult technical issue here lies in the following observation: in the saddle-
point system, the block stiffness matrix corresponding to the operator curl(acurl -)
for the prime variable u is singular when vy = 0 in (I); in fact, it is positive
semi-definite. How to construct an efficient preconditioner for such saddle-point
systems is still an open problem. To overcome this difficulty, we shall first transform
the saddle-point system into another equivalent saddle-point problem whose block
stiffness matrix corresponding to the prime variable u is positive definite. The
corresponding Schur complement matrix of the saddle-point system can be well
preconditioned by some substructuring preconditioners. It will be shown that the
resulting preconditioned system has a nearly optimal condition number; namely, it
grows only as the logarithm of the ratio between the subdomain diameter and the
finite element mesh size.

The outline of the paper is as follows. In Section 2, we describe the edge element
discretization of the system (LI)-(LC2) and introduce some basic formulae and defi-
nitions. The construction of nonoverlapping domain decomposition preconditioners
and the main results of the paper are discussed in Section 3. Section 4 presents a
series of auxiliary lemmata, which will be used to deal with the technical difficulties
in the estimates of the condition numbers in Section 5.

2. EDGE ELEMENT DISCRETIZATION AND DOMAIN DECOMPOSITION

This section is devoted to the introduction of the edge element discretization of
the system ([[T))-(I2Z) and the nonoverlapping domain decomposition.
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2.1. Edge element discretization. The primary goal of this paper is to study
the edge element discretization of the equations ([LT))-(I2)) and then to solve the re-
sulting discrete system by a preconditioned iterative Uzawa method with a nonover-
lapping domain decomposition preconditioner. First, we shall state the weak for-
mulation of the equations. For this, we need the Sobolev space H(curl; Q2), a space
with all square integrable functions whose curl’s are also square integrable in €.
To cope with the boundary condition (L.2)), we introduce the following subspaces
of H(curl;Q):

Hy(curl; Q) = {V € H(curl;Q); vxn=0on 69} .

Now, by introducing a Lagrange multiplier p and integration by parts we derive
the following variational saddle-point problem associated with the system (LIJ)-

T2

Find (u,p) € Ho(curl; Q) x H}(Q) such that

(2.1) (acurl u, curl v) +y(fu,v) + (Vp,Bv) = (£f,v), Vv € Hy(curl;Q),
| (Bu V) = (9.9), Vg € HY(Q).

Here and in what follows, (-,-) denotes the scalar product in L?(2) or L?(Q)3.

Next, we introduce the domain decomposition and the triangulation of the do-
main €2, and then we discuss the edge element discretization of the saddle-point
problem (2.1)).

Domain decomposition. We first decompose €2 into N nonoverlapping tetra-
hedral subdomains {€2;}V, with each ; of size d (see [4] and [32]). The faces and
vertices of the subdomains will be denoted by F and Vv, respectively. The com-
mon face of the subdomains Q; and ©; is denoted by I';;. Also, I' = |JT;;, and
I, =T'NnoQ;. T will be called the interface. For definiteness, a unique unit normal
direction n is assigned on each face F of I', and this normal vector is used whenever
a unit normal direction is involved on any face in the subsequent analysis.

Finite element triangulation. We further divide each §2; into smaller tetra-
hedral elements of size h so that elements from two neighboring subdomains have
an intersection which is either empty or a single nodal point or an edge or a face
on the interface I'. Let 73 be the resulting triangulation of the domain 2, which
we assume is quasi-uniform. By &, and N}, we denote the set of edges of 7;, and
the set of nodes in 7j,, respectively. Then the Nédélec edge element space, of the
lowest order, is a subspace of piecewise linear polynomials defined on 7, (cf. [12]
and [22]):

V() = {v € Ho(curl; Q); v |x€ R(K), VK € T, },
where R(K) is a subset of all linear polynomials on the element K of the form:
R(K) = {a+b % x; a,b e R3, xeK}.

It is well known that for any v € V},(Q), its tangential components are continuous
on all edges of each element in the triangulation 7. Moreover, each edge element
function v in V3, () is uniquely determined by its moments on each edge e of 7,:

{)\e(v) = /v-teds; ee€ Eh}

€

where t. denotes the unit vector on the edge e.
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Let {L.; e € &} be the edge element basis functions of V4 () satisfying

Moo (L) = 1, ife =e,
N0, ife #e.

Then each function v in V() can be expressed as

v(x) = > Ae(v)Le(x), x€Q.

ecéy

By Z,(2) we denote the continuous piecewise linear finite element subspace of
H}(Q) associated with the triangulation 7;. Then the saddle-point system (21))
may be approximated by the finite element problem: Find (up,prn) € Vi, (2) x Zx(92)
such that
(2.2)

(acurl uy, curl vi) + vo(Bun, vi) + (Vpn, Bvi) = (£, vi), Vv, € Vi (Q),
(Bun, Van) = (9, qn), Yan € Zn(82).

2.2. Some edge element spaces and discrete operators. Before formulating
the domain decomposition preconditioner to be used for solving the system (22,
we introduce some useful notations and discrete operators.

Let G be either the entire interface I' or the local interface I'; or a face F of
T';. We shall frequently use the restrictions of the tangential components of the
functions in V() on G:

Vi(G) = {'l,b € L*(G)*; ¢ = v x n on G for some v € Vh(Q)} .

The restrictions of V;,(€2) on each subdomain ; is denoted by V4, (€2;). The following
local subspaces of V,(€;) and Vj,(F) will be important to our analysis:

VA(Q) = {VEVh(Qi);vxnzoonFi},
Vor) = {<I>:V><n€Vh(F); Ae(v) =0, vecameh}.

The natural restriction operator from V,(T") onto V4 (G) and the natural zero
extension operator from V},(G) into L?(T')? will be denoted as I and IL,, respec-
tively. For a face F, it is easy to see that Itv € V},(T') if and only if v € V}?(F), and
I and I satisfy

(IgV, @) = (I, ILD) VU € V,(T), & € Vi(G).

Here and hereafter, (-, -)¢ stands for the L2-inner product in L?(G) or L?(G)?, and
we will drop the subscript G when G = I'. For simplicity, we shall often write

I =1 .
J Lij

For any face F of Q;, we use Fj to denote the union of all 7j-induced (closed)
triangles on F, which have either one single vertex or one edge lying on JF, and Fy
to denote the open set F\Fy; see Figure[Il For any subdomain €;, define

Ai=|JF, i=1,---,N.
FCT;

From now on, the notation e, with e C G C I';, always means that e is an edge
of 7;, and lies on G.
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FIGURE 1. Face F, its boundary subset F, (union of white trian-
gles) and its interior subset Fy (union of shaded triangles)

By definition, for any ® € V,(T';), there exists a v € V;,(€;) such that ® = v xn
on I';. Thus we can write

(2.3) =Y A(W)(Le xn)(x), x€ T
eCT;
Furthermore, for an open face F C I';, we define an operator Iga s Vh(Ty) —

LV,)(F) by
(2.4) =) A(V)(Le xn)(x), x €Ty,

eCFy

and an operator Ig by

=3 AW IL(Le xn)(x), x €T,

eCFyp

Similarly7 we define for any x € T';,

=D AMWIL(Le x n)(x); TA,B(x) = Y Ac(v)(Le x n)(x).
eCF eCA;

Though our main focus in this paper is on the edge element spaces, we shall
also make use of some nodal element spaces in the subsequent analyses. As defined
earlier, Z,(Q) is the continuous piecewise linear finite element space of HJ(£2)
associated with 7j. The restrictions of Z;(£2) on I" and T';, in each subdomain ;
and on each face F will be denoted by Z,(T"), Zx(T';), Zn(%) and Z,(F), respectively.
The operator I : Z;,(F) — L?(I") denotes the natural zero extension from F onto I'.

For a subset G of I';, we define a “local” subspace

Z(G) = {v € Z,(T;); v =0 at all nodes on I';\G}.
For any open face F C T';, the operators I(F) : Zy () — Z})(F) and I?,F : Zp(Ty) —

ZP(0F) denote the following restriction operators:

I%wh(xi) = {wh(mi)’ 7 € GNN for G =F or OF and any wy, € Zy(T;).

0, z; € (Fi \ G) mMz,
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We end this section with the introduction of two frequently used extension oper-
ators. With each subdomain €);, we define the local operator A4; : V;,(€;) — Via(9;)
by

(Asu,v) = (acurl u,curl v)g, + (au,v)q,, Vu, veVi(Q;) (i=1,2,---,N).

i)

The first is the discrete A;-extension operator R} : V,(I';) — Vi, (£;) defined as
follows: For any ® € V,(T;), R}, ® satisfies R, ® x n = ® on I'; and solves

(ARL®,v;,) =0, Vv, € V().

The second is the discrete harmonic extension operator Ri : Z,(T;) — Zn(4)
defined as follows: For any wy, € Z,(T;), Riwp, € Z,(£;) satisfies R w = wy, on T;
and solves

(VR wh, Vo) =0, Yo, € Zn(9;) N Hy ().

3. NONOVERLAPPING DOMAIN DECOMPOSITION METHODS

This section addresses how to solve the saddle-point problem (22)) effectively.
For convenience, we introduce two operators A : V3,(2) — V4(Q) and B : Z,(Q) —
V() by

(Aup,vy) = (acurl up,curl vi,), Yup, vy, € Vi(Q),
(Bpn;vh) = (Vpn,Bvh), Vpn € Zn(Q),vh € Vi(€2).
The dual operator B : V() — Z,(2) of B can be defined by
(B'up, qn) = (Bun, Varn), Van € Zn(Q).

Let fi, € V4, (Q) and gj, € Z,(2) be the L2-projections of f and g. Then, the system

(222) can be written as
A 1 Bpp, =1

(31) {( +'YOB )uh + Dpp, hs

Btuh = Gh-

In recent years, there has been increasing interest in solving saddle-point prob-
lems like B1I) by iterative methods; see, for example, [5], [6], [I7], and [24]. But
the most existing methods require the stiffness matrix corresponding to the primal
variable uy above to be nonsingular, so they cannot be applied to solve the saddle-
point system (3.1)) with 49 = 0, as the operator A is singular in the space V3, (Q).
To overcome this difficulty, we shall introduce another saddle-point system which
has the same solution as problem (BIl) when 79 = 0, but which can be solved by
existing preconditioned iterative methods.

3.1. Augmented saddle-point system and Uzawa iterative methods. Let
C: Zn(Q) — Zp(Q) be symmetric and positive definite and chosen as a precondi-
tioner for the discrete Laplace operator on Z;,(2). Define

A A+ypI iy #0, o _ fy K if 7o # 0,
A+ryBC™'B! ify =0, f, + roBC tgy ify =0,

where 7 is some positive constant. One of the possible choices for rg is the average

value of ¢(z) = a(z)/6(z).
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Clearly, the system (B) has the same solution as the augmented saddle-point
problem:

A Bp, =1
(3.2) { up + bpp hs

Btuh = Gh-

Let A be a preconditioner for A. Since the operator A is symmetric and positive
definite, the system (B3.2)) can be solved by many existing iterative methods. Below
is a recently developed Uzawa-type algorithm with variable relaxation parameters
(see [17] and [18]):

Step 1. Choose a parameter w; and compute

i = )+ w A [ — (Au), + Bpj).
Step 2. Choose a parameter 7; and compute
p?‘l = pz + Tié_l(Btu;j_l — gh)-

Remark 3.1. Some choices of the parameters w; and 7; are given in [17] and [18] to
ensure the convergence of the algorithm. Note the fact that

fn— Auj, = fr — Aaj, — ro B[C™}(B"uj, — gn)]
in the case of v9 = 0, so the value C"l(BtuﬁL — gn) computed in Step 2 of the i-th
iteration can be used in Step 1 of the (i 4 1)-th iteration. That is, the newly added
term 7o BC~!B! in the augmented saddle-point system (3:Z) does not create any

extra cost in the above Uzawa algorithm as the action of C~1 is needed only once
at each iteration.

The convergence rate of the above Uzawa algorithm is completely determined
by the condition numbers k(A1 A) and x(C~'B*A~!B); see [17] and [I8] for the
detailed analyses. In the following we will construct an efficient preconditioner A
which makes these two condition numbers to be nearly optimal.

3.2. Construction of the preconditioner A. In the sequel, we shall frequently
use the notation < and . For any two nonnegative quantities  and y, z < y

means that x < Cy for some constant C' independent of mesh size h, subdomain
size d and the related parameters; ¢ = y means < y and y < x.

The proofs of all results in this section will be given in Section 5.
Let A : V() — V4(Q2) be an operator defined by

(Au,v) = (acurl u,curl v) + (au,v), u,v e V,(Q).
Theorem 3.1. Let G(-) > 1 be some given function, and let the operator C satisfy
(3.3) (BV6,V9) < (Co.0) S G(d/h)(BVe, Vo), Vo € Zn(Q).

Then we have
1

W(Avh,vh) < (Avp,vi) < (Avi,va), Vv, € Vi(Q).

With this theorem, it suffices to construct a preconditioner for A instead of A.
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We first define two subspaces of V,(Q):
N
Ve(Q) = {veVi(); vxn=0onT} = [T Vi),

VH(Q) = {v € V5 (2); v is the discrete A;-extension of v|pq, in each Qz}

Obvi({usly7 V1(22) has the orthogonal decomposition with respect to the inner prod-
uct (4., -):

(3.4) Vi(Q) =VP(Q) o VE(Q).
Furthermore, we define two subspaces of V' (Q):

V”(Q) = {V € VH(Q), Supp(v) C Qij =0, U Qj U Fij};

Vo(Q) = {V € VI(Q); \e(v) = 0 for each e € Fy with F C I‘}.

The subspace VO(Q) is called the coarse subspace. The introduction of such a
coarse subspace is based on the following consideration: for any v;, € V, (), its
tangential components are continuous on all cross-edges, namely, the edges which
are shared by more than two fine elements (in the two-dimensional case, the tan-
gential components have no definitions at the cross-points), but the moments on
the cross-edges are not sufficient to determine the values of the tangential trace
Vi, X n on these edges.
It is easy to see that the space V4, (€2) has the (nondirect sum) decomposition

(3.5) V() =VP(Q) o (VO(Q) + > V7(Q)

Next, we define the corresponding solvers on the subspaces V?(€2), V°(Q) and
Vi(Q).

Let A, : VP(Q) — VP(Q) and A, : V¥ () — V¥ (Q) be symmetric and positive
definite operators such that

N
:Z Akvk,vk Qk, VVEV;D(Q),
k=1

where v = v|q, for k=1,2,--- N and

(A”V v) Z (Aivi, vi)a, + (4;v5,V))a Vv € Vij(Q).

R

The global coarse solvers should be solvable in an efficient way on V°(Q2), and
their constructions are much more tricky and technical than the local solvers. To
do so, we introduce the so-called tangential divergence div, ® of any ® € V},(T;),
as done in [I] and [2].

For ease of notation, we assume that a(x) = «; for x € ;, with a; being
constants.

Then we define the coarse solver Ag : V0(Q) — VO(Q) as follows:

(Agv,w) = h[1 4 log(d/h)]
N

X Zai{<diVT(v X n)

i=1

r;,div,(w x n)

r)a; +(vxnwx D>A,}~
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Let Qp : VP(Q) — VP(Q), Qo : Vi() — VOQ) and Qi; : Va(Q) — V¥ (Q)
denote the L2-projections. The preconditioner for A can be defined as follows:
(3.6) ATV = A01Q, + Ajt Qo+ > AQi.

Lij

For this preconditioner, we have

Theorem 3.2. The condition number of the preconditioned system can be estimated
by

(3.7) cond(A™1A) < G(d/h)[1 + log(d/h)]%.

Remark 3.2. Tt is known that div,(L. X n)|r, vanishes for any interior edge e of

Q;. Moreover, we have div, (L. X n)|pr, = (curl L) - n|p, for each e C T';. Thus,
the entries of the stiffness matrix of Ay are of the form:

N
h[1 4 log(d/h)] Z ai{<(curl L.) n,(curl Lo) -n)a,; + (Le x n, Lo X n)Ai},

i=1
e, e ¢ U Fp.

FCI’

The coarse solver Ay involves computations only on A;, a very small fraction of the
interface I'. Also, Ay is rather simple in comparison with coarse solvers in many
existing substructuring preconditioners for standard elliptic problems, where some
optimizations are involved [4], [32]. The preconditioner A can be implemented as
in [4] and [32].

For the preconditioned Schur complement, we have

Theorem 3.3. The condition number of the preconditioned Schur complement sys-
tem can be estimated by

(3.8) cond(C~*B*A™'B) < G(d/h)[1 + log(d/h)]>.

Remark 3.3. WhenACA' is chosen as the usual multigrid preconditioner, we have
G(d/h) = 1; when C' is chosen as the substructuring preconditioner (see [4], [32]),
we have G(d/h) = [1 + log(d/h)]%.

4. SOME AUXILIARY LEMMATA

As we shall see, the proof of Theorem [3.2] namely, the estimate of the condition
number for the preconditioned system, is very technical. This section presents some
basic properties of Sobolev spaces and some auxiliary lemmata, which will be used
to deal with the technical difficulties in the proof of Theorem [3.2]

4.1. Helmholz decomposition and edge element interpolation. Denote by
H(curl; ;) the restriction of Hy(curl; Q) on the subdomain ;. It is known that
the spaces Hp(curl; Q) and H(curl; ;) can be decomposed into (see [12])

(4.1) Ho(curl;Q) = VH(Q) @ Hy (curl;Q),
(4.2) H(curl; ;) = VHY(Q;)@® H*(curl;$;),
where

Hy (curl; Q) = {v & Hy(curl;Q):divv =0},
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Ht(curl; ;) = {ve H(curl;{;) :divv=0,v-n=0onTI;}.

It follows from (Theorem 4.3, [2]) that Hg-(curl; Q) ¢ H®(Q)3 for some 1/2 < § < 1,
and

(4.3) Ivlls.o < |lcurl v]joq, Vv € Hi (curl; ).
Since ©; is a convex polyhedron, H+(curl; Q;) C H'(€2;)? (see [12]). Moreover, we
have

(4.4) d?||vlloq, + [Vle, < lleurl vioo,, Vve H*(curl;Q;).

Here and in what follows, for any given domain D and each integer m > 0 we
use H™ (D) to denote the standard Sobolev space of real functions with their weak
derivatives of order up to m in the Lebesgue space L?(D), and we use || - ||,»,p and
| - |m,p to denote its norm and semi-norm. For a fractional number s, the Sobolev
space H*®(Q) is defined by the standard interpolation theory.

For a vy, € V,(Q2), using (£1) and (£3) we can decompose vy, as follows:

(4.5) v, =Vp&w in{
where w € Hy (curl; Q) N H°(Q)3 for some § > 1 and p € H} (1) solves
(Vp,Vq) = (vi,Vq), Vg€ Hg(Q).

Similarly, for a vy, € V4 (£;), it follows from (Z2) and (£4)) that
(4.6) v, =Vp®w in Q;
where w € H*(curl; ;) N H*(Q;)3, and p € H(£;) solves

(VD Va)o, = (v, Va)a,, Vg € H' ().

Next, we present some interpolation results related to the finite element space
V(). We know from [3] (Lemma 4.7) that for any v € H’(Q) with curlv €
LP(Q)® (0 > % and p > 2) we can define its interpolant ry v in V,(Q) by the
relation

Ae(rpv) = /v “teds, Vee&,.
€

Lemma [Tl can be found in [9]:

Lemma 4.1. Assume that w and curlw are both in H®(Q;) for some 6 >
Then,

1
5-

< W (Iwlls0, + | curl wlis.0,)-

i~

4.7)  raw = wlog; + [[curi{rhw — w)llo.0

Lemma 4.2. For any v, € V3,(Q2) which satisfies

(4.8) (Bvh, Van) =0, Van € Zn(Q),

we have

(4.9) 185 villo.c < 115% curl vio.o.

Proof. Let w € Hy(curl; Q) be defined by (35). Then, we have (see [12])
(4.10) Vi =rpVp+ 1, W = Vpp + 11 W,

with pp, € Z,(Q). Since (8vh, Vpr) = 0, we infer from (@I0) that

1 1
182 Vprlloo < |B2rnwllo.o-
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This, together with (ZI0), leads to

= 1 2
185valloe < 118 Vpillo + 8 raw]oq
1 1 3
(4.11) S I8t mwlloq < 182 wlloq + (182 (raw — w)|

It follows from (E3)) that

0,Q-

(4.12) 182 wloq < [I8%curl wloq = [|5%curl vyl

On the other hand, following the proof of Lemma 3.2 in [9], we derive
1 1 1
152 (cnw — w)llo,x S B (182wl 1o (1) + 157 curl w| s (i) )
<|IBzcurlvyox, VK €T,

where we have also used ({.3]) and the inverse inequality. This with (£.11)) gives the
desired result. O

Lemma 4.3. For any vi, € V,(%), let w be defined as in (@L6l). Then
(4.13) lrpw — w|

0,0 S hlleurtvy|lo.q,-

Proof. For any element K € 7, let x = FgX = BgX + bg be the affine mapping
between K and the reference element K. In K, define

W:B;{WOFK, \A/’h:BE(VhOFK.
Let #, be the interpolant on the reference element K. One can show that (cf. [9])
PP . — 1
(4.14) [Tn % — Wz S (W3 5 + leurlw| ).
Since curl w = curl Vi, we have
PP . — 1
(4.15) [Tn % — Wl g S (IWIIT 4 + lleurl Vi3 ).
As the interpolation operator 5, preserves constants, it follows by ([@.15)) that
PO . — 1
[En W = Wllo g S (1WIT 4 + leurl¥n 3 2)=.
Now, by the standard scaling technique we obtain

lenw —wlg xS hllEaw — W o

< RO ¢+ louronl? o)
S RP(wh k + lleurlva g x ),
which, together with (4], immediately gives the desired result. O

Lemma 4.4. For any vy, € Vi (), let w be defined by (@8) and let py, € Zn(;)
be defined by

(4.16) v, =1p(Vpdw)=Vpp +rpw in Q.
Then we have

(4.17) prla S lIvalloe, +max{h, d*} || curl vi|o.q,.



46 QIYA HU AND JUN ZOU

Proof. We know from (£I7) that for any K € 7},

lenw ]2 o < W2 g + leurl 2 .

Therefore, we have

lenwllg i S hllERWI 4 < B2 leurl vialg  + 72 (Wi g + [|WIIE k-
which with ({4) leads to

B2 |leurl vi[§ o, + h* [W[ o, + [lw]

”rhW”(Q),m (239

ANRIA

max{h?, d*} ||curl VhHg@i.

The desired estimate now follows from this and the triangle inequality

IVpn|

0.9 < |Ivalloo; + [ltanwllo.; - 0

4.2. Some scaled norms and their estimates. A large part of the condition
number estimates in Section 5 will be carried out on the subdomains, for which we
need some scaled norms. For the space H'(£;)?, we define a scaled norm by

1
Ve = {IVBa, +d2IvIEa,} s Vve H (@),

while for the space H(curl;();), we define its scaled norm by

1
[uleune, = {lleurl ulff o, +d~?ulq, }

and for each A € H~2(I';), we define

IN_yr, = sup

where

— 1
lolly e, = (W3 p, +d7 005 r,)?

The same notation will be used for the norms in the space H~2 (T;)3.

For any ® € V;(T;), recall that div, ® is the tangential divergence of ®. We
know that div, ® € H~2(I;) (cf. [T], [2]). This leads to the following important
norm:

@], = d™H @]y p, + I dive @]y .

2
The following two results about the norm || - ||y, can be found in [1], [2] (using
the standard dilation from the reference domain):

Lemma 4.5. Let u € V},(Q;), which satisfies u x n = ® on I';. Then
(4.18) 1P xr, < llallcurse,-
Lemma 4.6. The discrete A;-extension R?LCD € Vi(Q) satisfies

(4.19) IRL®llo., + [curl(R},®)llo.0; < [P/, -

The following results can be found in [10], while the factors d* are derived by
the standard scaling argument:
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Lemma 4.7. For any v € H(curl; ;) N H(div;Q;), if vxn or v-n is in L*(T;),
then
(4.20) |v| CSd
(4.21)

Iv-nlor, < d 2|vlloq, +d2[|div v]ogq, +d?|curl v]og, + ||v x nllor,.

For any ® € V;,(I;), let w(®) € H'(£2;) be the weak solution of the problem

Aw(®) =0 in Q;,
(4.22) W‘I’) — —div,® onTy,
fQ ®)dz = 0.

Consider the equations

curl curl q(®) — Vdiv q(®) = Vw(®) in £,

(4.23) n x curl q(®) =@ on IT';,

q(®) - n=0 on I';.
Lemma 4.8. Let q(®) € H(curl; ;) be the solution of the equatwn E&E23), and
let W(®) = curlq(®). Then we have (1) n X W(®) = ® on I';; (2) W(®), curlw €
H3z19(Q,) for some 6 €0, 2): (3) curl w(® ) n=—div; ® onT;; (4) curl curl w(®)
=0; (5) divw(®) =0; and
(4.24) W@l < 1Pz, +dlldive @[y p,,
(4.25) leurl w(®@)lo0, S | divs

Proof. The inferences (1) and (5) are obvious. It is shown in [I] that divq(®) =0
and

V(@) o0, < [l divy @l 1 r,

and so by @22) and ([@Z3) we obtain (3), (4) and [EZH). Since ®|p, € H®(T;)?
and div(®|r,) € H*(I';) for any 6 € [0, 1), the inference (2) follows by (1), (3) and
Theorem 4.4 in [2]. Finally for (@24)), using (@23)) and Green’s formulas, we have
(note that divq(®) = 0)

leurl q(®)[[F o, = (Vw(®),a(®))e, — (@, q(®))r,.
Now ([@:24)) follows from the Cauchy-Schwarz inequality and (4:4]). O
Lemma [£9] plays a key role in the construction of our coarse solver.
Lemma 4.9. For any ® € V},(I';) satisfying
(4.26) | ®[|_ g r, + || dive @[|_y r, S B2 [1+log(d/h)]? (

i)

we have
(4.27) | R} @ [0, + | curl R}, ®llo.q, $ h*[1+log(d/h)] (|®llo.r, + | divs ®]l.r,)-
Proof. Let w(®) € H?(Q;), also with curl w € H°(€);) for some § > %, be defined

as in Lemma L8 It follows from Lemma A §(1) that r,W(®) xn = ® on I';. By
the minimum energy property of the discrete A;-extension, we have

IR}, @[lo.0, + [curl(R,®)llo.o, < [rrw(®)o.0; + [curl(ryw(®))]o,o.-
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It suffices to prove
(4.28)

len W (®)llo.0; + eurl(xaw (®)[lo.o, < hZ[1+log(d/M)]Z (| @]or, + | div, Pllo,r,)-

By ([@2), w(®) can be decomposed as follows:
(4.29) W(®) = Vp(®) @ w(®), w(®)c H(curl;)
with p(®) satisfying the equations (cf. Lemma F8[5))

Ap(®) =div w(®) =0 in

8”((1)) =w(®) n on I';,
fQ ®)dx = 0.

We have by Lemma 1] that
lenw (®) = w(®)llo.0, + [lcurl(ryw(®) — w(®))[o.0, $ h? [curl w(@)]; q
This implies

I (@) 0.0, + leurl(,w(®)) oo,
(4300 S [w(®)]og, + lleurl w(®)]o.0, +h? [leurl w(®)], o

Using (£29), we see that
[w(®@)ljo,0; + [lcurl w(®)llo,0, < [[w(®)
which, together with ([25) and {24), yields

W ((I))”O,Qm

(4.31) [w(®)lo.0; + llcurl w(®)[lo,a; S 1[l-1,r, + [ dive @[,
By (£20), (£29) and Lemma [(4),(3)], we derive
Jour w(@)[y g = [leurl #(®)]o.0, + curl (@), 0,
< d Fleurl W(®) o0, + [eurl W(®) - nfor,
S A2 dive @y p, + | dive @for,.

Substituting this inequality and ([{31]) into ([{30), gives

[rnw(®) (eaw(®))llo.cr S 19] -1 p, + [ dive || _s p, +h3 | divs Blo.r,.
This, together with (@.26), leads to

(4.32)

[rnw(®) (rpw(®)) Z[1 4 log(d/h)]= ([ ®llo,r; + || divs @llo,r,)-

On the other hand, it follows by Lemma H.§(2) that (w(®) - n)|r, 5(Ty).
Thus, from the definition of p(®) we infer that p(®) € H219(€;) and Vp(®) €
Hz 9 (curl; Q;). Let 7, : C() — Zn() be the nodal interpolation operator
associated with 7j,. Then, r;(Vp(®)) = V(mpp(®)), and so

Ir(75(0) - Vo)l o SBHID(®)] 0
< m(ar@loo, + 122201 = nt ().

Hence,

(4.33) Ien(Vp(®@)) 0.0, S IVP(®)llo,0, + 22 [W(®) - nllo,r,.
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By (@29) and ([@24]), we have
(4.34) [VD(®)[lo,0: < [[W(®)

Then it follows by 21)), Lemma [AF[(5),(1)] and @24))-(@25) that

1% (®)-nllor, < d2[W(@)]o,0, + d?[|curl %(®)[loo, + [|W(®) x nllo,r,
_1
S dE([®llog s +[1dive @y p,) + [[@]lo,r,

Plugging this and ([@34) into (33) and using (£26) yield
Ien(Vp(@)o.0: < b2 [1+log(d/h) ([ @]o,r, + | div, ®lo,r,)-

This, together with [@29), (@3J) and the fact that curl(r,Vp(®)) = 0, gives
H#2]). O

4.3. Some estimates with the norms |- ||;/2,r,5 || - | =1/2,r, and || - ||+ F,. This
section summarizes the results which will be used in the condition number estimates
in Section 5. Detailed proofs are omitted here but can be found in [I9] and [20].

For any subdomain ;, by W, we denote the set of the edges of €2;, which also
belong to at least two other local interfaces I';, j # ¢. For any given subset G of
I'; and a function ¢ € L?(G), we use 7. (¢) to denote the average value of ¢ on G.
For any ¢ € Z,(T;), we define 7ip € Z,(T;) as follows:

rho(x) = | PO for xEWiNNG,
PR Y. (p), forx € FNN; (FCTy).

: SNy r, + [ dive @]y

(4.35)

It is easy to see that I (p — mh¢) = I2(¢ — y+(¢)) for any F C T, and we have

Lemma 4.10. For any ¢ € Zp(I';) and any F C T';, we have (cf. [4] [32] [19])

(4.36) lelloor S HH%WMWMLm
(4.37) 0l r, < [1+log(d/h)]

(4.38) [ERE s[ru%umnnm,m
(4.39) (e —moe)lyr, < [L+log(d/h)]glsr

For any face F of T';, we introduce a quantity (not a norm) on F, as follows:

J@lesmy = { ST IVIE} T Y@ = (v xm)lr, € Va(T).

eE€Fy

Lemma 4.11. Let F be a given face of Q;. Then for any v, € Z, () we have
(4.40) i x nll., By < [1+ log(d/B)]2 Va1 r, .
while for any vy, € Vi (Q;) with w defined as in ([@B) we have

(4.41) [(chw) x 1|, Fy < [1+log(d/h)]? | curl vi o0,
(4.42) d2|eawlg 0, S [+ log(d/h)]|| curl vill3 g, -
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Lemma 4.12. For any ® € V3 (T';) and any face ¥ of T';, we have (cf. [2] [19])

(4.43) 1@lor, < A7 EIRI_sr, [10,@l0r S 2 (D],
(444) 1,0 s p, S [ +log(d/M]@] s p, + hE||].,Fy,
(4.45) I, @1, < h2[1+log(d/h))? |12, ®lo.r-

Lemma 4.13. Let p € L*(T;) be piecewise constant with respect to the Tp,-induced
triangulation Ty ; on I';. Then we have ||¢|lor, S hz ol -1, -

Lemma 4.14. For any ® = v xn € V,(I';), we have

(4.46) || div,(I®)||_y r, S [1 +log(d/h)]|| divs @] _y p, + [1+log(d/h)]2 | ®]..r, ,
while for any vo € VO(), let ®) = (vo x n)|r, € Vi(T;). Then we have

(447) 05y p,+ ]| dive By 1, S h¥ [1+log(d/B)]F (1B or, + | div Bhlor. ).

The estimate in the following lemma indicates that the norm ||I0®|| Xr, cannot
be bounded by ||®||xy., only (compare with the estimate (£.37)).

Lemma 4.15. Let w and vy, be the same as specified in Lemma and let & =
rpw X n on I';. Then, for any face ¥ C T'; we have

(4.48) 150, @2, S [1+ log(d/M)] (@], + [leurl vy

O:Qi)'

We end this section with some relation between the edge element space V3, (£2;)
and the nodal element space Z(£;):

Lemma 4.16. Lett be an edge of Q;. For any q € Zn(SY;), if it vanishes on t, then
its gradient Vq € V() and A\e(Vq) = 0 for any fine edge e C &, Nt.
5. PROOFS OF THE MAIN RESULTS
5.1. Proof of Theorem 3.1. For any v, € V},(Q2), we first decompose it as follows:
(5.1) v = Vg & wp,
where g, € Z,(2) solves
(BVan, Vn) = (Bvi, V), Vi € Zp(Q)

and wy, is orthogonal to Vg, in the scalar product (8-,-). By Cauchy-Schwarz
inequality,

(5.2) 18 Varllo.a < 185 villo.:
Moreover, we apply Lemma for wj, to obtain

(53) 182 Whllo. < 182 curlwhlo.o = |52 curl v,|
Let J : Zp(Q2) — Zn(92) be the operator defined by

(5.4) (JOnsbn) = (BVon, Vipn), Vo, 1 € Zp(Q).
Then, by the definitions of g5, B' and J, we have

(BVan, Van) (Bvh,Van) = (B*vi, qn)
(Jqn, J "' B'vy) = (BVan, V(J ' B'vy))
(th,V(Jletvh)) = (B'vp, JﬁlBtvh).

0,0+
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Therefore, we derive
(5.5) (BJ ' B'va,vi) = (6Van, Van)-
This, together with (5:2)), leads to
(BJ'Btvy,,vi) < (Bvi, va).

Now it follows from (B3] that

(Avi,vi) < (acurl vy, curl vi,) +ro(BJ ' Blvy, vy)
< ((Jﬁcurl Vi, curlvy) + ro(Bvh, vh)
(5.6) S (Avp,vp).

On the other hand, using (G.5)), (£3)) and B3) yields

(th, vh) = To (5vha Vh) = To[(ﬁv%, VQh) + (ﬂwh, Wh)]
< ro[(BJ Bivy,vy) + (Beurl vy, curl vy,)]
< max{1,G(d/h)}(Avp,vy) S G(d/h)(Avh, V),

and so }
(Avh, Vh) 5 G(d/h)(AVh, Vh).

This, together with (5.6)), gives the desired result.
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O

5.2. Proof of Theorem 3.2. This subsection is devoted to the estimate of the
condition number of the preconditioned system A~'A; see (B). The following
lemma reduces this task to the estimates of two positive constants C7 and Cs. This
framework can be regarded as a variant of the additive Schwarz theory associated
with the space decomposition (B35 (refer to [27] and [31]), and the proof is stan-
dard (cf. [15] and [28]). Here, we have used the orthogonality between V() and

VH(Q) =VOQ) + > VU(Q).
F,jj
Lemma 5.1. Assume that the following two conditions hold:
(i) For any v € VH(Q) there is a decomposition

vV =vy+ E Vij
F,jj

with vo € VO(Q) and vi; € VY (), such that

(57) (AQVQ, Vo) —|— Z(/L‘jvij, Vij) S Cl (AV7 V).
Ty

(ii) For any wo € V°(Q) and w;; € V¥ (Q), we have

(5.8) (A(WO + Zwij), wo + Zwij) < 02{(AOW07W0) + Z(Aijwijvwij)}'

Fij Fij Fij
Then we have the following estimate
cond(fl*lfl) < C10,.
By this lemma and Theorem 3.1, we obtain

cond(A™1A) < C1C,G(d/h).

For the proof of Theorem 3.2, it suffices to estimate the constants C; and Cs in

Lemma G511
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To do so, we first introduce some notation. For any v, € VI (Q), ,
From the discussions in Subsection 4.1, there exist p* € H*(Q;), p}, € Zx(£%;) and
w' € HY(Q;)? such that

(5.9) Vi =Vp' ow',

(5.10) V}.L = Vp}, +rpw' = Vpj, +wi,
with wi =r,w' € V,,(€;). By (E9) and (]mb we know
(5.11) curl wi = curl w' = curl v},.

We are now ready to show Theorem[3.2] using Lemmal[5.1]and to divide the proof
into four steps.

Step 1: Establish a suitable decomposition for v;, € VH ().

We introduce pi, € Z5(%;) and wi, € V,(€;) by

Fi)a W;‘LO = R;LIOAI (W;'L X n)

r, i=1,---,N.

Pho = Ri,mH(p}
Define ‘ A A
Q4 = (Vpho + Who)

oty T
Set ® = (v, x n)|p. It follows from Lemma ETG that (®¢ — ®)|yy, = 0 for every
1. Thus, @ is defined uniquely on all the edges of the interface I'. In particular,
(I>0 equals ® on these edges. Define vo € VO(Q) such that vo|g, is the discrete
. For each I';; C T define v;; € V;;(), such that

(vij x n)

and

oy = on Fij crT.

5 = (Vh — Vo)

Vhp = Vo + Z Vij
Fij
Step 2: Derive the estimate
(5.12) (Agvo,vo) < [1+1log(d/h)*(Avi, vi).

It is easy to see that

N
We first estimate the term h[l + log(d/h)] > ;|| div, (v X n)
i=1

i=
By Lemma in the Appendix and by the triangle inequality, we obtain for

F=1I,N Fj that

(5.13)

| divr(vo x n)|p,
Vai
Ve
< |l divs (v} x )¢
\/Oc_
RN

By Lemma [£. T3] and the inequality (2.11) in [I], we have

(5.14) || div, (v} x n)|r, lo.r, < k2| div, (v} x n)

div, (v} x n)

JEm

MG
Ve || div, T2

Vai + /a5

|| div, I2, (W] x n)|r, [lo,e,-

+ [ ——"— div, I? (Wh x n)|r, div, IO@ (Wi x n)r; [lo,e,

o (W), x )

_1 :
s S h=z ||CllI'l V;L”Oyﬂi'
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Moreover, similarly to the proof of Lemma HTI4l (see [19]), one can show
H div, I(F)a (W;L X n)qu‘, ||07Fb 5 h~ H Hwh X n”* Fp
. 1 1
I div, I, (W), x 0)lr,llow, S A7 21w, x 0|,

Substituting these two estimates and (514) into (5.13) and using Lemma B TTllead
to

h|| div,(vo x n)|r,
Q; i % ? '
+—u-+1og«avw1{(;75$§;i2§;) ncurlvﬁnagi+—(;7324;{75:) Jeurt V30, }
7 J ? J

A similar estimate holds on I'; as well. Then using o; + o < (/a5 + /@;)?, we
derive

h{ e divy (vo x n) + o dive(vo x m)r, 13,4, }

S [+ log(d/m){ ailleurl Vi3 o, +ajlleurl vi 13, } -
This yields

(5.15)
N

h[1 +1log(d/h)] Y ]| div,(vo x n)
i=1
= [L+1log(d/h)] Y h{aill div, (vo x n)[r, 1§ s, + a; divy(vo x n)lrjII%,Fb}
I;;cr
N

S L+ log(d/m)? ) avfleurl vi |3 o,
=1

i

N
Next, we estimate the term h[1 + log(d/h)] Z ail[vo x m[§ A,
=1

From the definition of vy and the trlangle inequality, we have (F = T';;)

o a
¥ Va

NG
(5.16) + \/a_ﬁ\/a_j(

By Lemma 6.2 (see the Appendix) and (IEBE) we can deduce

(IVpho + [[wio x nlo,r,)

[vo x nllo,r,

+[Iwho x nllo,e, ).

19, — e (9 ll0,0v
DH%WMWM %@}l 1 r,
[+ log(d/h)]|p} 1 r,
[1 + log(d/h)]? |ph|1.0,-

IVPho X nllok, <

1
2
1
2
1
2
1
2

h™
h™
h™
h™

AR AN A

(5.17)

Similarly, we have
(5.18) [Vpho X nllo.r, < h™2 {1+ log(d/h)]2 7} 1.0,

On the other hand, it follows from (£43)) and Lemma [Z.11] that

<h? [1+ log(d/h)] 2 curl vi 0.0,
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and

~

Plugging these and (5I7) and (BI8) into (BI6) yields

Ivoxmlos, S A1+ loga/mt =it Fuphm + llewrl vilo.,)

Iwio x nllos, S h2[1+log(d/h)]? |[cur] vi [lo.0,-

Qi j
i J

Thus (F = Fij);

N
h[1+log(d/h)] Y aillvo x m§ o, = AL +log(d/h)] Y (i + aj)vo x nl,,
i=1 FCI

< [1+ log(d/h))?

x> leilphlie, + lleurl vilo.g,) +a;(ph e, + [leurl v7 o, )]
F,;jCF

N
= [1+log(d/M)]* Y ai(lple, + [curl villog,).
i=1

This, together with (1) and (@I7), leads to (I2).

Step 3: Prove the estimate

(5.19) > (Aijvij,vij) S [+ log(d/h)]* (Avi, vi).
I

Since v}, = v; on I';;, we have

i . /O, .
vy, = Vai vy, + / v) on Tj.
\/04_1'4‘@/043‘ \/Oé_i‘f"/aj
Hence, v;; on I';; can be written as
o Vi i g VY i g
Vij = \/a—i+\/—_V(Ph Pho) X 1 \/a_z+\/_ V(py, — Pio) X 1
\/_\{’_O‘_z - (W), )Xn“‘\/—_’_j - (w j_Wio)Xn-
(67 £/ O (&%) V&
Define
. . o . . \/a_j . .
%:Rq#.{L il + =L e} € 20,
pij = RiLi; \/a—ﬁ\/a_j(ph phO)qu,;+\/a—i+\/a—j(ph Prollrs; { € Zn(h)
\/Oé_ . 1/Oéj . .
Rh z]{\/a—z_’_\/—( ;LO)anrij—’—W(ng_W%O)anij}
€ Vi(Q),

Vﬁj = foj + ng € Vi (%).
One can verify by Lemma that

Vi XN =V;; X1 on I';.
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Thus, we obtain by the minimum curl-energy property of the discrete A;-extension
that

1 ; 1
(5.20) (Ai(vijle,): vijle e, < (Aivi;, v) = laZeurlwi|[§ o, + [la?vi[l§ o,
< (|53, + lleurl wi; |13 o, + w113 0,)-

As pt, =7 (pi|r,) on I';, we have
L5 [(0h = pho)lr,] = 15 (phlr, — ()
Then using (f39) and the trace theorem, we obtain
(5.21)
||Vp§j||(2),9i = |p§]|%9 S |(p§j r
=L i, — MBI, +
VY VY

< 1+ log(a/m)*{ ( f*/f_ ) Ikl () il )

< [1+log(d/h)]2{(\/a_:{'_a_\/_) A (%@) w3, )

We next estimate ng. It follows by Lemma[Z@l that

2
ij )| i

(ph|F _Wo(phh“ ))lérj

Jeurt wiy B, + I o, S 10w x w3,
(677
S I o~ wha) <l I,
.
(522 ==Lt (o~ who) ke, I,

Vi + /a5

For each (open) common face F = I';; shared by €; and ©;, it follows from the
definitions of w}, that

i i _ O, ifecC Fp,
Ae(Wh = Wio) = { Ae(Wi), ifeCFy.

Then we derive by using Lemma that
NGT
l——"———=Tl(
Vi + /0

Vi i
(5.23) (\/a—ﬁ\/_) T2, [(wi, x )

/o . .
S+ 10g(d/h)]2(7ﬁ+ i/a_)2(||wz X nH%(F + ||curl V}LH(Q)Q)
i J

On the other hand, for the term w! x n we have by Lemma IH and (53) that

W), —wﬁLO) X n

Fij] ”g(pL

F1]]H2X'r‘7

Wi, xnll% < Iwhl2ure,

Jeurlw, 3.0, +d”

leurl vi 2.0, +d-
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Combining this with (5:23)) and using Lemma [Z.1T] give
=2

Wlij[(wz —Who) X nlr,,][13,
o )
< [1 + log(d/h))? _Vai g curl v |2 ¢ .
S 11+ os(/ M et v o
A similar estimate holds on I'; as well. Substituting these inequalities into (5:22)
yields
lewrl wi|[§ o, + 1w, 15,0,
Q; ; \/a_j 2 j 112
<[1+1o thL2curlvz2 4+ (———=)?||curl v} 1.
S [1+log(d/h)] [(\/a—iJr\/a_j) I wllo,0, (\/a—iJr\/a_j) I nllo,0,]
With this estimate, (20) and (B221]), we come to

(Ai(vijle,), vij

Qg i i
S 1+ lom(@/ M oull T b, + w1 v )
N

+(—==)2(Im |1 0, + lleurlvi 3 o, )].

VetV

(5.24)

Similarly, we have
(Aj(vijla,), vijla,)e,
T . .
<1+ log(d/h) e [(—=—=)*(Ip}|3 o, + |lcurl vi |2 o
[ g(d/h)] g[(\/a—iJr\/a_j) (Iph 110, + |l nllo.0,)
& 201, |2 12
_— 1v] .
2 Wi, ¢ lewvilfa,)

Summing this inequality with (5:24) and noting that

@i +a; < (Vai +/a5)?,

we obtain
(Aijvija vij) S [+ log(d/h)]2[ai(|p2|im + [|curl V’;LH(Q)Q)
+aj([py |1 g, + leurlvi|[5 o))
or
N . .
(5.25) D (Aivig,vig) S [+ log(d/M)* > aillphli o, + leurl vi |5 q,)-
iy i=1
This, together with (@I7), implies
N
D (Aivig,vig) S [L+1log(d/m)? ) ai([leurl vi 1§ o, + [IVill6.0,)
Fij =1
N . .
= [1 + 1Og(d/h)]2 Z(A’iV;w V;L)fh

= [1+ log(d/h)]Q(Evh, V).

The estimates (12) and (BI9) indicate that the constant Cy in (&) can be
bounded by C[1 + log(d/h)]?.
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Step 4: Estimate the constant Co in (5.8).
Using the triangle inequality, (A.47) and Lemma 9] yields

Wo—i-ZW” WO+ZW’Lj
< (Awo,wo AZW”, Zw”

N
(5.26) A0W07W0 +Z (Ax( sz] |2 » wa low)e
k=1 Iy

It is easy to see that

M=

(Ak( Wij)|9ka (Zwlj)lﬂk)ﬂk

k=1
N

= ZZ Ak Wz]le Z(szle))Qk
k=1 Iy Lij
N

5 Z Ak W”|Qk Wz]|Qk) Qp -
k=1T;CI'%

As each face I';; is shared by only two subdomains €2; and €;, we have

§ Ak § Wij |Qk, § Wij |Qk Qk,\, g A”WU,W”
k=1

This, together with (IEZ(S])7 indicates that the constant Cy in (B.8)) is bounded by a
constant independent of h and d. O

5.3. Proof of Theorem 3.3. One can verify that (cf. [5])

- Ba)?
(B'A™'Bq,q) = sup u q € Zn(Q).

vevi(@) (Av,v)
By the definitions of B, we have
(v, Bq) = ro(Bv,Vq) = (av,Vq),
so we have
(av,Vq)?

(5.27) (B'A™'Bq,q) = sup ~——2, q€ Z,(Q).
vevi(@) (Av,v)

If we choose v = Vg, then (Av,v) = (aVq, Vq), and

(aVg, Vq)?

@vavg e

(5.28) (B'A'Bg,q) >

On the other hand, by the Cauchy-Schwarz inequality and the definition of A we
obtain

1 1
(ov.Vg)* _ la¥vldg ot Vald g

- < = laz V|2 o, YV € Vi (9).
(Av,v) [
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Thus by (£.27) we have
(B'A7'Bq,q) £ la* Va3 .
This, together with (5.2]]), leads to
(B'A™'Ba.q) S llo* Valli g, ¥a € Zu(Q).
Therefore, we infer from (B3)) that
cond(C~*B'A™'B) < G(d/h),

which, together with Theorem 3.2, yields (B.). O

6. APPENDIX

Lemma 6.1. For any p, € Z,(Q), let piy = Rimé(phIr,) € Zn(%). We have

(6.1) IVpho X nlloe, S B2 lIph = 7e(Ph)llo.0r, ¥ C T

Proof. Let G be a fine triangle in Fy, and let A; (i = 1,2,3) be the vertices of G.
Without loss of generality, we assume that Ay, As € OF. Let K be the element of
; which has a face G, and let A4 € §; be another vertex of K. Let \;(z,vy,2)
denote the nodal basis function at the node A;. Then

4

p;L(x7yvz):sz(Ak)/\k(xvzﬁm)a V(m,y,z)EK.
k=1

By the definition of pi,,, we have

2
Pho — () = Z(pZ(Ak) — 7 (Ph)Ak + dars on K.
k=1
It follows from Lemma [4T6 that VA4 X n = 0 on G. Thus,
2
(62)  Vpho x nlg = V(pho — % (h) x nle = > (P} (Ax) = 7 (p},))V Ak X 1lg.
k=1

It can be verified that

||V)\k X Il”()’G 5 1, k= ]., 2,
which, together with (62)), yields
IVpho % nllo.e S D 1 (Ax) = ve(ph)].
k=

—

Summing this over all G C Fy leads to

IVpho X 1l e, S D 10 (A) = (i),
A€or

where A denotes a node of the fine mesh on dr. Now, (GII) follows from the
equivalence between the L2-norm and the discrete L?-norm on JF. O
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Lemma 6.2. Let vo € VO(Q) be defined as in subsection 5.2. Then we have the
identity

div,(vo x n)|p, = div, (v} x n)

1—‘,
Jai VA
(6.3) — [———div, I}, (w}, x n)]r, div, I (wj, x n)|p,].
= m AR
Proof. Tt is easy to see that
Vbho + Who = Vi, + V(Dho — Ph) + Who — W},
VPho +Who = Vi, + V(D4 — i) + Wi — Wi,
Let F =TI';;. Then we have directly by the definition of v that
Vi i VY J
Vo X n = —— (v xn)lp+ —"——(vi Xn
( 0 )|F \/()é_l+\/a_j( h )|F \/a—z_f_@( h )|F
————V(p}o — pp,) X ———V(pl,—pl) %
+ Vo + A (Pho — Ph) X e + NN (Pho — p3) X nlr
(6.4) Y (i - wi) xoml - ——Y (], — w]) x s

w VG
NIRRT VATV

But note that Vﬁl Xn= V{L x n on F. Then

Vv (V}L X 1) Ve

(vixn):vixn on F.

- v =~ + - vy -
Vi + /o Vai +\/ag
This implies
(6.5) I[——"— (v} xn)|s + ———(v] xn)|p] = (v}, x n)|p,.
F; @+ \/— PO Va4 ey T

Again noting the fact that
(Pho — 1) — (RZIE(P%O —py)le) =0 onF,

we derive by Lemma 6.1 that

Wv(p% —pp) X 0l + Wv(pio —pp) X nfe
\/Oé_ i Tt %
VR;1
\/04_14- \/—( (Pho Ph)lr)
NGE .
X mfy + i+ \/—(VRZ 0L (phO p1,)e) X nle
. i , , /o , ,
= {VRZIE(W%W@ZO —pi)le + Wj\/y(pio - pi)|F)} X nlg.

7 J ? J

Hence,

(6.6)

: . . /00 . .
It[ﬂv(ﬂ —ph) X nle + —=——"—V(p},, — p},) X ;]
F; F \/a—z_’_@ hO h F \/06_14‘\/@ h0 h F
N

VRZ Z IE( \/a_ﬂ—\/_(pho p;‘L)|F+ W(Fio —P%NF)]

FCT;
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In addition, it is easy to see that
S

F
FCI; Qi+ @i

VN
VRN
= Z I; \/a_ Ig
PN VRN

Summing (IBEI) over F C I'; and using (63)-(6.1) yield
( ZP (vo x n)|e = (v, x n)]r,

{WZ a \/a_( el - pz>|F+@%i/a_j<pzo—pz>|F)}xnm
3 I, U,
FCI; \/Oé_l—’_\/_ \/a_z—*—\/_

Now ([6.3) follows from the fact that div,(Vg, x n)|p, = 0 for any ¢, € Z,(Q;). O

(Who — Wh) X 0y + (Wio - Wi) x 1]
(6.7)

0, (wi, x ) (w) x m)]r,].

0, (wh x m)lr, (w), % m)r, .
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