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A PRIORI ESTIMATES AND OPTIMAL FINITE ELEMENT
APPROXIMATION OF THE MHD FLOW IN SMOOTH DOMAINS

YINNIAN HE! AND JUN ZOU?*

Abstract. We study a finite element approximation of the initial-boundary value problem of the
3D incompressible magnetohydrodynamic (MHD) system under smooth domains and data. We first
establish several important regularities and a priori estimates for the velocity, pressure and magnetic
field (u,p, B) of the MHD system under the assumption that Vu € L*(0,T; L?(9)**3) and V x B €
L*(0,T; L*(Q)*). Then we formulate a finite element approximation of the MHD flow. Finally, we
derive the optimal error estimates of the discrete velocity and magnetic field in energy-norm and the
discrete pressure in L?-norm, and the optimal error estimates of the discrete velocity and magnetic
field in L?-norm by means of a novel negative-norm technique, without the help of the standard duality
argument for the Navier-Stokes equations.
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1. INTRODUCTION

This work is concerned with the following 3D incompressible magnetohydrodynamic system that couples the
incompressible Navier-Stokes equations with Maxwell equations under the influence of body forces:

%#7VAU+VP+(U‘V)U+TBX(VXB):f in Qx (0,7,
B L uVx (VxB)=Vx(uxB)=0 in Qx(0,7], (1.1)
V-u=0 V-B=0 in Qx (0,77,

which hold for all r = (z,y,2) € Q and t € (0,T]. Here Q is an open bounded domain in R® with a smooth
boundary, u, p and B stand for the velocity, pressure and magnetic field, the two parameters v and p are
the reciprocals of the Reynolds number Re and the magnetic Reynolds Re,, respectively, and the constant
T = M?/(Re Re,,) is the coupling number, with M > 0 being the Hartman number.

For convenience, we shall often write the pressure p as p(t) or p(r,t), velocity u as u(t) or u(r,t), and the
magnetic field B as B(t) or B(r,t). Usually the system (1.1) is complemented with the following initial and
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boundary conditions [3, 12, 19, 23, 25, 28]:

u(0) = wo(x), B(0) = Bo(x) in €,
u=0, B-n=0, nx(VxB)=0 ondQx[0,T], (1.2)

where ug and By satisty that V - ug(r) = 0 and V - By(r) = 0, with n being the unit exterior normal to 9.

Remark 1.1. Instead of the boundary conditions that B-n =0 and n x (V x B) = 0 in (1.2) for the magnetic
field B, we can equally consider the boundary condition B x n = 0, which is also frequently used for the MHD
system; see, e.g., [11, 16, 17, 19, 21, 27].

Remark 1.2. In this work we consider only the case that the domain €2 is smooth or convex, so the magnetic field
B has the H'-regularity and can be approximated by the standard H'-conforming Lagrangian finite elements.
This may make the numerical realization of the resulting discrete system very convenient as the velocity and
pressure of the MHD flow are often approximated by the H'-conforming Lagrangian finite elements in this
case. But for more practical applications where the domains are not smooth and non-convex, e.g., non-convex
polyhedral domains with reentrant corners, the magnetic field B is not H'-regular, then we may need to apply
other types of finite elements that are not H!'-conforming, such as edge finite elements as it was done in [25]
for stationary MHD system.

For our subsequent analysis, we introduce the following Sobolev spaces

M =L3(Q), X=H;(Q)? W={CecH'(Q); C-nl|pg =0},
H={¢cL*Q)3 divé=0, ¢ n|pqg =0},

V=XnH, W,=WnH, H'Q)=H"Q)? (k>1)

and the following two trilinear forms

b(w,u,v) =

1
=((w-V)u+ i(V'W)u,V)Q Vw,u,v e X,

d(v,B,C)=(vxB,VxC)g VveX, B, CeW.

It is straightforward to derive the following variational formulation of the coupled flow system (1.1)—(1.2):
Find (u(t),p(t),B(t)) € X x M x W satisfying

(ut, v)g +v(Vu,Vv)g — (p, V- v)a + (V- u,q)q + b(u,u,v) + 7d(v,B,B)
=(f,v)q VveX, ¢ge M, (1.3)
(By,C)a + 1(V x B,V x C)g —d(u,B,C) =0 VCeW.

The global unique solvability of the system (1.3)—(1.4) with slightly different boundary conditions was studied
in [19], and the results was analogous to the ones for the Navier-Stokes system [18]. The global unique solvability
of a modified system of (1.3)—(1.4) was demonstrated in [12]. In particular, it was shown in [19] that the system
(1.3)—(1.4) is globally uniquely solvable for all ¢ > 0 in the case when the initial data and source f are sufficiently
small and for ¢ € [0,T") with some small 7' > 0 in the case with general initial data. The global attractors was
investigated in [28] for the 2D magnetohydrodynamic equations.
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For the Navier-Stokes equations alone, a semi-discrete finite element scheme was studied in [14, 15], where the
approximate velocity uy,(t) and pressure p,(t) are determined in a conforming or nonconforming finite element
space pair (X, M},), and the following error estimates were established for all ¢ € (0,7 that

lu(t) — un (&) z2 + 2|V (up(t) — u(t))| 2 < sh?,
Ip(t) — pr(t)l| 22 < Ko~2()h

if (Xp,, My,) satisfies the approximation property of the first order to both Vu and p [14], and

Hll(t) - Uh(ﬁ)”lﬂ + h||V(uh(t) — u(t))HL2 < FCJl?%(t)hm’
||p(t) - ph(t)HLz < /{g%‘%(t)hm—l

if (X}, M},) satisfies the approximation property of the (m — 1)th order to both Vu and p [15]. The function
o(t) above is given by o(¢t) = min{1,t}, and & is a generic positive constant depending on the data T, ug, 2 and
f.

Several efficient numerical schemes were proposed and analysed recently for the time-dependent MHD prob-
lem. A finite element scheme was studied in [24] for both high and low magnetic Reynolds numbers, based on a
conservative formulation to ensure the local divergence-free condition of the magnetic field weakly. Long-time
dissipative properties and non-linear unconditional stability of a time integration algorithm were investigated in
[1], based on a mixed finite element approximation in space. In [22], the behavior of a generalized alternating-
direction implicit scheme was analysed for the low magnetic Reynolds number. An Euler semi-implicit scheme
was proposed in [8] for a one-fluid or two-fluid MHD system. Some coupling and decoupling fully discrete
schemes were explored in [23], while an implicit stabilized finite element scheme was analysed in [3] for the
case of variable coefficients p, v,o. Combined with a finite element discretization in space, the Crank-Nicolson
scheme was studied in [31] at small magnetic Reynolds numbers, while a semi-implicit scheme was shown in [13]
to converge unconditionally.

In this work, we study the finite element spatial approximation of the MHD system (1.3)—(1.4) under
smooth domains and data. The discrete solution (uy(t),pr(t), B (t)) is approximated in a conforming finite
element space X x M x Wy, which is assumed to possess the approximation property of the second order to
(Vu, p, VB). We will not assume that the initial data, the body force f and the terminal time T are sufficiently
small; instead we require only the regularities Vu € L4(0,T; L?(Q)3*3) and V x B € L4(0,T; L?(Q2)3), as it
was done in [8]. Under these two conditions we first establish the H3-regularity of the exact solution (u,B).
Then we formulate the finite element approximation (uy, pn, Bi) based on the second order finite element space
X, x My x Wy, to the solution (u,p,B) of the MHD flow and provide the optimal H'- and L?-norm error
estimates of (up, By) to (u,B) and py, to p respectively. Particularly, we emphasize that we are able to achieve
the optimal L?-norm error estimates of (uy,B},) to (u, B) by using a special new negative-norm technique with-
out the standard duality argument (that was applied to the single Navier-Stokes equations [14, 15]). Hence our
arguments are easier, and more importantly, they get rid of the disadvantages of the duality argument, such as
the existence and desired regularities of the solutions to the nonlinear duality problem, as well as the constraint
on the time stepsize when time discretization is considered. The optimal H'- and L?-norm error estimates
obtained in this work are new, and no similar error estimates were established in the existing literature, e.g.,
[1, 3, 13, 22, 23, 24, 31].

We recall that Heywood and Rannacher did use the negative-norm techniques already in [14, 15] to analyze
the finite element solution for the single Navier-Stokes equations, but there are two essential differences as stated
below:

(a) The standard duality argument was used in [14, 15] as usual for the L?-norm error estimates of the velocity
in the singer Navier-Stokes equations (see Lems. 5.1-5.2, [14]), instead of the negative-norm techniques.
Unfortunately, this standard duality argument for the optimal L?-norm error estimate does not appear
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to work for the finite element approximation of the current MHD system due to the great complication
of the nonlinear coupling between velocity and magnetic field. In fact, the finite element analysis for
the MHD system is much more challenging than the single Navier-Stokes equations. To overcome the
difficulty, we shall propose a rather delicate and novel negative-norm technique in this work that enables
us to successfully achieve the optimal L?-norm error estimates of the discrete velocity and magnetic field
simultaneously (see Lem. 4.2, Thm. 4.1). The basic idea is to estimate the H~!-norm of the errors of the
discrete velocity uy, and magnetic field By, simultaneously by making use of the special testing functions
v = A,:l(Phu —uy) and Cp, = A;hl (RonB — B},) in the finite element error equations for u;, and By, and
then use several unique properties of the discrete Stokes operator A and Maxwell operator Agj as well
as the L2-projections Pj, and Ry, onto the discrete divergence spaces. Very importantly, this new strategy
will help us achieve the optimal error estimates of the discrete velocity and magnetic field simultaneously
in both L2- and energy-norm. To our best knowledge, this is completely new in literature in terms of finite
element analysis for a coupled PDE system like MHD, and has greatly simplified the error estimates of
the finite element approximations, and even much simpler than the ones in [14, 15] that handled only the
single Navier-Stokes system.

(b) A negative-norm technique was indeed used in [14, 15] for the L?-norm error estimate of the discrete

pressure (see, e.g., Lems. 6.1-6.2, [14]). To do so, one can write the error p — pj, of the discrete pressure
in terms of the error u — uy of the discrete velocity directly from the continuous and finite element
variational systems. Then the important term ((u — uy)¢, vi,) involved there was simply bounded by the
product of the H '-norm of u — u;, and H'-norm of the testing function vy, and the H~'-norm of u — uy,
is further crudely estimated by the L?-norm of u — uy. Clearly, this negative-norm technique is quite
natural, and as we shall see, it is essentially different from the ones we propose in this work. Due to
the great complication of the nonlinear coupling between velocity and magnetic field, this simple and
direct negative-norm technique used in [14, 15] does not work for our MHD system for the optimal error
estimate of the numerical pressure. Instead we will combine the energy-norm error estimates in this work
for the discrete Stokes projections and discrete Maxwell projections with the optimal simultaneous L2-
and H'-norm error estimates of the discrete velocity and magnetic field we have developed earlier using
our new negative-norm techniques; see the proofs of Lemmas 5.1-5.2 and Theorem 5.3.
The rest of the work is organized as follows. In Section 2, we give some functional settings and regularity
results for the solutions to the MHD flow system (1.3)—(1.4). A finite element spatial approximation is then
proposed for the MHD system in Section 3, and some basic and important estimates are also presented.
We devote our main effort to build up the optimal L2-norm error estimates for the approximate velocity
and magnetic field in Section 4, and the optimal H'-norm error estimate for the approximate velocity and
the optimal L?-norm error estimate for the approximate pressure in Section 5.

2. FUNCTIONAL SETTING OF THE MHD PROBLEM

In this section we present the mathematical setting of the system (1.3)—(1.4). For the subsequent analysis
on the true solution to the system, we introduce the following Sobolev inequalities and one important identity
[7, 10, 12, 28, 29, 30]:

IVllzs < elvlZallVviiga, vl <clVvloa, VveX,

1/2 1/2

IVllz= + IVV]ze < clVVIlEalviya. vv e B(Q)NX,

IBllio < |V xBlloa +|[V-Bloq), VBeW,

1/2 1/2

Bl + VB2 < clB[5IBlyg, VB e HX(Q)NW,

IBllz < er(m)|BlSqlBli e, VB e HY(Q),

b(u,v,w) = -b(u,w,v), Vu, v, weX, (2.1)
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[b(u, v, w)| < No||Vul
|d(u,B, C)| < Ny||Vu]

IVwlo.0, Vu, v, w e X,
IVxClloa, YVueX, B, CeW,

0.2[Vvlloe
0.2[VBllo.0

where the two indices a and m are specified by

1 1
a3(2—m> €1[0,1] and m € [2,6].

Here and hereafter, Ny and N7 are positive constants depending on €2, ¢ is used to denote a general positive
constant depending on the data (2, v, i, s), and y(m) and c¢;(m) are positive constants depending on §2 and m.

Let P be an L%-projection operator from L?(Q)3 into H, then we introduce the Stokes operator A; = —PA
with its domain D(A;) = H3(Q) NV and the Maxwell’s operator Ay = P(V x V x —VV:) with its domain
D(As) = H?(Q) N W, Finally, it is easy to show that

(Au,v) = (Vu, Vv) = (A7u, A?v) Yue D(A,), veV,
and that for any C € Wy and B € D(A,) satisfying n x V x B =0 on 912,
(4,B,C) = (Vx B,V x C) + (V-B,V-C) = (A2 B, A} C).
Moreover, for some positive constants ¢y and ¢, we have the following estimates

1
1.0 < [|[43Clloa < a1 C|

1
col[vllLa < [Afvloe < allvlia, clC 1,0 ¥WweV, CeW,. (2.2)

Throughout this paper we make the following assumption on the prescribed data for the MHD system
(1.3)—(1.4), which specifies the regularity of the data needed for our major results.

Assumption 2.1. The initial data ug € D(A;), Bg € D(A3) and the force f meet the following a priori bound
for some generic constant kg:

@) o + 1EO1F 0 + e (0 o + uol3 o + IBoll3 o < Ko

Here and hereafter, x and k; for i > 0 are generic positive constants depending only on the given data
(V7M7SaﬂaT7u07B07f)-

Assumption 2.1 ensures the existence of a unique strong solution to the problem (1.3)—(1.4) on some small
time interval [0, T] such that (¢f. Thm. 3.2 [26])

ue C([0,T); V)N L20,T; H*(Q)?), pe xL*0,T; H'(Q) N M),

B € C([0,T); Wo) N L*(0, T; H*(2)),

and u, € L?(0,T;H), B, € L*(0,T;H), and the equations (1.3)—(1.4) hold for almost all ¢ € [0,T). But for
two dimensions, or three dimensions when the data ug, By, f are sufficiently small, the solution to the problem
(1.3)—(1.4) exists for any T > 0 and satisfies that [26]

sup ([[Vu(?)]
0

<t<T

0.0+ [[VB(#)llo0) < ro-
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Instead of the condition that the data are sufficiently small in three dimensions, we shall assume in this work

the basic existence of the solution to the problem (1.3)—(1.4) on some interval [0,7) and the following a priori
estimate:

Assumption 2.2. There exists a unique solution (u(t),p(t),B(t)) € X x M x W to the system (1.3)—(1.4),
and it satisfies the regularity

T
/O (IVu(®)lo.0 + IV x B(#)[g,0)dt < .
Furthermore, we know the following results [5, 8, 9, 14, 26].

Assumption 2.3. There exists a unique solution to the steady Stokes problem
—Av+Vg=g, V-v=0in Q,

under the conditions v = 0 on dQ and g € H*~2(Q) (k = 2,3), with the a priori estimate:

[vike +llallk-1,0 < cllglk-2.0-

And there exists a unique solution to the Maxwell’s equations
VxVxC—-VV:-C=h, V-C=0 in

under the conditions that n x (V x C) =0, C-n =0 on 92 and h € H*=2(Q) (k = 2,3) with V-h = 0, and
the following a priori estimate holds:

ICllk. < cllhllk—2.0-
It follows from Assumption 2.3 that
[Vll2,0 < clAiv]loe Vv € D(A1);  [|Cll20 < c[|[A2Clloe VC € D(A2). (2.3)

The following useful results can be found in [13].
Lemma 2.4. Under Assumptions 2.1-2.3, it holds for the solution (u(t),p(t),B(t)) to the problem (1.3)-(1.4)
and all t € [0,T] that
[ae(®)1F.0 + 7B (BE o + lu®)Z 0 + IO o + IBE) |20 < &,

t 1 1
/0 (W[l AFue ()5 o + spll A3 Be(s)][5.o)ds < k. (2.4)

With the help of Lemma 2.4 and Assumptions 2.1-2.3, we next derive several more a priori estimates in
three lemmas, which will be needed in our subsequent error estimates of finite element solutions.

Lemma 2.5. Under Assumptions 2.1-2.3, it holds for the solution (u(t),p(t),B(t)) to the problem (1.3)-(1.4)
and all t € [0,T] that
t
[ o)
0

Sat+Ip(s)l3q + IB(s)IE o)ds < & (2.5)
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Proof. Using Assumption 2.3, (2.1)—(2.2) and the Young inequality, we obtain

vu®lag + Ip®) 20 < dlAfw®log + el fB)llna + el () - V)ut) oo
+c|[B(t) x V x B(t) [(u(t) - V)u®)]llo.o +c[VIB(#) x V x B(#)][lo.0

< cl| A7 w () (®)ll.0 + clu®lzal A3 u(®)]og
+elIV x B(t)l|1allAZB(®) 0.0 + clu®) g + | VIBE) x V x B®)][oa,  (26)
WB®)llse < | AFB(#)]lo.0 + [V x (u(t) x B(#)) (u(t) x B(t))llo
< A3 Bi() 0. + cllu(t)l|2 0l AFB()) (u() x BO)og, (2.7)

and the following two terms in (2.6) and (2.7) can be further bounded by

cVIB(t) x V x B()][lo,0 < ¢||[VB|[3]|V x Bl|zs + ¢[[Bl[ = [V(V x B)]| >
< B3 o
c[[V x V x (u(t) x B(t))llo.o = ¢[[V x [(B - V)u(t) — (u(t) - V)B(®))[o.0
< Bl [VVa(t)|lrz + ¢ VB(E) 2 Vu(t)]| Lo
+cl[(u(®) - V)(V x B(t)) O lzalu@)l2,q-

Now the proof of Lemma 2.5 is completed by combining (2.6)—(2.7) with the estimates above and Lemma 2.4. [

Lemma 2.6. Under Assumptions 2.1-2.3, the solution (u(t),p(t), B(t)) to the problem (1.3)-(1.4) satisfies the
following estimate for all t € [0,T) that

o[ AZw, (1), + Tl AT By (1))
+o® @) Zq + PO B30+ IV x B®)3.0]

t
+/O ()Wl A1 (s)l[5 o + Tl A2Bi(5)[5 ) ds

+/ (s)([luee(s)lI5 o + [Bee(s) 3 0)ds < . (2.8)
0

Proof. We differentiate (1.3) and (1.4) with respect to ¢ respectively to obtain for all (v,q,C) € X x M x W
that

(utta V)Q + I/(VUt, VV)Q - (v : Vapt)ﬂ + (vutv Q)Q + b(utv u, V) + b(u, Uy, V)
+7d(v,B,B) + 7d(v,B,B;) = (f;, v)q, (2.9)
(Btt7 C)Q + /,L(V X Bt, V x C)Q — d(ut,B, C) — d(u,Bt, C) = O, (210)

then it follows by taking the sum of (2.9) with (v,q) = (A;u,0) and (2.10) with C = 742B; and using (2.2)
and Young’s inequality that

1d
St o+ Ao + 2 SIATBR

+b(ll, Uy, Alut) + b(ut, u, Alut) + Td(Alut, Bt, B) + Td(Alut, B Bt)

||ft||OQ (2.11)

6.6

—Td(ut,B,AgBt) —Td(u,Bt,AgBt) |
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By means of (2.2)—(2.3) and Young’s inequality again, we derive

1
[b(uz, w, Ayag)| + [b(u, g, Ayug)| < cof[ullz,oll Af urfloollArutllo.o

v 4 1
< —lAw§ o + ;%IIUII%,QIIAf u

)

2
0,0

1
7|d(Arug, By, B)| + 7]d(A1us, B, By)| Bll2,]l43 Btllo.0

IN

TCO||A111t||o,Q

v 4 1
< TﬁllAlutH%,g + ;TQC?)HBIIS,QIIAS B[[5 o
1 1
Tld(ug, B, A2By)| + 7|d(u, By, A2By)| < 7ol A2Befjo,([[ull2,0 + [1Bll2,0) (|A7 wello,e + [[43 Billo,e)
TR
< EHAth 5.0

1 1
b (3o + IBI30) (1A wlg + 45 Bi 2 ).

It follows by combining the above three estimates with (2.11) that

d o2 3 2 2 2
a(||A1 w50+ TIASB5,q) + (W[ Arwl|gq + Tl A2B¢5 o)

1 1
< c(L+ [[ull3 o + IBIZ o) (14T well§ o + 71AZ BellG o) + cl£1[5 o- (2.12)

But multiplying (2.12) by o(t), then integrating with respect to ¢, applying the Gronwall’s lemma and
Lemma 2.5, we come to

t
1 1
o (AFu(B)E o + 7143 B ()] o) +/0 o ()| Arue|§ o + 7ol A2Be|l§ o)ds < &, (2.13)
while using (2.9)—(2.10) and (2.1)—(2.2) we directly see

1 1
uieflo.e < [[fillo. + vl Aruillo.o + cl[Af utlloolullzo + 7| A3 Billo.ol B0,

1
Biello.o < pllA2Btllo.0 + ¢l A7 uillo.ofB

1
2.0 + c[|A3 Billo.o

lufl2,0-

Now we can conclude the desired estimate of Lemma 2.6 by combining these two estimates with (2.13), (2.6)—(2.7)
and Lemma 2.5. O

Lemma 2.7. Under Assumptions 2.1-2.3, the solution (u(t),p(t), B(t)) to the problem (1.3)-(1.4) satisfies the
following estimate for all t € [0,T) that

o () [Iluse ()30 + 7B ()15 0

t 1 1
+/ o (OWIA? e ()[5 o + Tl AF But(5)[5 olds < &, (2.14)
0

t
/0 o*(s)[l[ue(s)lI5 o + Ipe ()13 0 + [1Be ()13 olds

+a?Oflue)Z.0 + o o + IBe(B)lI30] < 5. (2.15)
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Proof. We differentiate (2.9) and (2.10) with respect to t respectively to obtain for all (v,¢,C) € X x M x W
that

(uttt7 V)Q + V(Vutt, VV)Q - (V : Vaptt)Q + (V - Uy, Q)Q + b(um u, V) + Qb(un Uy, V)
+b(u, us, v) + 7d(v, By, B) 4 27d(v, By, By) + 7d(v, B, By) = (fi, v)a, (2.16)
(Bttt7 C)Q + ,u(V X Btt; V x C)Q — d(utt, B, C) — 2d(ut, Bt, C) - d(u, Btt7 C) = 0, (217)

then take the sum of (2.16) with (v, q) = (s, pi) and (2.17) with C = 7By to further derive by using (2.1)
and Young’s inequality that

1d
Sq utt||o oty dtHBttHo o+t TM||A2Btt||o o +b(us, u,u)
+2b(ut7 U, utt) + Td(utt; By, B) + QTd(utta B, Bt) - 27—d(ut» B, Btt) - Td(U, By, Btt)
< 16\|Vutt\|on + 70||ftt||osz (2.18)

By means of (2.2)—(2.3) and Young’s inequality again, we can estimate

b(uss, u,ui)| < collull2,alluo, Q||A2utt||o o< —

< 4
16

4
2(b(ug, ug, ug)| < o V||, Q”A uyello,0 < 16HA uyd o+ c§||Vut||§7Q,

7|d(use, Bye, B)| + 7|d(u, By, Bi )| < TCO(||A§11ttH0 Q||B||2 Q + ||A2Btt||0,ﬂ||u||2,ﬂ)|\Btt||0,ﬂ
HA uttHOQ + ||A Btt”OQ

4 4
B
+ ( 3Bl 0 + Mrconunm)

1 1 1 1
T|d(ug, B, By)| 4 7|d(ug, By, By)| < 7ol A7 ugelfo, Q||A2Bt||g o + 7ol A7 uello.oll A3 By

< 16HA1 utt||0s2+ ||A2Btt||OQ

4 1 4 1 1
+(Grednal Btua,n +ordlatul o ) 141 Bl
Combining the above 4 inequalities with (2.18) leads to

d
||utt||09+u||A utt||09 +7' ||Btt||osz+TMHA Btt||on
S CHfttllo,Q +c(p+ B30+ ||u||2,§2)(Hutt”0,Q +7IBullf o)
1 1
+e(|AFwellf o + 145 Bel[5 o). (2.19)

Now (2.14) follows readily by multiplying (2.19) by o2(t) and then integrating with respect to ¢ and using
Lemma 2.6.

Next we estimate the higher order spatial derivatives of the time derivatives of u, p and B. We can readily
derive from (2.9)-(2.10) and Assumption 2.3 that

viul2,0 + Ipelle < el filloo + clluwllo.o + cll(us - V)ullo.o + cll(u- V)ugo,0

+¢||By x (V x B)|lo,o +¢|B x (V x By) (2.20)
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plBell2.0 < clBullo.o + ¢V x (ur x B)llo.g + ¢V x (u x By)llo.0,

viwls.o+ Ipellze < el fillne + el A2uull 0 + el (w - V)ullo + el (- Vw0
+c|| By x (V x B)|l1,0 + ¢[|[B x (V x By)|

1,9,

1
plIBellz.0 < cl|A3 Billo.o + cl|V x (g x B)[lo.o + ¢V x (u x By)llo.o
+|V x V x (ug x B)lo,o + |V x V x (ux By)|lo,q-

Then we obtain by applying the estimates (2.1)—(2.2) and (2.4) that

(2.21)

(2.22)

(2.23)

1
cll(ug - Viullo.o + ¢l (u- Viufloo < clfuel|zol[Vul| s + cllul[ L= [Vl L2 < cllullz,0l|Af alo.q,

c|Bi x (V x Bllo,o +¢[B x (V x Bi)[oga < ¢[Bl20lA3 Billo,o;

[V x (u x B)flo,o + ¢V x (ux By)llo.o < ¢[[Bl2alAf urllo.q + c/u
c[V[(us - Viulflo.e + ¢ VI(w- Viwlloo < ¢l Vay| rs]|Vul s

1
‘A22Bt||079’

2,0

Felul[pe= [V - Va2 + ¢V - Vug|| 2 luf|

< clluillz,allull2,0,

c[VIB: x (V x B)lllo.0 + ¢|[V[B x (V x Bi)lllo,o < ¢lBil[L= [V X V X B2 + ¢ VB[ 13]|V x B|| s

+¢| VB[ 16|V x Byl s + ¢l Bl |V x V x By 12

c|Bil2lBll2.0;

c[|V x [V x (u; x B)]llo.o < c|lug][<||B|

INIAIA

cllutll2,0(|Bl2,0,
[V x [V x (uxBy)[lo,o =V x [(Be - V)u— (u-V)By)][o,0
VB¢ s[[Vul[ s + ¢ B o=l
+cl[ul[L= |V X Bell1,0 < ¢ By

IN

2,0

|2,Q 11||2,Q-

Combining (2.24) with (2.20)—(2.21) and (2.24) with (2.22)—(2.23) respectively, we come to

w30+ Ipelli o+ IBel3.a < cll fellg.o + clluellf.o + 1Belld.o
te(L+ [[ul3q + IBIZo) (147wl o + 143 B:]13 q).

ez g + Pl + IBel3o < el fell? o + clBuli o
el g + clllul3.o + clBl3.o) (a3 g + [42B:3 o)

20+ 143B:)3q).

1
+e(1+ [[ullz,q + el 42Bllg o) (| A7 u,

Now we multiply (2.25) by o2(¢) and then apply (2.14) to obtain

POl ®3 0+l o + IBe(®)]13 o] < .

and multiply (2.26) by o?(¢), integrate with respect to ¢ and apply (2.14) to derive

/O o?(s)[l[ue(s)ll5 o + ()3 0 + [1Be(s)l13 olds < &,

2.0+ ¢l Ve[| s |[VB| Lo + cflu |2 0Bl >~

(2.24)

(2.25)

(2.26)

(2.27)
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which, along with (2.27), leads to (2.15). O

3. FINITE ELEMENT DISCRETIZATION OF THE MHD SYSTEM

In this section we discuss the finite element spatial discretization of the MHD equations (1.3)—(1.4). We
first introduce the triangulation of the domain (2. For the sake of technical treatments, we assume that the
boundary of domain {2 is a closed polyhedron; the actual curved smooth boundary case can be treated using
some well-developed technicalities for the smooth boundary (cf.[20]), in combination with the finite element
error estimates established in this work. Let T, be a triangulation of the polyhedral domain (2, and X, C X,
My C M, V;, C Vand W, C W be a set of finite element spaces defined on Tj, satisfying the following basic
approximation properties [2, 6, 7, 10, 14, 15, 29]:

Assumption 3.1. For each v € H/(Q)N'V, ¢ € H=Y(Q)NM and C € H(2) N W, there exist approximations
v € Vy, prqg € My and J,C € Wy, such that for i = 2,3,

IV(v = mnv)lloq < etk v

lias llg = prglloo < eth"Hlglli-1.0,

IV(C = JwC)llon < c1h'™1||C]

Moreover, the following inverse inequalities hold for v, € X}, Cp € W, and 2 < p < ¢ that

IVvillo.e < cth™Hvalloq, Vi€ Xa,

1_1 _
ICkIILe < ch® ) ||Chllrr, [VChlloq < eth™[[Chlloo, Ch € Wi,
and the following inf-sup condition holds

(V- Vi, qn)a
sup ~———

> Billanllo.e Yan € Mp
vneX, 1Vvillon

where ¢; and (7 are two positive constants depending only on (2.
We know the following finite element spaces Xy, M}, V;, and W, fulfil Assumption 3.1 (see, e.g., [3, 7, 23]):

Xy, = {Vh S C(Q) ﬂX;Vh|K S PQ(K)3 VK € 771},
My, ={qn € C(O)NM;qu|x € Pi(K) VK € T},
Vi ={vh € Xp; (V- v, qn)o =0 Vgu € My},

W, ={C, € C(QNW;Cyh|x € Po(K)* VK € Tp,}.

Letting P, be the L2-projection from L?(Q)3 to V}, and Rop, be the L2-projection from L2(2)? to Wy, the
following estimates hold for ¢ = 1, 2,3 by using Assumption 3.1 and the argument of [4]:

||V — PhV| 0,0 + hHV(V — PhV)”O,Q < Cth||V||i7Q, Vv e HZ(Q) n V, (31)
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[IC — R, C|

0,0 + hHV(C — ROhC)”O,Q < Cghi”C”i,Q, vVC e HZ(Q) NWg. (3.2)

With all the preparations above, we can formulate the finite element approximation of the MHD
system (1.3)—(1.4):

Find (up(t), pr(t), Br(t)) € X x My, x Wy, such that uy,(0) = Pyug and By, (0) = RonBo, and the following
equations hold for all (v, g, Cp) € Xp, X My x Wy,

(upe, vi)a +v(Vup, Vvp)a — (V- v, pr)a + (V- un, grn)o

+b(up, up, vp) + sd(vy, By, By) = (f,vy)a, (3.3)
(But; Cr)a + u(V x By, V x Cplo +u(V -By, V- Cp)g
—d(uh,Bh,Ch) =0. (34)

For the subsequent error estimates, we need to introduce several more notation and basic analysis tools. We
shall frequently use the discrete Laplacian —A;, defined by

(—Ahuh,vh) = (Vuh,Vvh) Vuh, vy, € Xy,

and the discrete Stokes operator Aj, := — Py Ay,. We will also apply the following important Gadliardo-Nirenberg
estimates [14, 15]:

1 1
[VVplzs + [Vellze < esl[VVnllgallAnvillg o, IVVallrs < esllAnvillo, v € Vi,
||AhPhV 0,0 < C3HA1V||07Q Vv € D(Al) . (35)
For the space V,, we will often use the discrete norm ||vy||o = ||A§vh||0 for @ € R and any vy, € V. Then we

see
_ 1
Vil = IVVallo, [Ivallz = l[Arvillos IVell-1 = 1A, *Vallo Vvi € Vi

Furthermore, we define a discrete operator Asp, : Wy, — W), by
(AQhBh, Ch)Q = (V x B,V x Ch)Q —+ (V . Bh, AV Ch)Q = (AghBh; Aghch)g
and the discrete norm ||Bp|lo = ||A2%hBh||07Q for any B, € W), and a € R. We clearly see

1
IBAS = IBallg o IBallf = [43,Bn

(2),9 =V x Bh||(2),9 + [V Bh”g,sz»

(Br,Chr)a

_1
IBnll3 = |A2:Bnll, [Bnll-1 = [ 432 Bnlloo = sup T :
AZ,Chllo,0

CrLeEW,,

For the subsequent convenience, we now introduce a discrete Stokes projection and a discrete Maxwell
projection. The discrete Stokes projection (R, Q) is defined as follows: for any given (v, q) € Vx M, Rp(v,q) €
Xy and Qn(v,q) € My, solve for all (¢p,¥n) € Xy x Mj, that

(V(Rh(va q) - V)7 v¢h)Q - (v ! ¢h7 Qh(va Q) - Q)Q + (v ' (Rh(va Q) - V)7¢h)9 =0. (36)
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While the discrete Maxwell projection Rsy, is defined as follows: for any given C € Wy, find Ry, C € W}, such
that for all ¢, € Wy,

(VX (R3C —C),V X ¢p)a+ (V- (RprC—C),V-dp)a=0. (3.7)

The next lemma establishes the important approximation properties of the discrete Stokes and Maxwell
projections (Rp, Qr) and Rap,.

Lemma 3.2. Under Assumptions 2.1-2.3 and 3.1, the following error estimates hold for any (v,q) € (H'(Q) N
X)x (H=YQ)NM) (i =2,3) that

[v—Rn(v,q)llo.o+ V(v = Rn(v,9) 0.0+ [lg — Qn(v,9)[l0.0)
<ch'(|Ivllia +cllalli-1.0), (3.8)

and for any C € H=Y(Q) N Wy (i =2,3) that
IC = RarCllo.o + AllIV x (C = RanC)lloa + |V (C = RanC)llo.] < ch'[[Clli 0. (3.9)

Proof. For simplicity we write Ry, = Ry (v,q) and Qn = Qr(v,q) below. By taking ¢, = P,v — Ry, and vy, =
prq — Qn in (3.6), we obtain

SUVEY — BB + V(v — B)lBg) — (V- (Pav = Ri),a — prade
= IV = Pav) R (3.10)
Noting that
(V (Pov = B = pradal < 719 (Bav = Bl + cla — pralid o
we deduce from (3.10) that
19(v = )0 < el V(v = Piv)lBg + ella — pralB o (3.11)

On the other hand, we derive from (3.6) and Assumption 3.1 that

0.0 < g — prallo.a + llong — Qnllo.o
< cllg = prallo,o + c[V(v = Rhn)llo,0- (3.12)

||q— Qh

To further estimate ||v — RhHO,Q, we apply the duality argument. Let (w,r) € X x M be the unique solution
of the auxiliary Stokes equations:

~AwW—-Vr=v—R,, V-w=0 in Q.
By Assumption 2.3, there holds

Iwllz + 710 < llv = Rullo0- (3.13)
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Now by integrating by parts, we can write

v —Rulg o= (V(v—Rp),VW)a+ (V- (v—Rp),r)o— (V- w,q—Qpn)a. (3.14)
Summing the above relation with (3.6) for (én,¥n) = (mpw, ppr), then using (3.13), we derive

IV = Rulls.0 = (V(v = Rp), V(W = maw))a + (V- (v = Rp),” = pur)a
—(V - (w—mw),q = Qn)a
<c(IV(v = Ru)llo. + llg — Qulloo)(IV(W = maw)la + |7 — purlla)
< ch(|V(v = Ru)lloe + llg = Qullo.o) (Wl + v rlie)
< ch(|V(v = RBi)lloga + llg — Qnllo.a)llv — Rallo.o- (3.15)

Clearly (3.8) follows by combining (3.15) with (3.11)—(3.12) and applying (3.1) and 3.1.
It remains to show (3.9). We first take ®;, = R, C — R, C in (3.7) to obtain

1
§(W x (RonC — RonC) 5.0 + IV X (R2nC — C)[13 )
1
5V - (R2nC — RonC)l5.0 + IV - (R21C — C)[13.)

< 5(IV x (RorC = Q)5 o + |V (RorC = C)I[§ 0)-

NN

Combining the above estimate with (2.1) we readily see
I9(C — RnO)lloa < ¢ |[V(C — RonC) 2 (3.16)

Next we shall use the duality argument again to estimate the L?-norm ||C — Ry, Cllp.q. Let w € Wy be the
unique solution to the auxiliary elliptic system

VXxVxw=C—-RyC, V-w=0 in
with the boundary conditions n x (V x w) =0 and w - n = 0 on 9. By Assumption 2.3,
[wll2.0 < ¢[|C = RanCllo.o- (3.17)
Now by integrating by parts we can write
|IC = RonCll§q = (V x (C = RoiC),V x W) + (V- (C = R,C),V - w). (3.18)
Then by summing (3.18) and (3.7) with ¢, = J,w, and using (3.17) and 3.1, we deduce

IC — RonCllg o = (V X (C = R3,C), V X (W — Jyw))q
+(V . (C — RQhC), V- (W — JhW))Q
< ¢||V(C = RonC) ool V(W — Jpw)

0,0 |0,Q
< ch|V(C = RanC)llo.alwll2.0
S ChHV(C - RQhC)| ()’QHC - RQhCHO’Q. (319)

Clearly (3.9) is now a direct consequence of (3.19), (3.16) and (3.2). O
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The following lemma presents some approximation properties that are crucial to our subsequent finite element
error estimates.

Lemma 3.3. Under Assumptions 2.1-2.8 and 3.1, the following error estimates hold for i = 2,3,

HA;lPhAlv —vloa+ h||V(A,:1PhA1V —V)|lo.a < ChiHV||i7Q,

)
||A1_1PAth — Vj |0,Q + hHV(Al_lPAth — Vh)”()ﬂ S ChiHVh”i7 (320)
|43, RonA2C = Clloo + 1|V (A3, RonA2C = C)lo,a < ch'[|Clli 0,
|A5 P A2, Ch — Chllo.o + b V(A3 PA2,Cr — Ch)llo.a < ch?||Chlli - (3.21)

Proof. For a given vector function g € L%(Q)3, we consider the variational formulation of the Stokes equations:
Find (v,q) € X x M such that

(Vv,Vw)a — (V-w,q)a+ (V- -v,¥)g = (g wW)a YV(w,¢¥)eXxM, (3.22)
and its finite element approximation: Find (v, qn) € X5 X M}, such that

(Vvi, Vwi)a = (V-wi,qn)o + (V- v, ¥n)a = (8, Wn)a YV (dn,n) € X, x My, (3.23)

It is easy to see that the above two pairs of solutions (v,q) € X x M and (vp,qp) € Xp x My, satisfy (3.6),
namely (vp,qpn) € Xp, X M}, is the Stokes projection of (v,q) € V x M.
Taking g = A;v in (3.23), we see vj, = A} ' P, A;v. Then the results of Lemma 3.1 imply

|4, Py Avv — Voo + B V(A Py Arv — V)00
= |lon = V]o.e + 2V (vh = V)llo,0 < chi[|v]]i. (3.24)

Similarly, taking g = Apvy, in (3.22), we know v = Al_lPAhvh. This, with Lemma 3.2 and Assumption 2.3,
yields

AT PARvy = villogo + RV (AT PARvy, — v
0,0 T AIV(vh = v)[loa < ch'|[v]ia
< ch'(|glli—2.0 = ch'[|Apvalli—2 < ch'||vali,

0,0

=|vh—v
which, along with (3.24), implies (3.20).

Now for a given h € H, we consider the Maxwell’s problem: Find C € W such that
VxVxC=h, V-C=0 in  and nxVxC=0 on 99, (3.25)

and its finite element approximation: Find Cj; € W, such that

(V-Cy, V- (bh)Q + (V x Cp, V X <I>h) =(h,®y)q VP, W,. (3.26)
Tt is ready to see from the above two equations and (3.7) that Cj, € Wy, is the Maxwell’s projection of C € W.
Next by setting h = A5 C, we can immediately see from (3.26) that Cj, = A2_h1 Ry, A>C. Then it follows from

Lemma 3.2 that

145, RonA2C = Clloa + h[|V x (A3 RonA2C = C)loq + 1|V - (Az, RonA2C — C)lo.0
=[Cn = Clloa + AV x (Ch = C)lo,a + IV (Cr = C)llo,0) < ch'[[Cli 0. (3.27)
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Similarly, by setting h = A5, C},, we see readily from (3.25) that C = A;lPAghCh. Then it follows from
Lemma 3.2 and Assumption 2.3 that

|A3 ' PA2,Cr — Chllo.a + ||V x (A3 PA2,Cr — Ch)llo.a + 2|V - (A5 PA2,Ch — Ch) 0.
= ||Ch — Cllo,o + A[|V x (Ch — C)[lo,.a + h|V - (Cr — C)llo.
< ch'[|Cllia < ch'|hfi—2.0 < ch'||A2nChlli—2 < ch'[|Chlli

which, along with (3.27) and (2.1), gives (3.21). O

Theorem 3.4. Under Assumptions 2.1-2.3 and 3.1, the solution (uy,, pp, Byp) to the system (3.3)—(3.4) satisfies
the following stability estimate

t
[un ()5 o + TIBa®)5 o +/O WIIVun(s)l[5 o + Tull VBa(s)[§ olds < . (3.28)

Proof. Summing (3.3) with (vp,gr) = (up,pr) and (3.4) with C, = 7Bj,, we obtain the identity

1d Td

s Sl o + I VulRa + 2 S IBl o + mlV X Bl o+ 7V Buldo = (Fwde,  (329)
then applying Young’s inequality,

d 2 2 2 2 2 2

g lanello. + 7lBullo o) + v[Vuslls o + 7ullV x Brllo.q + 7ullV - Brllg o < cllfllo - (3.30)

Integrating both sides of the above inequality from 0 to ¢, we come to

t
)2+ TIBa(B) 2.0 + v / [ Vun (3)]12 o ds
t
s / IV x Bu()[2 + [V - Bu(s)[2 olds
T
< Juol2o + 7| BolZg + / I£]2.0ds.
for all ¢ € [0, T], which, along with (2.1), implies (3.28). O

4. L2-NORM ERROR ESTIMATES OF THE FINITE ELEMENT SOLUTION

We are now ready to derive a series of L2-norm error estimates for the finite element solution (uy, ps, Bp,) to
the system (3.3)—(3.4).

Lemma 4.1. Under Assumptions 2.1-2.3 and 3.1, the finite element solution (up, py, Bp) to the system (3.3)-
(3.4) satisfies the following error estimate:

/0 WV (un(s) = u(s))l[§ o + TullV(B(s) = Bu(s))[1§ o]ds

Hun(t) —u@)llg o + 7IB() — Br(®)llg o < £ h*. (4.1)
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Proof. Setting e;, = Pyu —uy, N = prp — Pr, €n = RopnB — By, we derive readily from (1.3)—(1.4) and (3.3)—
(3.4) that
0
a(u —up), vy | +v(Va—u),Vvp)o = (V-vi,p—pr)a+ (V-en qn)a
Q

+b(u —up,u,vy) +b(u,u —up, vy) — b(u — up,u —up, vp)
+Td(Vh,B — By, B) + Td(Vh, B,B— Bh)

—Td(Vh,B - Bh, B - Bh) = 0, (42)
0
<8t (B Bh) Ch> + ,LL(V X (B — Bh)7 V x Ch)Q + u(V . (B — Bh), AV Ch)Q
Q
—d(u — Up, B7 Ch) — d(u, B — Bh, Ch)
+d(u—uh,B—Bh7Ch) =0. (4.3)

Taking (va,qrn) = (en,nr) and Cp, = 7¢p, in (4.2) and (4.3), then adding up the resultant equations, we obtain

s Slenla+ ol
2 q¢ 1m0

(u—w)l5 o)+ Hfhllo A (IIV < enllfo + IV x (B =B q)

2 dt
—i_7(||V . €h||0,ﬂ + Hv . (B - Bh)HO,Q) + b(u — Up, U, eh) + b(ll, u — Up, eh) - b(u — Up, 1 — Phu7 eh)
+Td(€h7B — Bh,B> + Td(eh,B,B —Bp) +7d(u— Pu,B-—B,,B — Bh)
—Td(ll — Up, B,Eh) - Td(ll, B - Bh,Sh) - Td(ll — Up, B - Bh, B - RohB)

-
< SIV=Pa)l§o = (V- en pnp —pla+ #(HV x (B = RornB)[§ o + IV - (B — RonB)[; c)- (4.4)

[VIIN

But by means of the estimates (2.1)—(2.2), (3.1)—(3.2), (3.5) and Assumption 3.1, we deduce

[b(u — up, u, ep) +b(u, u —up, er)| < col| V(u—uy)lo.ellull2.allenlo.o

< 219 (- un)|

4

=cpllull3 qllenlls o,
v

and the following more estimates:

[b(u — up, u — Ppu,ep)| < Nol[V(a— uh)Ho ol[V(u — Pyu)lfo, sz||V€h||0 )

< col|V(u—up)

4,
<16 (u— Uh)”osﬂ'
T\d(ehvB - By, ) + d(eh,B B - Bh)| < TCo||V€h||0,Q||B||27Q||B - Bh||0,ﬂ

| 4 2.2
- 16
T‘d(u Phu,B — Bh, B — Bh)‘ S TN1||V(U — Phu)||07g||V X (B — Bh)”O’Q
X (|[V(B = RopB)llo,0 + ch ™ |enlo.)
T 4
< TGV B-Blgo+

4
;C?)THV(U — P[5 ollV(B — RonB)|[§ o

7ld(u —up, B, ep) + 7d(u, B — By, e3)|

< 7eo([lu = unllo.oBll2.0 + [ull2.olB = Burllo.o)[IV x enlloo

T 4 4
< < IV xenlga + ;T%IIUII%IIB —Byulfo+ m eI B3 ollu — unllg o,
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7ld(u —up, B — By, B — RopB)| < 7N1 ||V x (B — RopB)lo,ol|V(u — up)
x(||[V(B — ROhB”O,Q + Ch_1||€h

lo,0

0,0Q)

v 472
< —[[V(u—w)[3 o+ 7(63||U||3,Q||€h||3,9 + NPV x (B = RonB) |5 oll V(B — RonB) |5 ),

— 16

v 4
[(V - en, pnp — P)a| < EHV@hH%,gz + —cillp = prplli -

Combining the above estimates and applying (3.2) and 3.1, we derive from (4.4) that

d
i erlbg +llenlsa) + vIV(a—wn)lga+ rullV x (B =Bu)lga < d®)(lenlla + 7lenlde)

+eh([ull o + lIpl3 o + 1BlE o) + ch*([ullf o + B3 o) IB

|§,Qv

with d(t) = c[[[ul|3 o + [|BJ|3,o]. Then integrating the above inequality and using Lemma 2.5,

t
llen (5.0 + Tllen(®)§ o + /O IV —un)llg o + 7ullV x (B = By)|§ olds

t
<+ [ dwllenla + el olds. (45)
Now applying the Gronwall lemma to (4.5) and using Lemma 2.5, we come to
t
len®13.0 + Tllen )5 o +/O IV (a—up)[§ o+ 7ullV x (B = By)ll§ olds < kb, (4.6)

This, combining with Lemma 3.2 and the following estimates from (3.1)—(3.2),

1Pvu(t) —u®)[§ o < ch[[u(t)

0. [RonB = B|§ o < ch'|B3 0,

gives the desired estimate (4.1). O
For our desired results, we need to first establish the following important error estimates for two L?-projections
P, and Rop, in H '-norm.

Lemma 4.2. Under Assumptions 2.1-2.3 and 3.1, the finite element solution (up, pn, Br) to the system (3.3)—
(5.4) satisfies the following error estimate:

[ Pau(t) — up(8)|12) + 7l RonB(t) — Br()[|*

t
4 / Wil — s 3.0 + 7llB — BylZolds < hS. (4.7)
0
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Proof. Taking (vi,qn) = (A; 'en,0) and Cj, = 745,'e, in (4.2) and (4.3) respectively, then adding up the
resultant equations, we derive

S llenly + wlenlld + 25
—l—V(A,:lPhAlu —u,ep)o + T/,L(A;thOhAgB —B,en)a

+b(u — up, u, A;leh) + b(u,u — uy, A;leh) —b(u—up,u—uy, A;leh)

+7d(A; e, B — By, B) +7d(4;, 'e,, B,B — By)

—7d(4; 'en, B — By, B — By) — 7d(u — up, B, A3, ep)

—7rd(u, B — By, Al ep) + 7d(u — up, B — By, A)e) = 0. (4.8)

llenllZy + Trllenlls + (V- (A en), p = prp)e

But by using the estimates (2.1)—(2.2), (3.1)—(3.2), (3.5) and Lemma 3.3, we can deduce

(V- (A, en),p — prp)al = [(V - (A en, — AT ' PALAL  en), p — prp)al

< V3||V(A; en — AT PALA  en)llo.cllp — prpllog
v 4
< coh®|Ipllz,allenllo < EH%H% + ;CghG\\pHg,n,

1/|(A,:1PhA1u —u,ep)al + T,u|(A27th0hA2B —B,en)al

IN

veoh® |ulls.qllenllo + comuh®|Blls.alleno

IN

v St 4

Tllenll + Ellenld + ~3n°lul o
8

+;T€3hGIIBII§,g,

|b(u — up, u, A;leh) + b(u,u — uy, A;leh)

< COHVA;leh

o.ellullz.ellu—unon
14

< -

— 16

lb(u — up,u—up, A ep)| < 2V (u—up)|lo,ellu — unlloqll4y el

8
(llenlls + la = Prullg.) + —cglulz.allen]2s,

< col|V(u—uyp)lo,ollu—uxloallenllo
v 4
< EHehH% + ;C(ZJHV(U —up)[5.ollu —wnllf o
7|d(4, en, B = By, B) + d(A;, 'en, B,B — By,)| < 7collenl|-1(I|B — RonBllo,o + [lenllo)Bll2.0
8
<

i
16 lenlle + 1B — RonBlg o) + ;Tc(%IIBH%,QHehIIQ_l,

7|d(A,  en, B = By, B = By) < 7collenllolB — BalloallV x (B = By)oq

IN

v 8
E\\@hll% + ;7203HB —BulgllV x (B =Bl a

and we continue to obtain

7ld(u — up, B — By, Ajten)| < 7v2|[u— wp 1o |B — Byl 12|V x Aten|| s
< 7eoh ™% ||V (u — up)llo,ll[|B — Bl
TH
< g (lenll + 1 RouB ~ BIl3 o)

o.llen]l-1

‘5h||2—17

8 _
+;TC§h V(= un)§ o
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7ld(u =y, B, Aylen) + d(u, B — By, Aylen)| < Teollu — uplfo.0lBll2.allenll-1
+7¢o||B — Ballo.allullz.allenll -1

TH v
< 16 (I=rll5 + 1B = RonBIlG,.0) + 75 (lenllg + [[u = Paulg0)

8 8
2 ( 2Bl + MTIIIH%) leals,

v

1RorB — Blloo < ch’||B]3,0.

Combining the estimates above with (4.8) and using (3.1)—(3.2) lead to

3 lenllZ + 7llenllZ0) + vllenlls + rullenls
< d@®)(llenl2y + 7llenl2 1) + ch®(ullf o + lIpll20 + B3 o)
+e([V(u—u)lf o + 1V x (B =Br)l§ o) (u — unllf o + B = Bull§ o), (4.9)

where we have written d(t) = ¢[||lul|3 o, + [IB[|3,o + 2" [V(u — uy)[3 o). Then integrating (4.9) and applying
the Gronwall lemma, Lemmas 2.5 and 4.1, we obtain

t
llen ()12 1 + Tllen(t)]I2 +/0 Wllenllg + rullenlglds

t
< celtateas {h6 / (o + Ip

2o+ Bl + IV x BJ3 q)ds

t
+C/O [IV(u—wn)l5.0 + 1V x (B =Bu)llg o) (u —unl§ o + B - Bhl%,n)]d'o’}

< khS, (4.10)
Now the desired estimate (4.7) follows readily from (3.1)—(3.2), and Lemma 2.5. O

With the results in the previous two lemmas, we are now able to establish one of our major optimal error
estimates in H'-norm.

Theorem 4.3. Under Assumptions 2.1-2.3 and 3.1, the finite element solution (un,pn,Bp) to the system
(3.8)—(3.4) satisfies the following error estimate:

a®)[u(t) —un(®)l[5 o + [1B() — Br®)lI5 o]

+/0 o(s)R?[v||u(t) — un(t)||? + 7| B(t) — Bu(t)||?]ds < kh°. (4.11)

Proof. Setting e, = Rp(u,p) —up, nn = Qn(u,p) — pr, €n = RapnB — By, we deduce from (1.3) to (1.4) and
(3.3)—(3.4) that

(us —upt, vi)a +v(Ven, Vvp)a — (V- vi,mn)a + (V- en, qn)o
+b(u—up,u,vy) +b(u,u —up, vy) — b(u —up,u—up, vp)
+d(v,,B-By,B)+d(v,,B,B—-By)
—d(vy,B—By,B - By) =0, (4.12)
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(Bt —Bpt, Ch)a + (A3 en, A3, Cr)a — u(B — B, Cp)o —d(u —uy,, B, Cy)
—d(u,B —Bh,Ch) +d(u—uh,B—Bh,Ch) =0. (413)

Then taking (vp,qr) = (en,nn) and Cp, = Tep, in (4.12) and (4.13) respectively, and adding up the resultant
equations, we readily see

1d 7 d
2dt 2dt
+b(u—up,u,ep) + b(u,u—up,ep) —b(u—up,u—uy,ep)
+Td(6h,B — Bh,B) + Td(e}“B,B - Bh) - Td(eh,B — Bh,B — Bh)
—7d(u—up,B,ep) — 7d(u, B — By, ep) + 7d(u — up, B — By, ep)
< llue = Rp(ug, po)ljo,ellenllo + 7(Be — RonBello,elleno- (4.14)

llenlld + vllenll + 5 —llenlld + sellenly

But using the estimates (2.1)—(2.2), (3.5) and Assumption 3.1, we can derive

[b(u — up, u, ep)| + [b(w, u —up, en)| < collenl1[ullzollu —uploe

v 4
< Ellehl\?Jr ;chu 5ol =l o,

Ib(u —up,u—up,ep)| < coh™H|V(u—up)llollu—usloaollen

< Llenllt + SR 2190 - w)F gl — wilR g
7|d(en, B =By, B) 4+ d(en, B,B — By)| < mcollen[1[|Bll2./IB — Ballo.o
< Lllenllt + 5 GIBIB g B - Balld o
7ld(en, B — By, B = By)| < 7coh ™ |en[[1[|[V x (B = Bp)llo.2[B — Ballo.e

IN

v 4 _
EH@hH? + ;TQC%h |V x (B = Bu)[§olB - Brll§q

7ld(u —up, B — By, ep)| < 7eoh™ |V (u = up) 0.0 B — Ballo.allenllx

IN

g 4 _
§||Eh||? + ;Tcgh 2V —w)|§olB = Bullf o

and

7|d(u —up,B,ep) + d(u, B — By, ep)| < 7co(|lu—uy,

0.0/IBllz.a + [lull2.oB = Ballo.o)llenll

T 4
< g llenll + ;TC(%(”B”%,QHU —wllg.o + [ul3olB =Bl o).
Applying these estimates to (4.14) yields

d
g (llenlls + 7llenlld) + vlenlli + rullenllt < elllul5q + IBl3.0) (0 = urlg.q + 7B = Byll.0)
+ch 2 (IV(u = w)lf5 o + 1V x (B = Ba)llg o) (u = unllf o + B = Ball§ o)

te(lu — Ri(ue,po)l2g + 1Be — Ron(Be, 50)lI2.0) % (llenll? + Tllenl|?) . (4.15)
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Now multiplying both sides of the above inequality by o(t), we obtain

[o()(llenll§ + TllenllD)] + vo@®)llenlls + Tuo(#)llenl?

co(t)(ull o+ IBl3,0)(lu — upllf o + 1B — Bil[5 o)

+e(|lu—unllg o + 7B = Brllgo + lu = Ru(u,p)[5 o + B — RanBl[5 o)

+ch 2 ([V(u—up)[[5 .o + IV x (B =Ba)[§ o) (lu—un)|f o+ 1B —Bullg o)

+co® () (luy — Ru(ug, pe) 5.0 + 1B — RinBelf o) (4.16)

4
dt
<

Then we may see immediately the desired error estimate (4.11) by integrating both sides of the above inequality
from 0 to ¢, using Assumption 3.1 and Lemmas 2.5-2.6, 3.2 and 4.1-4.2. O

5. (H'-L?)-NORM ERROR ESTIMATES OF THE APPROXIMATE VELOCITY
AND PRESSURE
With the error estimates established in the previous section for the L2-velocity error u — u;, and the L2-
magnetic error B — By, it remains for us to build up the H'- error of the approximate velocity u; and the

L?- error of the approximate pressure py, from the finite element system (3.3)—(3.4). For this purpose, we first
establish two auxiliary error estimates in two lemmas.

Lemma 5.1. Under Assumptions 2.1-2.8 and 3.1, the finite element solution (up,pp,Bp) to the system
(5.8)—(3.4) satisfies the following error estimate:

o (&) [V (Ba(u(t), p(t) — un()I3 o + 741V (R2nB = Bu)lo.0]

t
4 [ o(6) s~ well o + 7IB: ~ Bl s < CBY
0

Proof. For convenience, we set e, = Rp(u,p) —uyp, np = Qn(u,p) — pr, €n = RopB — By,. By taking (v, qn) =
(ent, M) in (4.12) and Cj, = Tep; in (4.13), then adding up the resultant equations, we obtain

vd T d
3di ot
+b(u —up,u,ept) + b(u,u —up, ept) — b(u —up,u—uy, epnt)
—I—Td(eht,B — By, B) + Td(eht, B,B - Bh) — Td(eht, B-B;,B - Bh)
—7d(u —up,B,ept) — 7d(u, B — Bp,ep) + 7d(u — up, B — By, ept)
< Jlue = Ru(ug, pe)llo,ellentllo + 7Bt — RanBillo,ellentlo- (5:2)

llentl§ + Tllentll§ + 5 = lenlli + lenlI?

But by making use of the estimates (2.1)—(2.2), (3.5) and Assumption 3.1, we can achieve the following bounds

[b(u — wp, 0, ene)| + [b(u,u — up, ene)| < coh™ lentllol[ull2,0llu — unlloo

1 _
< TGHGMH% +4cgh? (a3 olla — un§ o
b(u — up,u— up, ep)| < 2|V (u —up)lo,ellu — unllo.allent L

coh™?(|V(u —w)llo.olu — unllo.allento

IN

IN

1 -
Tglentll5 +4cgh™ [V (u = un) 5, 0lla — unlg q,
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T|d(6ht, B - Bh,B) + d(eht, B,B - Bh)| < TCOh71||6ht||0||B — By,

Bl
llenlld + 4r 2 BI ol[B — By o

0,2/|B —Bulloo

S llenlf + 4rhV x (B ~ B[R B ~ Byl o

lo,0

7|d(ent, B —Bp, B — By))|

IN

coh™?[lentllol|V x (B — By)]

IN

7ld(u —up, B, ept) + d(u, B — By, ept)]

TCoh_1(||u — uy|

< 0.2Bll2,0 + [|B = Bullo,allull2.0)llentllo
T _
< gllé‘htll% +4rcgh 2 (Jlu — wnllg oIBl3 0 + 1B — Balg ollull3 ),
7ld(u —up, B = By, ent)| < Teoh 2|V (u = uwp)llo.0B = Ballo.allen o
s _
< gll%llﬁ +4drcgh ™| V(u—up)[§ ol B — Bullf o-
Applying these bounds and Young’s inequality to (5.2), and noting equation (4.13), we derive
d d
lendld + v llenld + rlenl3 + 7 lenll
< 8luy — Ri(ug, pr)|5.q + 87I1B: — RanBillf
+ch 2 ([ul3.0 + IBl3,0)(IB = Bullg .o + lu —usl§ o)
+chH([V(u =)o+ [V x (B =Bu)[5o)(lu—uslf o+ 1B —Bals o),
then multiplying both sides of the above inequality by o(¢) and using Lemma 3.2,
2 2 d 2 2
o (®)(llentllo + Tllentllo) + 3 lo @ ullenlly + Thullenll)]
< (ullenlld + rllenl?)
+ea (O a3 0 + Pl o + 1Bl o + IV x Belli 0]
+eo(Hh2(|[ull3 0 + IBl5.0)(IB = Bullg o + [u—un)|§ o)
+ch™H([[V(a = up)llo.0 + IV x (B —By)|3 o)
X (|u = upllg o + B = Ball§ o) (5.3)

Now the desired estimate (5.1) follows readily by integrating both sides of the inequality above from 0 to ¢ and
using Lemmas 2.6, 3.2, 4.1 and 4.2. O

Lemma 5.2. Under Assumptions 2.1-2.3 and 3.1, the approzimate velocity uy in the system (3.3)-(3.4)
satisfies the following error estimate:

()| u(t) = une(t)[3.0 < KA (5-4)
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Proof. We set e, = Ppu — uy, np = prp — P, then differentiate (4.2) with respect to ¢ to obtain

(entt, vi)a +v(V(us —une), Vvp)a — (V- Vi, pe — pre)a + (V- ent, qn)a
+b(up — upg,u,vy) + b(u —up, uy, ep) + b(ug, u — up, vy) + b(u, uy — up, vip)
—b(us — upt,u — up, vy) — b(u — up, U — Upt, Vi)
+7d(vp,B; — By, B) + 7d(vy,, B — By, By)
+7d(vp, B¢, B —By) + 7d(vy,, B,B; — Bpy)
—7d(vp, By — By, B—B,) —7d(v,,B—B;,B; —By;) =0 (5.5)

for all (v, qn) € Xy, x Mj,. Taking vy, = ey and g, = npe, and using (2.1), we can write

1d

thH entlld.o + 5 (HV(Ut = une)[[§ 0+ llenll?)

(llt — Upt, W, ept) + b — up, uy, epy)

+b(ug, u —up, epnr) + b(u, up — upe, eny)

(ut = Upt, U — Up, €pg) — (0 — Up, U — Up, €nt)
+7d(ept, By — By, B) + 7d(ep, B — By, By)
+7d(ept, By, B —By) + 7d(eps, B, By — Bpy)
—Td(eht, Bt — th B — Bh) — Td(eht, B — Bh, Bt — Bht)

14
= 5lIV(u — Puag)|g o+ (V- en,pr — prpi)a - (5.6)

Now using the estimates (2.1), (3.1)—(3.2) and Lemma 3.2, we can deduce

|(V *€hts Pt — Phpt)

16
| < 16H€htH1 ||pt — PhDt 2,

[b(u —up, ue, epe)| + |b(ug, u — up, epe)| < (u—up)lo
4
< 7HehtH1 CﬁHVutllg,QlIV(u— u)1§ o
|b(uy — upe, u, epe)| + [b(u, up — upe, ept)| <
v 4
< EHehtHf + ;CgHU”g,QHut — upel| g

b — upe, 0 — up, ene)| + [b(w — wp, W — Wngy ene)| < coh™ |V (u—up)l|o,0llwe — unello.ollends

IN

v 4 B
EHehtH% + ;Cgh 2||V(u - uh)||8’9||ut - uht”%,ga
and we continue to derive

7|d(ent, B — By, Bt) + d(ent, B, B — Bp)| < Teoh™

1,0

IN

v 8 _
Eﬂeht”? + ;TQCgh *IBi3 ol B = Bill§q
T|d(ent, Bt — Bpe, B) + d(eps, B, By — Bpy)| < Teollent||1||Bt — Brtllo,ol|Bll2,0
v 8
< E”eht”% + ;TQCgHB”%,Q”Bt - Bht“g,m

7|d(ent, Bt — B, B — By)| < 7coh™ By — Brellool|V x (B — By,) lent |1

v 4
< Ellehtlll +oT 2cgh 2By = Buel§ ollV x (B = B[ o
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7ld(ent, B — By, By — Buy)| < 7V2|ent]| L [|B — B[
x(||V x (Bt — RanBy)lo.0 + ch ™ !||R2nBi — Brillo.o)
< 7eollentll1(IBell1.0 + [V x Bill1,0)[|B = Bhllo,o
+1coh 2| lent| 1Bt — Brello,ol|B — Ballo.o

v 8
< §||6htHf + ;720(2)(||Bt||in +[|V x By
4 _
+;TQC(2)h 4B - Bh||(2),sz||Bt - Bht”(?),sz'

i)IB = Bulio

Applying these estimates to (5.6) and using Assumption 3.1 yield

Cllend < VIV (o~ Pru)lBa+ = lpe — ol
fe(ul o + IBI30)(hu w3 + IB: — Bulo)
reh (il o+ Bal ) (ho — walld o + 1B - Balld o)
+e(BulR g + 1V x BilE 0)B - Bulld o
telulBg + IBlEq + 2190wl
+h7 2|V x (B=B)[[5o+h !B -Bulja)
(e~ uncl g+ 1B~ Bl ) (5.7

Now the estimate (5.4) follows by multiplying both sides of the inequality (5.7) by o%(t), then integrating from
0 to t and using Assumption 3.1, Lemmas 2.6-2.7, 3.2 and Theorem 4.3. O

We are now ready to demonstrate our last error estimate. By applying Assumption 3.1, (2.1) and (4.2), we
find that n, = ppp — pp, satisfies

_ V-V N 9]
el < 81 sup U VuThla
vihEX} vah

0,0

< clluy —uptllo,o + ¢l V(u—un)lloq + ¢ Vullo.ol V(u — us) oo
+¢||Bll2,llB — Ballo,o + ¢l V(u—up)ll3 o
+ch B = Byllo,ol|V x (B = By)llo.q -

Using again Theorem 4.3, Lemmas 4.1, 5.1 and 5.2, we easily see the following estimate:

a®llmllo.e < Klo@®)lue — untlloq + co® )|V (u(t) — un(t))llos
+ca(1)[|B(#)[l2,0B(t) — Br(t)llo,0 + cot)[[V(u(t) — un(t))lls o
+ea(t)h7H[B(t) = Br()]lo,ollV x (B(t) = Bx(t))llo.0
< Kkh?. (5.8)

Then combining this estimate with Theorem 4.3, we come to the following convergence result.

Theorem 5.3. Under Assumptions 2.1-2.3 and 3.1, the approzimate velocity, pressure and magnetic field uy,
pr and By, to the system (3.8)—(3.4) satisfies the following error estimate for all t € (0,T):

o2 (t)[|[u(t) — wp(t)o.0 + VTIB() = Br(t)lo.] + ha(®)[p(t) — pu(t)llog
+o (R V(u(t) — un(®) o + VFRIVBE) — Bu()llo.q] < k3.
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