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AN EFFECTIVE PRECONDITIONER FOR A PML SYSTEM
FOR ELECTROMAGNETIC SCATTERING PROBLEM

Qiya Hu'*, CHUNMEI L1u***, SHI SHU*** AND JUN ZOU®***

Abstract. In this work we are concerned with an efficient numerical solution of a perfectly matched
layer (PML) system for a Maxwell scattering problem. The PML system is discretized by the edge finite
element method, resulting in a symmetric but indefinite complex algebraic system. When the real and
imaginary parts are considered independently, the complex algebraic system can be further transformed
into a real generalized saddle-point system with some special structure. Based on an crucial observation
to its Schur complement, we construct a symmetric and positive definite block diagonal preconditioner
for the saddle-point system. Numerical experiments are presented to demonstrate the effectiveness and
robustness of the new preconditioner.
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1. INTRODUCE

Perfectly matched layer (PML) is a popular and effective technique for truncating an unbounded domain
where an electromagnetic wave scattering problem is defined. It was proposed by Bérenger [2] for the time-
dependent Maxwell equations, in an intention to construct a fictitious layer outside the “region of interest” so
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that plane waves entering the layer can be well absorbed. This approach was developed in terms of a complex
change of variables (or stretching) for the Maxwell problems in frequency domain; see, e.g., [8,9,11,12,17,18].
The well-posedness of the PML system was studied, and the convergence of the PML solution to the one
of the original Maxwell system in the infinite domain was also verified, provided that the truncated domain is
sufficiently large [8,11]. Furthermore, it was also showed in [8,11] that the solution to the original Maxwell system
in infinite domain is preserved by the PML system in the computational domain while it decays exponentially
in the PML layer. Efficient preconditioned iterative methods have been well developed for the elliptic-type
Maxwell’s equations, with nearly optimal convergence rate independent of the mesh size; see, e.g., [13,15,19]
and the references therein. However, not much has been done in literature on fast solvers for a PML system of
the electromagnetic wave scattering problem when it is discretized by the edge finite elements. We are aware
of only the recent work [21] and two works by Botros and Volakis, who presented the GMRES solver coupled
with an approximate inverse preconditioner [6], and proposed some optimal choices of the PML parameters and
tested the numerical performance of the GMRES solver with these parameters [7].

In this work we shall study some fast algorithms for solving the PML system of a Maxwell scattering problem.
As we see, the stiffness matrix of the discrete system resulting from the edge element discretization of the
PML system is complex, and Hermitian but indefinite. When the real and imaginary parts are considered
independently, the complex algebraic system can be further transformed into a real generalized saddle-point
system with a symmetric but indefinite 2 x 2 block coefficient matrix. This coefficient matrix is essentially
different from the coefficient matrices of the standard saddle-point systems arising from, e.g., the Maxwell
system or Navier—Stokes equations: the two diagonal blocks are now both indefinite; the diagonal and off-
diagonal blocks are both obtained from some indefinite curl curl-type second order differential operators. We
shall propose a 2 x 2 block diagonal positive definite preconditioner, whose two diagonal blocks can be viewed as
some regularizations of the diagonal blocks of the coefficient matrix and the Schur complement corresponding to
the saddle-point system. This construction of the preconditioner is based on a crucial observation on the Schur
complement, which has a very complicated structure. Numerical experiments will be presented to demonstrate
the effectiveness and robustness of the new preconditioner.

The rest of the paper is organized as follows. In Section 2, we will introduce the PML equations for a
Maxwell scattering problem and present some approximation results about the PML equations. We shall discuss
in Section 3 the edge finite element discretization of the PML system, then construct two preconditioners
for the discrete edge element system, and provide some analysis on the preconditioners based on a general
framework in Section 4. Finally, we present some numerical examples to illustrate the competitive behavior of
the preconditioners in Section 5.

2. PML SYSTEM AND ITS CONVERGENCE

For the ease of notation, we shall restrict all our discussions from now on in two dimensions, but all the results
can be naturally extended to three dimensions. The theoretical results about the PML system to be introduced
in this section were demonstrated only for three dimensions in [8], but are also true for two dimensions (see
Sect. 7, [8]). So we shall cite these results directly from [8] below.

Let 29 C R? be a bounded domain containing the origin with a boundary Iy, and £2§ the complement of its
closure. Then for a sufficiently large positive constant L, we define three domains §2;, 25 and {23 (see Fig. 1):

“Ql = (_a’7a)2 \ QO» 92 = (_ba b)2 \ [_aa a’]Qv QS = (_La L)2 \ [_bv b}zv

and set 27, = 21 U 25 U (23, with I}, being its boundary.
For a vector-valued function v = (v1,v2)" and a scalar function g, we shall adopt the following conventional

definitions:
t
V><v—8v2 8U1~ V xg= (89 @) .

S or 9y’ dy’ Ox
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(1,1)

{1}

FIGURE 1. The bounded domain 2;,.

In this work, we shall consider the following electromagnetic wave scattering problem by the impenetrable
scatterer {2y [8]:

(2.1)

V x (u7 'V xu) —k?cu= 0 in (2,
u-T=g-1Ton Iy

where 7 is unit tangential vector on I, p and £ are the magnetic permeability and the electric permittivity,
respectively, k is the wavenumber and g is the trace of a function g € H ,.(curl; 2¢) on Iy, where H,.(curl; £2¢)
denotes the set of functions on 2 whose restrictions to £2°N D are in H (curl; £2°N D) for any bounded domain
D. The system (2.1) is often complemented by the Silver—Miiller radiation condition to select the physically
interested outgoing waves [8]:
lim r/2(V x w —iku-7) =0, (2.2)
T—00
where r is the magnitude of the position vector (z,y).
It is easy to see that the system (2.1) reduces to the following one when the medium is homogeneous, i.e.,
p=e=1,

(2.3)

Vx(Vxu)—ku= 0 in 2,
u-n=g-non lp.

Next we introduce the PML approximation of the scattering system (2.1) [8]. For this aim, we define an even
function o € C°(R):
0 for [t| < a,
o(t) = 00@ for a < Jt| < b, (2.4)

b_
00 for |t| > b

for a positive constant oy (the PML strength), and the two functions

dt) =1+z0(t), &(r)= l/oro(t)dt (2.5)

r

where z is a complex number. For z = ¢ or 1 + ¢, we introduce the following complex stretching

T(z,y) = ((L+z0(x))z, (1 +z0(y))y) = (7,9), (2.6)
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which is a transformation between the rectangular coordinate system (z,y) and the complex coordinate system

(Z, 7).
Noting that Maxwell equations is invariant in different coordinates [16], system (2.1) changes to the following
equivalence system after the complex stretching 7" in (2.6):

Vxpu YV xa)—keu= 0 in 02,
N u-T=g- -1on [y, (2.7)
lim 7/2(V x w —iku-7) = 0

T—00

where two operators Vx and Vx in the complex coordinate system (Z,y) are connected respectively with two
operators Vx and Vx in the rectangular coordinate system (x,y) as follows:

Vxw=J'Vx(Bw), Vxw=AV xw, (2.8)
where J, A and B are given by
J=d(z)d(y), A=diag(l/d(y),1/d(z)), B =diag(d(z),d(y))-

Now we introduce a Hilbert space on the unbounded domain §2§:

—

Hy(curl; 2§) = {0 : BO € H,(curl; ), -7 =g -7 on Iy},

and two bilinear forms:

b, w]ng :/Q Jo-wdz, (o, Pl :/m Jouda. (2.9)

.
Then for any w € fAIlOC(curl; 2§) and v € /ﬁo(curl; £25), we have the Green’s formula
[V x @,v]0: = [@,V % v] . (2.10)

Using this integration by parts formula, we derive the variational formulation of (2.7):
Find u € Hg(curl; £2§) such that

A, ¢) =0 VY ¢ € Hy(curl; £20), (2.11)

where the bilinear form g(, -) is given by

A, ) = [V x @,V x Blag — K, ¢o;. (2.12)

Next we will present a few results on the estimates and convergence of the solution to the variational system
(2.11), all under the following condition:

z=14 or z=1+14 and arg(1+ioo)<g~ (2.13)

We have the following well-posedness for the PML scattering problem (2.11) [8].

Corollary 2.1. Under the condition (2.13), there is a unique u € ﬁg(curl; £25) to the system (2.11), and the
solution w coincides with the solution w to (2.3) in 21. And there are constants C > 0 and o > 0 such that the
following stability estimate holds for L > b:

el e ryy < Ce™* gl eurts 2u)-
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Note that the model problem (2.11) is defined on an unbounded domain (2§, which is inconvenient for
numerical computations. Now we truncate (2§ by the bounded domain (27, and accordingly introduce the
following Sobolev spaces on (2 :

ﬁ(curl; 21)=1{60: B0 € H(curl; 2.)},

ﬁg(curl;QL)E{O:BOGH(curl;QL)7 0-Tr=g-Ttonlpyand @ -7=0o0n I}

Then the approximate variational problem of (2.11) on the bounded domain 27, can be formulated as follows:
Find u;, € Hg(curl; £2) such that

Ap(ag, ) =0 V ¢ € Ho(curl; 2), (2.14)
where ZL(-, -) is given by
AVL(’U‘Lv(p) = [M_lﬁ X aln% X d)}QL - [k;2€aL7¢]QL' (2'15)

The system (2.14) has a unique solution provided that L is large enough; see ([8], Thm. 6.1), and this solution
converges to the PML solution on {2, exponentially.

Corollary 2.2 (cf.[8], Thm. 6.2). Under the condition (2.13), there is a positive constant Ly such that for
L > LO;

18— Ll & (enet; 2y < C(Lo)e™ 11l mr(cur; 2,)-

Using Corollaries 2.1 and 2.2, we have the following approximation theory.

Theorem 2.3. Under condition (2.13), the solution uy, to the PML system (2.14) approzimates the solution u
to the system (2.3) in (21 exponentially.:

= L, (et 4y < C(L0)e™ 1G] prgeurt 20)- (2.16)

Noting that the curl operator Vx in equation (2.14) is inconvenient for numerical computations, we will
transform it to the common curl operator V x on {2;,. For this purpose, we introduce a complex Sobolev space:

Hy(curl; 2p) = {u = u, +iu; : u, € Hy (curl; £2),u; € Hy (curl; 21)},
where g, and g, are the real and imaginary part of function g, and (with I = r or )
Hg (curl; 2p) ={v: ve H(cwl; 1), v-7|r, =0, v- 7|, =g, Tl }-

Using the above space and (2.8), we can write (2.14) equivalently as follows:
Find uy, € Hg(curl; 21) such that

a(ur,) =0 V1 € Hy(curl; £2;), (2.17)

where a(-,-) is given by

a(ur, ) = /Q JUY % ur) (VX @)da — k2 /Q (AB)'uy) - %da. (2.18)

L

Without loss of generality, we shall consider only the case with z = 7. Then by direct complex arithmetic
computings, we can write J ! and (AB)~! explicitly as

Jt'=a+iB, (AB)'=D+iE, (2.19)
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where «, 3, D and E are given by

D = diag(dy,da), o=

E = diag(e1,e2), [B=-—

with
o Lrolot) o) =ol)
T T 0 T 1w
gy Lro@ot) o) —o(y).
’ 1+o%(y) ’ ? 14 02(y)

Now we separate the real and imaginary parts of u;, and write wy, as
ur = u, +iu; (2:20)

with u, € Hg (curl; £21) and u; € Hy (curl; £27). Then a straightforward computation gives the equivalent weak
formulation of (2.17):
Find u, € Hy (curl; £2p) and u; € Hy, (curl; £2;) such that

a(ura Ui, djra _djz) = Oa v ’librvd)i € H()(Cllfl; QL)? (221)

where a(u,, u;;,, —p,) is given by

ot —) = [ (0¥ xw)(V x8,) = oY x w)(V x $)da

2r

- /Q (BY % w)(V x ,) + BV x u,)(V x p;))dz

[ (@IDy, - ul Dyy)da
Q2

+k? / (ul Bap, + ul Eap,)dx. (2.22)
2r,

3. EDGE ELEMENT DISCRETIZATION AND PRECONDITIONERS

In this section we shall discuss the edge element discretization of the PML variational system (2.21) and some
effective preconditioners for the discrete system. Assume that (2 is covered by a quasi-uniform triangulation
Ty, of triangular elements, with h being the maximum diameter among all the triangles in 7;,. Let &, be the
set of all edges in the triangulation 7. We will use the lowest order edge elements of the first family for the
discretization:

Vh’g(QL) = {u =u,+iu; : u, € Vh,gr((ZL),ui c Vh,gi(QL)}a (31)
where Vj, g (£21) and Vj, g.(£21) are given by

Vig, (20) ={v: ve H(curl; 21), v|[x € R1 VK € T;
v7le=0 VYecE NI v-Tle=g,-Tle Ve € EnN 1o}

with [ = r and i. Here R is the following space of linear polynomials:
Ri=(Po)e{pe )’ : a-p=0},

where Py and P; are respectively the space of constants and the space of homogeneous linear polynomials.
Similarly, we can define V}, o(f2r).
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Now we can formulate our edge element approximation of the variational problem (2.21): Find w,; €
Vi,g, (21) and u;j, € Vi g, (£21) such that

a(ur,ha Wi h; wr,h’ _wi,h) =0 V w'r‘,h7 wi,h € Vh70(‘QL)' (32)

The major goal of this work is to propose an effective preconditioner for the use in an iterative method for
solving the edge element system (3.2). For the purpose, we first write the system (3.2) in a matrix-vector form.
Let mY be the number of all the edges in 7}, lying inside £2;, and (mj, —m{) be the number of all the edges in
Ty, lying on 0f2p, and z,b{l the jth basis function of the space Vi (£2r) (1 < j < my). Then we can express u, p
and u; p, in (3.2) as

mp, mMhp
_§ j 2 lsd _ Jold
Urp = xfn"/)h and Wi p = E l‘i’l/)h,
j=1 j=1

and their coefficients corresponding to the edges of 7, lying inside {27 as the vector

77 [ K3

12 mh 1 2 mf\ "
X:(Z‘,’,,Z‘,’,,...,l‘rh,l‘» Ty, X, h’) .
With these expressions, we can obtain the matrix-vector form of the weak formulation (3.2):
MX = F, (3.3)

where F'is a vector that absorbs the information of g, and g, on Iy, and M is a 2 x 2 block matrix given by

M= (“g_ﬁ) (34)

with A and B being the stiffness matrices associated respectively with the bilinear forms

st ten) = [ (V) (V 5 8h,) = Do, ) da (3.5)
and
anluin ) = = [ BV ) (V% ) = Ful B, do. (3.6)

The matrix M in (3.4) is symmetric but indefinite. We can observe the following unfavorable features of
matrix M: the coefficient function « in the bilinear form (3.5) may change signs and vanish in some part of (2;
both diagonal blocks A and —A are indefinite themselves; and the off-diagonal blocks B are generated from an
indefinite curl curl-type second order differential operator, similarly to the diagonal block A. So the generalized
saddle-point system (3.3) is essentially different in nature from the standard saddle-point systems arising from,
e.g., the Maxwell system or Navier—Stokes equations. Hence it is rather challenging to construct an efficient
and robust preconditioner for the generalized saddle-point system (3.3).

Next we shall construct a Schur complement-type preconditioner for the saddle-point system. To illustrate
our motivation, we shall first present a simple block-diagonal preconditioner.

3.1. A simple preconditioner

As usual, we assume that the original electromagnetic scattering problem (2.1) and (2.2) has a unique solution,
and so the matrix M is nonsingular. Without loss of generality, we assume that both A and A + BA~!'B are
nonsingular in the rest of the paper; otherwise, both B and B + AB~!'A are nonsingular, and we can then
proceed our study in a similar manner.
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Let A be the stiffness matrix induced by the following bilinear form

aalu,v) = / |a|(V x u)(V x v)de + k;2/ uTDvdxe Vu,v eV o(02L). (3.7)
2 Q

L

It is easy to see that matrix A is symmetric and positive definite. The bilinear form a4 can be viewed as a
regularization of the bilinear form a4 in (3.5), the matrix .4 should be an efficient preconditioner for .A. Then
we may take the following block-diagonal matrix to be a simple preconditioner for M in (3.4):

Kt = (A_l A—1>' (3.8)

Unfortunately, this simple preconditioner does not work well, as we shall see from the numerical experiments
in Section 5. In the next section we will construct a more efficient preconditioner for M.

3.2. A preconditioner based on Schur complement

We can easily see that the Schur complement of the system (3.3) is A + BA~!B. This suggests us a natural
more effective preconditioner than (3.8):

i—1
P (A

However, the inverse of the Schur complement A + BA~!8 is difficult to realize numerically. We shall work out
below an approximation of the Schur complement, which can be implemented much more effectively.

Let I be the identity operator. By the definition of the matrix A in (3.7), the differential operator defining
A can be written in the form:

s (39)

V x (|a|Vx)+ k2D (3.10)
Then the differential operator corresponding to At may be formally, and approximately, written as
(Vx (Ja|Vx))"t +k2D7'T. (3.11)
Similarly, the differential operator defining B can be written in the form
—V x (BVX) + k2E (3.12)

Therefore, the differential operator corresponding to the Schur complement A+BA B may be formally, and
approximately, written in the form

V x (V) + k2D T (3.13)
where & and D are given by
; s(lal +lal71B%) it a # 0
_ P} ;
& = { pt a0 (3.14)
A 1. _ _
D= 5dl&g<d1 + (d1)"Her)?, da + (d2) 1(62)2). (3.15)

Here the factor 1/2 can be viewed as a relaxation parameter, which reflects some balance between two diagonal
blocks in the proposed preconditioner (see below).
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The bilinear form corresponding to the operator (3.13) can be defined by

/ a(V x u)(V x p)dx + k2/ ul Dapda, Vu,p € Vi, 0(92). (3.16)
Qr 2L

Let S be the stiffness matrix associated with this bilinear form, then a preconditioner for M can be defined by

P = (Al 3_1) . (3.17)

Remark 3.1. We can see that both A and S are symmetric and positive definite, and are generated by the
edge element discretization of the elliptic-type Maxwell’s equations. They can be replaced by any other existing
preconditioners for the elliptic-type Maxwell’s equations, for example, the domain decomposition precondi-
tioner [20] or the HX preconditioner [14]. This is an important advantage of the proposed preconditioner for
applications.

4. ANALYSIS

In this section we propose a general framework for the analysis of the efficiency of the preconditions of the
type P in (3.17) for the global system M in (3.3).

4.1. General framework

Let W3, (£21,) be a general two-dimensional vector-valued finite element space associated with the triangulation
75, of domain 27, and A and B be two symmetric (not necessary positive definite) discrete operators mapping
from Wy, (821) to Wy, (£21). Then for any two given functions fr, gn € Wy (£21), we consider the following operator

equation:
() ()= (0): o

We assume that the system (4.18) is uniquely solvable, namely the coefficient operator

A B
w=(5-4)
is nonsingular. Then we can easily check that either both A and A + BA~!'B are nonsingular, or both B and
B + AB7'A are nonsingular. Without loss of generality, we assume that both A and S = A4+ BA™'B are
nonsingular in the rest of this section. For the case when both B and B + AB~!A are nonsingular, we can
proceed our subsequent study in an exact same manner.

Let A, S : Whi(821) — Wr(£2L) be two symmetric and positive definite operators, which are assumed to be
two efficient preconditioners respectively for A and the Schur complement A + BA~!B, that is, the following
conditions hold for A:

[(Ap, )| < Ci(Ap, ) ¥V € Wi(£2), (4.19)
(Ap, ¥)

sup - > 1illell g Vo€ Waf2), (4.20)
PYEW,(21) Hd’HA

while the following conditions hold for S:
(S, )| < Ca(Sp,0) V€ Wi(f21), (4.21)

Se,
sup (5. 9) @ﬂ’) > 1llels Vo€ Walf), (4.22)
S

PEWL(2L)
(A+BA™'B)p,p) < C5(Sp, ) V@ € Wa(12L). (4.23)
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We can easily see from (4.23) and (4.20) that

(BA™'Bep, ) < C3(Sp, ) V@ € Wi(2s),
(ATTAA ¢, 0) <7 (AT ) V€ Wi(921).

)

A=A"3AA3, B=A"3BSH, A=51A5%

Now we define

o]l

~ (121 ) ~ O G | (z‘i
M = , M=M":MM"2=| .
BT

e

where fl, B and /:1 are given by

Theorem 4.1. Let 1, 2 and Cs be three positive numbers satisfying (4.20), (4.22) and (4.24), and v =

C;;I’Yl min{vy1,v2}. Then, it holds that

Mu, v
sup V) ey ¥ e Wi(20) x Wi (22).
wvewn (20)xWi(2) Ivll22(er)

Proof. First, it can be verified directly that
A+ BTA'B=§"%A+BA'B)S 5.
Then we can derive by using (4.20) and (4.22) that

Aep,
sup e ¥) > mllellrz,y Ve € Wh(f2L),
pewn(2:) 1PllL2 o)

((A+ BT A B)p, )

sup > Yallellrza,) Ve € Wi(f2L).
PYeWL(2r) H,(/)”LQ(QL)

This implies that, for any uq,us € Wi (£21,), there are vy, vy € W, (£21,) satisfying

(" s ) () () = () o ()1

with 4 = min{vyi,72}.
It is straightforward to check the following factorization

= (i) (A _<2+BTA1B>> (")

This, along with (4.30), suggests us to define

() (27)-

for any w € Wp,(£21) x Wy, (£21), and to choose v by

(6%77)o= ()

L2(92r) L2(92r)

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)
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Then using (4.30) we deduce

(4.31)

(ég_;j?;) (i) B (Z;) (4.32)

’(/)ZUQ, cp:ul—fl_léuz

which implies that

Tt follows from (4.24) and (4.25) that
(BAT'AAT B, ¢) < 71 'C3(8p,0), Voo € Wa(€22),

or equivalently,
A 1 ~ A 1
(S BAT AN BS 3, 0) < AT Calp) Y € Wi(921), (4.33)
which gives o
A" Bus|| 120,y < 7 ' Callusll L2 (0,)-

Using this, we obtain

lllL20.) = luzllizo,) and el <71 Cs(luallrzcay) + luallzco))-

Then, we can further derive by (4.32) that

_ 1 _ IA'B
lullzacer) <9 CalllunlZaco,) + luzllfae,))® =7'Cs u (4.34)
0 I 14
(£21)
Similarly we can obtain
_ IA'B
vl z2(0,) <71 Cs (0 I )v . (4.35)
L2(21)
Now the desired estimate (4.26) is a direct consequence of (4.31), (4.34) and (4.35). O

Theorem 4.2. Let Cy, 71, Cy and Cs be the positive numbers satisfying (4.19)—(4.21) and (4.24), and C' =
Cgvfl max{C1,Cs}. Then, the following estimate holds

(Mv,v)| < Cllvl|72(0,) Vv EWh(2)x Wa(2). (4.36)
Proof. We can easily see from (4.19) and (4.21) that

(A, @)l < Crllgl ¥ o € Wi(2),
(A+B"A'B)p, @) < Callpl2: Vo € Wi(Q2r):
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Using these two estimates and the following factorization of M,

= (7)) (6777),

we can readily derive the desired estimate as follows:

= 2
~ I A 'B
|(Mv,v)| < max{Cy, s} o < C([on]l? + [lo2]?) = Cllv||72
0 I v2 /|2
where we have used (4.33) to estimate the upper bound of the operator A-'B. O

4.2. An application

If we choose the space W}, (£21) to be the edge element space Vj, o(£21) defined in Section 3, and two discrete
operators A and B such that

() = [ (V% un)(¥ % ) = KDy - 0y
(Bon ) = = [ (B x 0a)(¥ % 40) = K*Evy - )da

for any wp, vn, @5, ¥, € Vio(f2r). Then the edge element system (3.3) can be written in the operator
form (4.18).

Let A and S be the operator forms of the matrices A and S defined in Section 3.2, respectively. Noting that
Vh,0(£2r) is a finite dimensional space, and that both A and S are nonsingular, we can easily know that the
positive numbers 1, 2, Ci, Co Cs satisfying (4.19)—(4.24) always exist, possibly depending on mesh size h
or growing slowly when h decreases. In particular, when these positive numbers are independent of the mesh
size h or grow very slowly (e.g., logarithmically) when h decreases, the preconditioner P in (3.17) will be a
very efficient preconditioner for the matrix M in (3.4). But we are still unable to establish very satisfactory
estimates of these positives numbers for our current choices of Aand S, although our numerical experiments in
the next section suggest the existence of some nice constants which grow very slowly when h decreases. The main
difficulties lie in two facts: (1) the operator A in (4.18) is indefinite itself; (2) the coefficient « in the bilinear
form a4 in (3.5) may change signs and vanish in some part of 2. We are unaware of any existing theories which
may help assess the performance of some preconditioning-type methods for the generalized saddle-point system
like (3.4). It is the first time to provide in this section a set of criteria for such assessments.

The preconditioners A and & we proposed in Section 3.2 which form the global preconditioner P (cf. (3.17))
for matrix M (cf. (3.4)) are just one possible choice. One may apply or construct any other more efficient
preconditioners for matrix M, especially those for which the positive numbers 1, 72, Cy, Cy Cj3 satisfying
(4.19)—(4.24) can be estimated explicitly in terms of h and grow slowly when h decreases. This topic will be
studied further in our future work.

5. NUMERICAL EXPERIMENTS

In this section we present some numerical results to illustrate the effectiveness of the preconditioners intro-
duced in Section 3. We shall take a model example from [8], which is the PML equations to approximate the
electromagnetic scattering problems in two dimensions.

In our experiments, we take the coefficients in the scattering system (2.1) and its boundary data g to be

p=1, e=1, k=1, g=V><[H1(1)(7“)ew]|r0’
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TABLE 1. Number of iterations and CPU times of the MINRES method.

h Iter Time
8/16 3845 2.52(s)
8/32 21815 63.39(s)
8/64 88610 1352.11(s)
8/128 317226  22092.86(s)

where Hl(l)(r) is the Hankel function of first kind. Then the analytic solution to the system (2.1) is given by
u=V x [Hl(l)(r)ew]. Furthermore, we take the PML parameters and the PML domain {2, in Section 2 to be

a=2, b=3, L=4, oo=4, Q= (1,17 02p=(-4,4?\[-1,1

The two components of u, i.e., its real and imaginary parts u,. and u;, are showed in Figures 2 and 3, respectively.

We are interested in the approximate solution to the PML system (2.17) only in the computational domain
21 = (-2,2)%\ [-1,1]% so we will show the edge element PML solution in (21, namely the solution to the
algebraic system (3.3). For solving the edge element system (3.3), we use the MINRES method without any
preconditioner and the preconditioned MINRES method with the preconditioners introduced in Section 3, and
compare the performance of these two methods. The iterations are terminated when the relative L?-norm of
the residual falls below 1076, and the number of iterations and the required CPU times are reported.

In Table 1, we can see the numbers of iterations and the required CPU times with different mesh sizes when
the MINRES method is applied without any preconditioner.

We may observe from Table 1 that the condition number of the matrix M grows quickly as the mesh size h
reduces, so the MINRES method (without any preconditioner) is quite expensive and impractical for solving
such a PML system like (3.3) when the system is of large size.

Next we shall test the performance of two preconditioners, the simple block-diagonal preconditioner K in (3.8)
and the Schur complement-type preconditioner Pin (3.17), when they are used with the preconditioned MINRES
method for solving the PML system (3.3). As our aim is to find the effectiveness of the proposed preconditioners
and do not study the further preconditioning for the preconditioners A or & used in (3.17), we shall implement
the actions of A~' and S~! by the PCG iteration with the HX preconditioner [14], whose action involves the
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TABLE 2. Number of iterations and CPU times of the MINRES method with preconditioner K.

h Iter Time
8/16 121 2.76(s)
8/32 169 16.02(s)
8/64 342  148.85(s)
8/128 677  2078.92(s)
8/256 >10*

TABLE 3. Errors of the PML edge element solutions.

h lu —unllo,e, Ratio ||lu — un|lg(curi;o,) Ratio
8/16 6.0118e-1 6.8581e-1
8/32 3.1081e-1 1.93 3.4915e-1 1.96
8/64 1.5672e-1 1.98 1.7475e-1 2.00
8/128 7.8556e-2 2.00 8.7496e-2 2.00
8/256 3.9303e-2 2.00 4.3766e-2 2.00
8/512 1.9654e-2 2.00 2.1884e-2 2.00

solutions of three simple elliptic equations by the algebraic multigrid method. This makes the implementation
of the preconditioner P very convenient and computationally cheap.

We first solve the PML edge element system (3.3) by the preconditioned MINRES method with the simple
block-diagonal preconditioner X in (3.8). The number of iterations and the CPU times are reported in Table 2,
where Tter stands for the iteration counts of the preconditioned MINIRES method for solving the system (3.3).

We can see from Tables 1 and 2 that the preconditioned MINRES method with the simple block-diagonal
preconditioner I outperforms essentially the MINRES method without any preconditioner. But the convergence
of the former deteriorates still rapidly when the mesh size reduces.

Now we solve the system (3.3) by the preconditioned MINRES method with the new Schur complement
preconditioner P in (3.17). The errors of the PML edge element solutions are listed in Table 3, from which we
can see that the PML edge element solution converges optimally (with first order accuracy) in both L?-norm
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and H (curl)-norm. Furthermore, we have shown the two complements of the real part w,; and the imaginary
part w; ; of the edge element solution uy; see Figures 4 and 5. Comparing these two figures with Figures 2
and 3, we can see that the PML edge element solution u;, approximates the analytic solution u well.

The number of iterations and the CPU times are reported in Table 4. We can see from Table 4 that the
new Schur complement-type preconditioner Pin (3.17) performs very well, and is much more effective than the
simple block-diagonal preconditioner K in (3.8) when the discrete system becomes large. And most importantly,
the number of iterations becomes more stabilized when the meshes are fine enough. Especially, we can see that
the number of iterations for the coarse mesh h = 8/64 is nearly the same as the number of iterations for the
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TABLE 4. Number of iterations and CPU times of the MINRES method with preconditioner P.

h Iter Time
8/16 128 3.65(s)
8/32 166 16.81(s)
8/64 248  112.00(s)
8/128 149  460.69(s)
8/256 164  2705.72(s)
8/512 253  20864.19(s)

much finer mesh A = 8/512, which results in a quite large discrete PML system, with a total number of degrees
of freedom being 1472000. The convergence of this type in terms of mesh size is what we like to see in most
applications.
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