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Abstract: An error estimate is presented for the Newton iterative Crank—Nicolson finite element method for
the nonlinear Schrodinger equation, fully discretized by quadrature, without restriction on the grid ratio
between temporal step size and spatial mesh size. It is shown that the Newton iterative solution converges
double exponentially with respect to the number of iterations to the solution of the implicit Crank—Nicolson
method uniformly for all time levels, with optimal convergence in both space and time.
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1 Introduction

We consider the initial-boundary value problem of the nonlinear Schrédinger (NLS) equation

0 + Au+ f(Jul®)u =0 in Q x (0, TJ,
u=0 on oQ x (0, T], (1.1)
u=up on Q2 x {0}
in a convex polygonal or polyhedral domain Q c R?, d € {2, 3}, with boundary 02, where i = V~1 is the
imaginary unit and u: Q x (0, T] — C is the complex-valued unknown solution, and f: R — R is a real-

valued function as the derivative of a potential function F: R — R. The solution of the NLS equation (1.1)
has conserved mass and energy, i.e.,

% Jlul2 dx =0 (mass conservation), (1.2)
Q
d (1 2 2 :
I J E[|vu| —F(lul*)]dx =0 (energy conservation). (1.3)
0

In numerical computation, it is also desirable to preserve the mass and energy conservation proper-
ties (1.2)-(1.3), especially in simulating soliton waves or blow-up phenomena. The most popular numerical
method which conserves both mass and energy is the modified Crank-Nicolson (CN) method, which was ini-
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tially introduced by Delfour, Fortin and Payre [9] in 1981 for the NLS equation with the specific nonlinearity
1
f(lul®) = +julP! and F(ul?) = +p ) [ulP*! forp > 1.

The modified CN method was generalized by Sanz-Serna [22] in 1984 to the NLS equation with general non-
linearity. Based on the formulation of Sanz-Serna [22], the modified CN method with finite element method
(FEM) in space approximates (1.1) as follows.

For a given uh ! in a finite element subspace Sy, ¢ Hé(()), find ug € Sy such that

ult -yt ul 4+t ; +u”1
("%,vh)—(V%,wh%(ﬂmmz,m PRIy =0 (1.4)

holds for all test functions vy € Sp, where the nonlinear term f (¢, n) is defined by

F(§) - F(n)
f(¢n )——’2

1
; jf((l _6)¢+6n)d6 forall {,n € R". (1.5)
0

The solution of the implicit CN-FEM (1.4) conserves both mass and energy, i.e.,

J‘IuZI2 dx = Jlu 112 dx,

0] 0
1 1
j SV = R )] e = j SV 2~ F(ug ') dx.
Q Q

The method has become popular and is widely used in the solution of the NLS equation combined with
different spatial discretization methods; see [2, 5-7].
Under a grid-ratio condition 7 = o(h), optimal-order convergence of the implicit CN-FEM was proved
in[22],i.e.,
luf = u(ta)l2 < C(r% + A, (1.6)

where r denotes the degree of finite elements in space. For the specific cubic NLS equation, Akrivis, Dou-
galis and Karakashian [3] proved optimal-order convergence of the implicit CN-FEM and the Newton iteration
scheme under a weaker grid-ratio condition 7 = o(hg) If the solution of the NLS equation is sufficiently
smooth, then for any given number ¢, it was shown that the Newton iterative solution uj ¢ obtained by
¢ iterations at every time level has the following error bound:

e ~ ufllz < Co(r® + BT, (1.7)

where uj denotes the solution of the implicit CN-FEM. This proves optimal convergence of the Newton
iterative solution uj ¢ with respect to the time step size and spatial mesh size. However, the constant in
estimate (1.7) depends implicitly on the number of Newton iterations, and we do not really know how the
number of Newton iterations may affect the conservation of both mass and energy as well as the actual
numerical accuracy of finite element solutions. It is mathematically and physically important whether the
Newton iterative solutions meet the conservation of both mass and energy up to a desired double exponen-
tial accuracy, and indeed converge double exponentially with respect to the number of iterations uniformly
for all time levels, without being affected by the time stepping methods as well as numerical integration.
This question is still open, not only for the NLS equation but also for other important physical nonlinear
evolutionary PDEs. This will be our main motivation and focus of the current work.

Karakashian and Makridakis [18, 19] proved high-order convergence of continuous and discontinuous
space-time Galerkin FEMs for the cubic NLS equation under a weaker grid-ratio condition 7%~|In h| — 0 in
two dimensions, where k > 2 is the degree of finite elements in time. For the defocusing cubic NLS equa-
tion (or the focusing cubic NLS equation with sufficiently small initial data), error estimates were established
without grid-ratio condition in [14, 25] by using the energy conservation of the numerical scheme. For gen-
eral nonlinearity (possibly focusing), Wang [24] proved the optimal convergence (1.6) for a linearized CN-
FEM without grid-ratio conditions. Henning and Peterseim [17] established an error estimate for the implicit
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CN-FEM without grid-ratio conditions. Both [17, 24] use an error splitting approach, in which the authors
established a 7-independent regularity estimate for the temporally semidiscrete solution and then compared
the fully discrete solution with the temporally semidiscrete solution by using the established regularity. By
this approach, they avoided grid-ratio conditions in using the inverse inequality.

To our knowledge, all the existing mass- and energy-conserving methods have at most second-order
accuracy in time; see the discussion of this topic in [13]. It was shown in [12] that a nonlinearly implicit SAV-
Gauss collocation method for the NLS equation, by using the recently developed SAV techniques in [23], can
achieve arbitrarily high-order accuracy while preserving the conservation of mass and the SAV energy. The
convergence of Newton iterative solutions in the SAV-Gauss collocation method with respect to the number
of iterations uniformly for all time levels is still not available.

In this paper, we present more delicate analysis for the Newton iterative CN-FEM, fully discretized by
a simple quadrature rule, with £ Newton iterations at every time level. For linear FEMs we improve result (1.7)
to the following double exponential convergence:

I - ullg: < [C(x2 + k2> 1 (1.8)

in H! norm for any ¢ > 2, with a constant C independent of 7, h, £ and n (but it may depend on T). As far as

we know, this is the first rigorous justification of the double exponential convergence of the Newton iteration

for the time-dependent NLS equation uniformly for all time levels. In fact, there are no similar results in the
literature for any other nonlinearly implicit schemes for important physical nonlinear evolution PDEs. As
we see, estimate (1.8) further implies that the Newton iterative solution almost preserves mass and energy

conservation, with double exponential accuracy in ¢; see Corollary 2.1.

For semilinear elliptic equations, the convergence and adaptivity procedure of the Newton iterative
methods have already been discussed in the literature; for example, see [4, 10]. However, the convergence
analysis of Newton iterative methods for the time-dependent NLS turns out to be much more involved due to
the following features of the NLS equation.

(1) The nonlinear function f may not be globally Lipschitz continuous (only locally Lipschitz continuous).
As a result, the second-order derivative is f is bounded only if the argument inside f (i.e., the numerical
solution) is bounded in L* uniformly with respect to h and 7. This requires us to work in a norm which
is stronger than L in the analysis of the Newton iterative methods.

(2) The NLS equation is a wave equation, and it does not have L™ estimates or smoothing property as
parabolic equations. Therefore, we have to work in H® norm with s > ‘71 in the d-dimensional space (as
H® — L* only for s > g) in the analysis of Newton iterative methods.

(3) In the time level t = t,,, the Newton iteration scheme for solving u;" contains i%u,’f"l on the right-hand
side of the equation, which depends on % This is different from a single elliptic equation, which does not
contain such a factor in the source term. Moreover, there are % different time levels, and therefore, the
errors may accumulate in time in a naive convergence analysis by summing up the errors at all time levels.
Since it is desirable to obtain the convergence analysis independent of %, we have to use an argument
which fully makes use of the evolution structure of a wave equation, instead of analyzing every time level
as an elliptic equation.

Another interesting contribution of this work is to establish the optimal error estimate (1.6) for the implicit CN-

FEM when the piecewise linear FEM is used and the cubic nonlinear term is discretized by a simple quadrature

rule. The optimal error estimate is achieved without any grid-ratio conditions and under the standard H? spa-

tial regularity of the solution. The main difference between our work and [17, 24] is that we established all
the error estimates under the most realistic and practically acceptable situation, that is, for the incomplete

Newton iteration in the nonlinear CN scheme, while Wang [24] considered a linearly implicit scheme (without

iterations) and Henning and Peterseim [17] considered the fully implicit scheme (with exact solutions gener-

ated by infinite Newton iterations). As an intermediate step, we also present an optimal-order error estimate

for a fully implicit CN-FEM with quadrature approximation in the nonlinear terms, while the results in [17]

are for the fully implicit CN-FEM without quadrature.

The rest of this paper is organized as follows. In Section 2, we present our main results on the conver-
gence of numerical solutions given by the implicit CN-FEM with quadrature and Newton iterative method. The
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proofs for the implicit CN-FEM and the Newton iterative method are presented in Sections 3 and 4, respec-
tively. Throughout, we denote by C a generic positive constant which may be different at different occurrences,
but is independent of h, 7, n and k (to be introduced in the proof).

2 Main Results

2.1 Notation

Fors >0and 1 < p < oo, we denote by W*P(Q) the conventional complex-valued Sobolev space of functions
on Q, with abbreviations H3(Q) = W$2(Q) and L?(Q) = WP(Q); see [1]. The space H(l)(Q) consists of func-
tions in H'(Q) vanishing on the boundary 0Q. The space of continuous functions on Q is denoted by C Q).
The inner product on L?(Q) is denoted by

(W, v) := jwv dx forallw,v e L%(Q).
Q
For simplicity of notation, we denote by | - ||;» and | - || gs the norms of LP(Q) and H5(Q), omitting the depen-
dence on Q in the subscripts.

Let S, C Hcl)(Q) and Sy, ¢ Hcl)(Q) be the Lagrange finite element spaces of piecewise linear and quadratic
polynomials, respectively, subject to a quasi-uniform triangulation of the domain , and let Iy, and I}, be the
Lagrange interpolations from C(Q) onto Sy and Sy, respectively.

We shall denote by X the set of all triangles (in 2D) or tetrahedra (in 3D) in the triangulation, and by
(-, +)n aquadrature approximation of the inner product (-, -), defined by

w, V)p = th(vw) dx forallw,v e C(Q). (2.1)
Q
We shall frequently use a discrete Laplacian Ay : Sy — Sp, defined by

(Apwn, vi) = —(Vwy, Vvy) forall wy, v € Sp,
and an induced fractional Sobolev norm | - || H fors € [0, 2] on Sy,

Il == I(=Bp)2val: forall vy € Sp.

2.2 The Numerical Method

Let u$* = Iu®. For given u} "* € Sy, and u” M1 e Sy with 1 < m < € (with ulb® =: u} ™), we consider the

followmg Newton iterative CN-FEM: find u ™M ¢ Sy such that
n-1,¢ n-1,¢

upPm™—u ur™ +u
(1#,%)—@ " h Vvh)
T
n-1,¢

+u
h h
(f(lu;”" T2, ) )—2 ,vh)h

umm _ n,m-1
h h
+ (P2, gty ,vh)h

nml -1,¢

- + u
+(alf(|uz""-1|2,|u,, Lepy Un -

=0 forallvy € Sy. (2.2)

2 Re(up™ Hup™ - ulbm ), vh)
h

In the method above, d1f(|u}"™ |2, [u}~"¥|?) is an abbreviation of the expression

1
Orf(up™ M2, up %) = Jf'((l - Q)™ + OlupP4%) (1 - 6) do,
0
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which can be obtained by differentiating expression (1.5) with respect to |uﬁ|2. The use of quadrature rule
(2.1) in (2.2) is to simplify the implementation of the three nonlinear terms involving f and o1f without
sacrificing the accuracy or the mass/energy conservation, as demonstrated by the subsequent analysis in
this paper.

The linearly implicit method (2.2) can be viewed as the Newton iterative method for the following implicit
CN-FEM with quadrature:

n-1 n-1 n-1

ul'—u ul +u B u +u
(i%, vh> - <V%, Vvh) + (f(IuZIZ, IuZ‘llz)%, vh) =0 forallvyeSn,  (2.3)
h

which is the implicit CN-FEM (1.4) with its cubic nonlinear term approximated by quadrature rule (2.1).

2.3 Main Results

Theorem 2.1. Under the following regularity of the solution to the NLS equation (1.1),
u e W»4(0, T; Hy(Q) n H*(Q)), (2.4)

there exist positive constants 1o and hg such that the following results hold for T < 19 and h < hy.
(i) Implicit CN-FEM with quadrature: (2.3) has a unique solution satisfying

lup —u(tp)lzo < 1, (2.5)
with conservation of mass and energy
JIuZI2 dx = Jlu;l"ll2 dx,
Q Q
1 - 1 _ N _
| SUvag - BuFaug ) = [ S0vuE P - BuF ) dx
Q Q
and the error bound
lul = u(t)ll2 < C(t% + h?). (2.6)
h

Moreover, the solution “Z satisfies
||UZ||Hﬁ <C. 2.7)

(ii) Newton iterative CN-FEM with quadrature: (2.2) has a unique solution, with the following error bound for
£ > 1 (double exponential convergence in £) and s € (g, 2):

€ = ulllzeo + Ul =l + el - ulllgs < C(CT)2 (x2S + h25)7, (2.8)
where C is a constant independent of T, h, € and n (but may depend on T and s).
Remarks on Theorem 2.1. (1) Using the identity
(CT)2€_2 _ (C212)2571—1 _ Cz(Cz;Tz)z‘-’*Z—l(Tz)zf*Z

and the simple estimate
(TZ—S + hZ—S)ZF < (CT8—4S + Ch8—45)2872’

we readily get from (2.8) that
Bt = upllzes + e = wpln + e = upllg < C2(CH7)* " H(CTMO7 + CRIOT49)>
< [C(x? + R3)P ' (2.9)

for s < 2. Hence, the error of Newton iteration is double exponential in £ with base 2 + h?, uniformly for all
time levels (with a constant C independent of n).
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Estimates (2.6) and (2.9) imply, through applying the triangle inequality,
It = w(t)lzz < €T + h?) + CMe,p o7 + 1),

with My ¢ = [C(% + h?)]*" "2, This indicates that the optimal-order accuracy with respect to 7 and h will
not be affected by the incomplete Newton iteration as long as we run at least two iterations (£ > 2) at every
time level.

(2) Theorem 2.1 covers the cases £ > 2. For the special case £ = 1, an L2-norm error estimate

It = u(t)lze < C(x2 + h?)

can also be obtained for method (2.2), similarly to the error analysis for the linearly implicit FEM in [24].
Detailed discussions of £ = 1 are omitted here.

(3) The regularity condition in Theorem 2.1 is slightly weaker than the regularity conditions in [17, 24].
Similar to [17, 24], no grid-ratio condition is required for the error analysis. The error analysis presented here
is for the fully discretized method with quadrature and Newton iteration, which is closer to the result obtained
in practical computation (only the round-off errors are neglected).

Theorem 2.1 implies that the Newton iterative method approximates the solution of the implicit scheme with
double exponential convergence. Hence, the mass and energy conservation can be conserved with an error
bound of O([C(2 + h?)]* ' ~1) as in (2.9). This is stated in the following corollary.

Corollary 2.1. Under the assumptions of Theorem 2.1, the numerical solution given by (2.2) has an approximate
conservation of mass and energy with double exponential accuracy, i.e.,

Jluﬁ’elz dx = Jlugl2 dx + &1,

Q [0}
1 - 1 R
[ SUvag i - Turu 2y ax = [ SUVUS? - TuF(ufiD) de s €3,
Q Q

with errors Y and &Y satisfying |EY| + |E5] < [C(T% + h2)]2'~1, where the constant C is independent of T, h, ¢
and n (but may depend on s and T).

3 Proof of Theorem 2.1 (i): Implicit Scheme with Quadrature

Let Ry, and Py, be the Ritz and L? projections onto the finite element space Sy, respectively,

(V(w — Rpw), Vvp) =0 forallw € Hy(Q), vy € Sp,

(Ww-Ppw,vy) =0 forallw e L?>(Q), vi, € Sp.

The Lagrange interpolation, the Ritz and L? projections have the standard approximation properties (cf. [8]),

lw = Inwllz2 + hllw = Inwllm < Clwlg2h?, forall w € H*(Q) n H{(Q), (3.1)
Iw = Rpwllz2 + hllw = Rpwlg: < Cllwligeh®, 1<k<2, forallwer([))nHé(Q), (3.2)
lw = Pawlzz + hllw = Pawll < Cllwlgeh*, 1<k<2, for all w € H*(Q) n H}(Q),

[Prwllz2 < lwl|r2 forall w € L?(Q).

3.1 Consistency

We derive the consistency error of the CN-FEM (2.3) with quadrature in this section, for which we first present
some important estimates.
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Lemma 3.1. The approximate inner product defined in (2.1) has the following properties:

(W, vionl < Y ChE Wl Vil forall vy € Sy and all w € C(Q),

KeX
[(gwn, vi)ul < Cliglrelwnlz2lvallr: forallwp, vy € Spand all g € C(Q),
(W, Vidn — (W, vi)| < Ch2 Wl Va2 forallw € H*(Q) and all vy, € Sh.

Proof. Notethat I and Iy, are the Lagrange interpolation operators using quadratic and linear finite elements,
respectively. By using the basic stability property IR (wvl reok) < Cllwvpllr= (k) for every element K € K, we
have

[(W, vl =

- d
Y jfh(wvhmx[ < Y ChlwlooIvalliom < Y. Ch2 Wl Ivallowo,
KefKK KeX KeX

where we have used the inverse inequality [[vp |2 < C h* Vil ). Replacing w by gwy, in the inequality
above, we obtain

lgwn, vionl < Y ChAllgllieo IWnllieo o Ivallzowo
KeX

< Clglre Z Iwnllz2@ollvall2xy  (inverse inequality)
KeX

< Cliglzellwnllz2valL:.

This proves the first two results of Lemma 3.1. The third result can be proved as follows:

v = vl = | ¥ [Eatowvn) = wvn)
Ke:KK

> [ (1alow = Dowpwad = v = Towyvi )

KefKK
d
<Ch* Y Y 110;0il(w - Inw)valll2x)
KeX i,j=1
d
<Ch* Y Y 10j0i(w - Inw)l 2o Ivall o
KeX i,j=1 d
+Ch> Y Y 10i(w = Inw)ll2ao 19Vl )
KeX i,j=1

< Ch* Y Wl lvalle g + Ch* Y IWleaoIvala @
KeX KeX

2
< Cholwlm2lvallzz,

where we have used the identity 0;0;(Inw) = 0 in the second to last inequality, and the inverse inequality
IVhllg o < Ch™Yvallr2 k) in deriving the last inequality. O

The following estimates of the interpolation errors will be frequently used in this paper.
Lemma 3.2. For every element K € X, there holds
IV = Invilzeoy < CR2 2 Vi for all v e HA(K), (3.3)

IV = Ruvllio < Ch> % Vlg>  forallv € HX(Q). (3.4)
Proof. The inequality in (3.3) is proved in [8, Corollary 4.4.7], which implies that

IV =Invleo < Ch2 5 vl forallv e H(Q).
Using the inverse inequality, we also have

IRRY = InVlo < Ch™2|Rpv - Ipvl2 < Ch2 2 |v]ly  forallv e H(Q).

Then, by using the triangle inequality, the two estimates above imply (3.4). O
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We are now ready to derive the consistency error of the CN-FEM (2.3) with quadrature. To do so, we let u(t,) be
the exact solution of the NLS equation (1.1) at t = t,,, and uz = Rpu(ty). We ﬁrst consider a quantity I} thatis
defined by the left-hand side of (2.3) with uj and uj; ! replaced by u” h,. and uy [ !, respectively. Then we derive
an equation by taking the value of (1.1) at t = tn_ 1 and replace the time derivative atu(t,,_, ) by the first-order
central difference. Now, taking the L2-inner product of this equation with vy € Sy, adding the resulting equa-
tion to the quantity Iy and making some natural manipulations, we can readily derive the equation for “2,*
by using the definitions of projections Ry, and Py,

n n-1 n n-1
Uy ~Up Up T Up .
i—— vy ) - (V—"on——, VY

T 2
n-1
Up

Filan 12 n-1,2 uﬁ,*+ 5 * n
# (FOup 2 )22 vy ) = (v forall v € S, (3.5)

where d” € Sy, is the consistency error of the CN-FEM with quadrature, defined via a duality pairing

u(ty) —u(tp-1) v > + (iu(tn) - U(ty-1)
T s Vh

~ideu(ty_1), Vh)
T 2

(d", vp) = (i(Rh Py

u(ty) + u(tn 1)

+ | A—————= Au(tn_l),vh)

-1

+
(g P T ), ) M M) )
(

2
F(uttn) 1)) ) fuen )P, )Pt v1)

+ (F(ultn-2)P, luta- )P )ultn-1), va),, = (Flutn-1)1%, [u(tn-1)P)uty-1), va).  (3.6)

+

Lemma 3.3. If the solution of the NLS equation (1.1) has regularity (2.4), then the consistency error d" defined
in (3.6) satisfies the following estimate:

N
T ) Idtle < C(@? + h?).
n=1
Proof. We write I, = [t,_1, tn]. Using regularity (2.4), we know from equation (1.1) that
0 = ~Au — f(Jul®)u € W»1(0, T; L*(Q)) = et € L1(0, T; L*(Q)).
Then the first three terms in (3.6) can be estimated by using Taylor’s formula of integral form, which implies
that (details are omitted)

u(ty) — u(tp-1)
T

(iR - P
l(iu(tn) - u(tp-1)
T

2
,vh)| < Ch2lullwen o, 1ty IVali2,

~i0qu(tn-3), va )| < CrlduaulLi g Valiz,

|(A( u(tn) + u(tn-1)

2 uttn-p)), v )| < Coldvctlusg, ey Wale.

To estimate the fourth and fifth terms in (3.6) (with quadrature), we first use the second result of
Lemma 3.2 to get
d
luft , —u(ty)l < Ch*"2, and therefore |u} |1~ < C.

Then, by using Lemmas 3.1 and 3.2 and the local Lipschitz continuity of f, we have

n-

~ +Uu ~
[ )—h - Fllut) P, luttn-1)P)

-1
< Y chE|fauy 2 P )—*—f(|u(tn 2, lu(ta-1)P?)
KeX

u(ty) +2u(tn_1) ’ Vh)h‘

u(tn) + u(tn—l)"
2 L

Ivallz2 ()
K)
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a _
< Z Ch> (IIuZ’* —u(tp)llpeoxy + ””Z,*l = U(tn-1) o) IvallL2 )
Kek

d _
< Z Chz (lluy , — Inu(tw)leom + lluﬁy*1 = Tnu(tn-1)llreo ) Ivallz )

KeX q
+ Z Ch= (I pu(tn) — u(to)llzeo®y + Inu(tn-1) = u(tn-1)llzeo® ) IvallL2 )

KeX
< Z C(||HZ,* = Tyu(t)lr2 @ + IIuZ"*l = Inu(tn-1)ll2ao) Vel
Kek
+ Z Ch*(llu(t) 2y + luCtn-0) gz a0) vl g
Kek

-1 2
< C(llup,, = Inu(t)liz + lluy ;= Inu(ta-)lz2)Ivalize + Ch*ullzeo(o, 1312 lvall L2
< Ch?|lullpeoo, 1.2y Va2

Similarly, we can derive

u(ty) +u(tp-1)

|(Fuen i, tuen-) 22

— F(lutn )P, 1t D))ty 1), vh)h| < Crldwulls g, Ivalz,

where inequality holds because there are O(h~?) elements in the triangulation K. By using the third result of
Lemma 3.1, we have

|(F(lu(tn-1)17, [u(tn-1)P)utn-1), va), = (F(1ulta- 1)1, u(tn- 1)1 u(tn-1), va)|
< CR?|[f(Ju(tn-1)I%, u(tn- )P u(tn-2)| g2 VRl < CR? (VL2

Substituting all the estimates above into the expression of d" in (3.6), we obtain
1(d?, vi)l < (CTllullwaaq,m2) + CTIOweutllza(r,.r2) + Ch?)Ivaliz2.
By the duality pairing between L2 and itself, the inequality above implies that

Id%lzz < (CTlullwea,m2y + CTIOweulli 12y + Ch?).

Hence,
N N
T Y ldte < Y (CTullweig,me) + CT10uettllL ;) + CTR?)
n=1 n=1
< Ct*(lullwaa o, 1.12) + 19seettllL1 (0, 7.12)) + Ch2.
This proves the desired result of Lemma 3.3. O

3.2 Existence, Uniqueness and Error Estimates
This subsection is divided into four parts. In the first part, we prove a discrete interpolation inequality that
will be frequently used in the subsequent analysis. In the second part, we construct a nonlinear map whose

fixed point is a solution to the implicit CN-FEM. The existence of a fixed point and the error estimates are
presented in the third and fourth parts.

Part I: A Discrete Interpolation Inequality

The following lemma can be proved similarly to [20, Lemma 3.2].

Lemma 3.4 (Discrete Sobolev Interpolation Inequality). We have

1-4 d
Ivallize < Clivall . “1Anvall,  forall vy € Sp.
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Part ll: Construction of a Nonlinear Map Whose Fixed Point Is a Solution

By considering the difference between (2.3) and (3.5), we obtain the following equation for the error
ep =up —up  (recalluy , = Ruu(ty)):

el — en—l el + en—l
(i) = (v )
; ut uf  +up!
(PR, g P — g gt )
2 ’ ’ 2 h
=—(d%,vy) forallvy € Sy. (3.7)

It is easy to see that uj, is a solution of (2.3) if and only if e}, is a solution of (3.7) with uy = uj _ + e}. To prove
the existence of solutions to (3.7) (for sufficiently small T and h), we construct a map M: SN = SV as
follows: for any given w = (W)Y, € (Sp)V, we set

1
¢w] =min(—n,1), (3.8)
maxi<n<n W llLe
and define uj := uy , + ¢p[w]w, forn =1, ..., N. This definition guarantees that
lup —up o<1 forn=1,...,N.

Then we view the two f-involved terms in (3.7) fixed and known from wj and u;;’*, and define (eZ)ﬁ’=1 e (SN
to be the solution of the linear problem (3.7). Since all norms on (Sy)" are equivalent (for fixed T and h), it
is straightforward to verify that this map M is continuous (and therefore compact in the finite-dimensional
space). Next, we prove the existence of a fixed point for the map M by using the following Schaefer fixed point
theorem [11, Chapter 9.2, Theorem 4].

Theorem 3.1. IfM: (Sp)N — (Sp)N is a continuous and compact mapping, and the set
B ={w € (Sp)N : there exists 0 € [0, 1] such that w = OMw} (3.9)

is bounded in (Sp)N, then the map M has at least one fixed point.

We can easily see from Theorem 3.1 that if w is a fixed point of M, then w = Mw. This correspondsto 8 = 1 in
the set B.

Part lll: Boundedness of the Set B

If w=(w)Y_, €B, then w = 6Mw. By denoting e = Mw = (e}))_;, we have w = fe, and therefore, e}l is the
solution of (3.7) with uj = “Z,* + ¢[Oep]0ey, and

n n n
max ||luy —u < ¢[Be] max ||Oe <1
1SnsNII b~ Up e < @l ]lsnsN” plie < 1,

where the last inequality is a result of (3.8). Hence, u = (uﬁ)ﬁ’:l is in an L neighborhood of u, = (uz’*)f:’:1
in (Sp)N. Since uy , is the Ritz projection of u(t,), by using (3.4), we have

d
Iy, = uta)llze < Ch*™2 utn)lls2-
The two estimates above imply that (using the triangle inequality)

max [lup[lz~ < C.
1<n<N

The boundedness of e in (S;)" can be proved by substituting vy = %(eg + e;l”l) into (3.7) and considering
the imaginary part. Then we obtain, by using the local Lipschitz continuity of f and the boundedness of uy
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shown above,

2 1
lefI2, - el 12,

-1 -1 -1
57 < C(lup —up ez + Mup ™" = up Hiz)lep +ef i + 5 I(d*, ep+ep )

2 1
< Cllleyllz> +lley” "Lz)+ I(d*,eh+eh Hl.

Summing up the inequality above forn = 1, ..., k, we have

k
k2 02 2 1 1
lexlz. < leflz. + CT Y (lefl7. + lef 7. + rZ|(d*,eh+e,, )l

n=1

k k

02 2 -1y2
< lleplizz + CT Y leplizz + ey I) + Ct Y Il maxehlz:

n=1 n=1 ==

1
||eh||Lz +Ct Z(ue,,uLz +llep Mz, + C( Zud"an) +5 maxlepll,.

n=1
Since this inequality holds for all 1 < k < N, it follows that

k

-1y2
max Ilehlle < —IlehIILz +Ct Y (lefllf. +llef 7.) + C( Z"dn"LZ) + 5 max ||€hIILz
n=1

Note that the last term above can be absorbed by the left-hand side. Therefore, we have
k k 2
Er?z(”ezuiz <3lleplz. + Ct Y (lefly. + llef 7. + C(T > Ildi‘IILz> :
sns n=1 =
This proves, by using Gronwall’s inequality for sufficiently small step size 1, the following estimate:
N 2
n);2 012 n
gnaglivllehllp < Clleglz + C<T Z”d*"LZ> . (3.10)
By using Lemma 3.3 and ||e2 |2 < Ch?, we obtain
max |left]l2 < C(t? + h?). (3.11)
1<n<N
If T < h, then the application of inverse inequality to (3.11) yields

lel e < Ch-4(e2 + ?) < ch-4

If 7 > h, then (3.11) reduces to [le} |2 < C72. As a result, we have

el —el1
h h -1 1
ll—r “LZ <Crt (||€;11||L2 + ||€;,' llz2) < Crt.

From (3.7), we derive that
-1
ep —€h
I T
< Ct+Ct%+Cld" |12

n n-1
l|Ah eh + eh
2

1 -1
|+ GO~ e+ ™ = w0y + At

By using the triangle inequality, the above estimate implies that
IAreRlzz - IAre) 2 < CT + CT2 + Clld2 2.

Summing up this inequality forn =1, ..., k, with 1 < k < N, we obtain

N
max [Apefll 2 < C+C Y d22 < C+ Ct7l (1% + h?) < C, (3.12)
1<ksN =1
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where we have used Lemma 3.3 in estimating Zﬁ’:l |d™|.2 and used h < Ct in the last inequality. Using the
discrete interpolation inequality in Lemma 3.4, together with (3.11)-(3.12), we have

1-4 d
leflize < Cliepll,> “lAnefl, < C(* + h2)-% < Cr?"? whent > h.
By combining the two cases 7 < h and 7 > h above, we obtain the following result:
lellize < C(r%% + h?7%).

This proves that the set B defined in (3.9) is bounded in (Sx)" in the L norm (and the bound is independent
of T and h). According to Theorem 3.1, the map M has a fixed point, which is denoted below by e = (eZ)f;’:l.
Moreover, when 7 and h are sufficiently small, the inequality above implies

1
leyllze < 5 (3.13)

and therefore 1
d
lup = u(t)llze < lleglie + llup , —u(t)lre < 5t Ch2lu(tn)lg2-

For sufficiently small h, the inequality above implies

lup — u(tn)lzeo < 1. (3.14)

Part IV: Existence and Error Estimate

Inequality (3.13) implies ¢[6e] = 1 according to the definition in (3.8). Therefore, the fixed point e = (eﬁ)ﬁ[:l
of the map M (corresponding to 6 = 1) is actually a solution of (3.7) with uy = “2,* + e}. This proves equiv-
alently the existence of a numerical solution to the implicit scheme (2.3), and the solution satisfies (2.5) in
view of (3.14) as well as estimates (2.6)—(2.7) that follow from (3.11)-(3.12).

Part V: Uniqueness

If there are two solutions of the implicit scheme (2.3) satisfying (2.5), denoted by uj and “Z,* (abusing the

notation), it is direct to verify that the difference ey = uj - uz,* satisfies (3.7) with d" = 0. Then the same

estimate as above yields (3.10), with eg = 0and d" = 0. This proves the uniqueness of the solutions to (2.3).
The first part of Theorem 2.1 is now proved.

4 Proof of Theorem 2.1 (ii): Newton Iteration with Quadrature

4.1 Properties of A, and H; Norm

We demonstrate in this subsection the double exponential convergence of the Newton iterative CN-FEM. To
do so, we first derive some properties of the discrete Laplacian A, and the H;-norm.

LetA;j > Oand ¢j,j = 1, ..., J, be the eigenvalues and L2-normalized eigenfunctions of the operator —Ap.
The fractional power of —Ay, is defined as

J s
(~Ap)Zvy = ZA]? (vh, pj)¢; forall v, € Spandall s € [0, 2].
j=1

The H i norm on Sy, is defined as

J 7
Wallgs = I(=Bn)2 vall = (ZA;l(vh, ¢,~)|2> : (4.1)
j=1
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The next lemma gives a basic interpolation inequality and inverse inequality using H; norm. The proof
of the lemma is presented in the appendix.

Lemma 4.1 (Discrete interpolation and inverse inequalities). The following inequalities hold.
(i) Interpolation inequality:

Valig < Wall2 Vlly, forallva € Syandallo <'s < 2.
(ii) Inverse inequality:
IIVhIIH;z < Ch‘(SZ‘Sl)Ilvhllel forallvy € Spand all0 < sq <sy < 2.
Lemma 4.2. The difference between (=Ap)~2 and (-A)~ meets the estimate
I(=AR) "2 pn = (-A) 2 Pullz> < Cldnllzh®  for all gy € Sy and all s € [0, 2].

Proof. Let wy = (-Ap)"*¢pp and w = (-A)~1¢y. Then wy, is the Ritz projection of w onto the finite element
space. Hence, the following standard error estimates hold:

lwn = wlz2 < Clwlg2h? < Clignliz2h?.
This can be written as
I(=An) " — (D) Pnllz> < Clignl2h?, (4.2)
We consider the following analytic function of z:
G(z) = (-Ap) P — (-A)Z¢pp,  for0 < Re(z) < 1.

Since

I(=2r) " Pnl2 < lpnlrz and  [(-A) " pnlz2 < Ipnl2 foralln e R,
it follows that G(z) is a bounded analytic function on the strip O < Re(z) < 1 and satisfying
Clldnlz: when Re(z) =0,

1G22 < 5
CllgnlL2h* when Re(z) =1,

where the second inequality is due to (4.2). Hence, by Hadamard’s three lines lemma (cf. [15, Lemma 1.3.5]),
there holds

162 < (Clgnllz2)' " (Clpnlzh*)*? < Clipnllr2h? ) when 0 < Re(z) < 1.
Choosing z = § in the inequality above, we obtain the desired result. O
It is known that D((-A)?) = HS(Q) N Hy(Q) for s € (3, 2] and D((-A)?) = H3(Q) for s € [0, 1). The following
result is a corollary of Lemma 4.2.
Corollary 4.1 (Relation between (-Az)? and (-A)3).
||(—A)‘%¢h||Lz < CII(—Ah)‘%(,thILz forall ¢ € Spand all s € [0, 2],
|82 Prpllzz < Clpllas forall ¢ € D((-1)?) and all s < [0, 2].

Proof. The first result of Corollary 4.1 is a consequence of Lemma 4.2, together with the triangle and inverse
inequalities
lpnlzzh® = 1(=An)2 (~An) 2 Pnlr2h® < CI(=An) "2 Pnllz2.

Replacing ¢y, by (-Ap) 3 ¢y in the first result of Corollary 4.1, we also obtain
||(—A)‘%(—Ah)%¢h||Lz < Clenlr> forall ¢ € Spandalls € [0, 2].

Hence, the operator (-A)~2(-Ap) % Py, is bounded on L2((). Its dual operator (—~Ax)2 Py(~A)~2 must also be
bounded on L2(Q), i.e.,
[(=An)2 Pp(=A)"Z @[> < Cllel12.

Replacing ¢ by ¢ = (-A)2 ¢ for ¢ € D((-A)?), we obtain the second result of Corollary 4.1. O
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Lemma 4.3. For any fixed s € (%, 2], we have the discrete Sobolev embedding inequality
Vil < Clvnllg;  for all vy € Sh.
Proof. Since (-A)"2 ¢ € H(Q) for ¢y, € Sy ¢ L?(Q), the standard Sobolev embedding inequality implies that

I(=8)"2 pnllz < CI(=8)"2 Pullas < Clignllz fors e (4,2]. (4.3)
Hence we obtain by using the triangle and inverse inequalities, and the L*-stability of the projection Py, that
I(=Ar) "2 Pallo < I(=An) "2 b — Pr(~A)"2 ppllze + [IPR(=A) " PillLeo
< Ch™%[(~An) "3 b — Pr(=0) "3 illzz + ClI(-8) 3 ppllpeo
< CH™ 2 (~An) "5 — (~)F Prllzz + CI(-B) 3 il
< CR*~ %\ nllzz + Clpnlliz,

where the last inequality uses Lemma 4.2 and (4.3). For s € (g, 2], the inequality above implies

I(=Bn) "2 pnllze < Clipnllze.
This implies the result of Lemma 4.3 if we write v, = (-Ap)"2 b O

Lemma 4.4. Fors € (4, 2], any smooth function g(v) of v and any smooth function ¢(v1, ..., vy) of m argu-
ments, the following estimates hold:
Ivwlgs < Clvigs|lwlgs  forallv, w € H*(Q),
lgWllas < Cu forallv e H*(Q), IVilgs < M,
lp(vi, ..., vm)llas < Cu forallv; e H(Q),  |vjlgs <M, j=1,...,m,
where the constant Cy depends only on g and M.

Proof. Forv,w € H5(Q) with s > %, we denote by v and W any extension of v and w to H5(IRY), respectively.
Then the following Kato—Ponce inequality is known on R4 (cf. [16]):

VWl gsray < CIVI ps ray Wl s (ray -

Since VW is an extension of vw to H(R9) and |vw||gs ~ infy x|l s (rey, Where the infimum extends over all
possible extensions of vw to HS(R?), it follows that [[vw|gs < C||7| 15 (R IWIl s (ray . By taking infimum among
all extensions v, w € H5(RY), we obtain the first result of Lemma 4.4.

The second result can be shown similarly. Since ||v|z~ < C|lv|gs < M, the function g can be regarded as
Lipschitz continuous, with a Lipschitz constant depending on M. If % < s <1 (in the case d = 1), then the
following result is a simple consequence of the equivalence between | - ||gs with the Sobolev-Slobodeckii
norm (cf. [21, equation (3.18) on p. 73]):

IsW)llEs < Cullviias.
Ifs=1> g (in the case d = 1), then
lgWliar < ClgW)lizz + Cllig' V) VvilLe < Cy + CullVViIze < C.
Ifmax(%, 1) < s < 2,then
IgW)llas < ClgW)lg + Clg' (V)VVigst < Cyr + Clig' (v)VVIgs-s.

According to the Kato—Ponce inequality (cf. [15, inequality (1)]), the following result holds for 1 = 117 + % and
1<p,q<oo:
Ig'VVViigs— < CUIg" W) llws-121VVIiza + 118" (V) lLeo IV VI ps-1).
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For d € {2, 3}, let 1 < g < co be the number satisfying s -1 =4 - %l_ Then H5-! < L9, HS — W4 and
p = ;4. Therefore, we have

Ig'M)VVllgs < C(Ig" Wllws—1. 54 IVVIEs1 + 18" W)L IVVIigs-1)

< C(Ig' W llws-1.:% IVllas + Culvligs) < C(Ig" W lwralvIias + Cullvias),

where we have used the Sobolev embedding result W4 — Wb , which holds whenever g > d. This is
true because s — 1 = g - ‘EI and s > %. Since ||v||gs < M and H® — W4, it follows that

Ig'VVViigs < Cu(Ig' W)lze + 118" (V)VVIiLe) + Cu
< Cu(Cy + Cullvliwea) + Cy < Cyu(Cyr + Cylivligs) + Cy < Cyp.e

This proves the second result of Lemma 4.4. The third result can be proved similarly. O

We denote by C?(C) the space of all functions on C that are second-order differentiable with respect to the
real and imaginary parts of their argument, and the partial derivatives up to second order are continuous
on C (therefore bounded on any compact subset of C).

Lemma 4.5 (Action of (—Ax)? on a Nonlinear Function). Let P} : C(Q) — Sy, be defined by
(P;w,vh) = (w,vp)n forallw e C(Q) and all vy € Sp.
Then, forany s € (%, 2] and g € C%(C), the following inequality holds:
IPLg(vi)WrlllEs < Cullwnlles  for allwp, vi € Sp,  lIvalag < M,
where the constant Cy depends on g and M.
Proof. Letw = A"'Apwy € HA(Q) n H*(Q) and v = A" Apvy € HY(Q) N H2(Q). Then
I=0)2wllz2 = I(=8)"""2 (=An)2 (=An) whllzz,
and from the first result of Corollary 4.1, we know that
I(=8)""2 (AR (=Ap) *whllzz < CI(-An)? Whlli2.
The two estimates above imply that
Iwlgs < Cllwallg;  and  |Ivilgs < Clivallg;  fors € [0, 2]. (4.4)

Lemma 4.3 implies that, for s € (4, 2],

Wiz < Clwlgs < Cllwallg;  and similarly  [[V{ize < Cllvallms < CM.
Since Apwy, = Aw, it follows that wy, is the Ritz projection of w. As a result, (3.1) and (4.4) together imply that

lwn = wllp2 < Clwlg=h? < C||Wh||H§h2 and similarly |lvp - vll2 < Cllva IIH;hZ-

Hence, by using the definition of P; and the first property of Lemma 3.1, and using the local Lipschitz
continuity of g with Lemma 4.3, we have

|(P;[g(vh)Wh] - PiIg8(v)W], ¢n))|

= [(gvnwh — gWw, dn)y| < Y ChElIgvi)wh — MWl lpnllzz o
KeX

d
< Z Cuh2(Ivh = Vireo ) IWlzeoo iy + IVl IwWhn = Wiz ) IlPnllz2 k)
KeX

d
< Z Cvmh?(lvih — Invlizeo (k) + Mnv = Viireo @)Wl Pnll2 k)
KeX d
+ Z Cuh2 (Jwh = Inwlreoiy + IpW — Wllzeo () IVallLee PnllL2 k)
KeX
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< Z (Cullvi = InVllzz @ + Cuh® IVl o) 1wl Lo a2 k)

KeX
+ z (Cullwn = Inwlizzxy + Cah? 1wl o)) IVall oo | Pl 2 i
KeX

< (Cullve = Invliee + Cuh?IVIE2)Iwlize | pnllL2
+ (Cullwn — Inwlz2 + Cuh® [Wlig2) v e pnllr2
< CM(h2"Vh||H§ IWnlles + thIVhIIH; IWhllg2)linllz2
< Cyh®|vpl e 1Whllas pnllr2  (inverse inequality in Lemma 4.1).
It follows from the above estimate that holds for all ¢p;, € Sj, and the estimate ||v| H < M that
P, (g(va)wn] = Pylg(v)W]lL2 < Cuh®Iwallms -
Then, by using the inverse inequality in Lemma 4.1 and the inequality above, we have
|(=an)2 (P} [gvr)Wn] - P 1g)W])| > < ChSIIP;[g(vi)w] - P}Ig(MWlllz < Cllwn llEs -
By using the notation P;, the third result of Lemma 3.1 can be equivalently written as
IP;w = Ppwll2 < CR? Wl g2.
As a result,

I(=An)? P} [g(v)W] = (~An)? Pa[g(v)W]lL2 < Ch™5||P}[g(v)W] - Prlg(v)WllL2 < Ch*~*g(v)wlg2
< Cuh® > (Wl + IVIls Iwlas + IvIge Iwlls)
< Cuh*™*(Iwnllgz + Ivallgz lwnlag)
< Culwnllms + Cullvallg: Iwnllas < Cullwhllms -

Furthermore, by using the second result of Corollary 4.1, Lemma 4.4 and (4.4), for the L? projection Py, we
have

I(=Bn)2 PrlgWlliz2 < ClgWWlas < ClgW)lus Iwllas < Carllwalles

where the last inequality uses the second result of Lemma 4.4. Combining the three estimates above, we
obtain the desired result in Lemma 4.5. O

Corollary 4.2. Foranys € (%, 2] and g € C%(C), the following inequality holds:
1P} g vi)wnunllm: < Carllwallms lunlls
for all wy, up, vy, € Sy such that ||vy ||H; < M, with Cy; depending on g and M.

Proof. Note that the function wy in Lemma 4.5 is replaced by a product wpuy, in this lemma. We introduce two
functions w = A"1Apwy, and u = A" Apuy. From (4.4), we know that |w|gs < CIIWhIIH;l and |Jullgs < CIIuhIIH;.
By using the first result in Lemma 4.4 (the Kato—Ponce inequality), we have

Iwullgs < Cllwllgs lulles < Clwhllps lunlgs -
Then replacing w by wu in the proof of Lemma 4.5 immediately yields the desired result. O

Ifg: C™ — Cis a function which is second-order continuously differentiable in the real and imaginary parts
of each component, then we can regard g to be a function in C2(IR*™) x C2(R?™). In this case, a similar proof
(using the third result of Lemma 4.4) would yield the following result.

Corollary 4.3. Foranys € (g, 2] and g € C2(C™), the following inequalities hold:
IPL(g(V1,hs - -+ s Vim)Whlllms < Cullwhllms,
IPLI8(Veh, - - oy Vm,)WhU s < Culwhllms lunllas

for all wy, vjn € Sp such that maX1§j5m"V]"h"Hi < M, with Cy depending on g and M.
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4.2 Proof Theorem 2.1 (ii)

In this subsection, we prove the second part of Theorem 2.1, namely, estimate (2.8). For the sake of notation,
we denote the error of the Newton iterative solution by ep'™ = uj — up™

By considering the nonlinear term in (2.3) as a function of (uy, u;l"l), and the Taylor expansion of this
function at (u}"™"*, u~¢), we obtain

n-1 n-1

ul - u ut +u
(o ,vh)—(V—h b ww)
T 2
nm 1 n-1,¢
+u
+< nm1|2 |un1€|) h h ,vh)
2 h
un _ un,m—l
+ ( u m—1|2’ |uﬁ‘1’e|2) h 2h ’Vh)h
nm 1 +un—1,€
+ (a2, o) 2 2 2 Re(it ™™~ ™), v )
12 1,62 h B
+ (Pt gty 2t )
n m— + u 1,¢
Zoonm=112 |, 11,82 _n-1,¢,, n-1 -1,¢
o (Qaf ™2, ) 2 R ), va)
= (82) Vi)hs (4'5)
where &7 are quadratic terms of the errors ™1 =y — y»™1 and "¢ = u? ! — 1€ in the above-
h q h n~ Up h h h

mentioned Taylor expansion.
Let s € (g, 2) N [1, 2) be any fixed number. We consider mathematical induction on k and g (where
1 <k < Nand 1 < g < ¢ are some integers), by assuming that (mathematical induction on k and ¢),

||eZ’m‘1||H; <1+2C,, ||9;,'_1’€||H; <> S+h*>S forl<n<kandl<m<g, (4.6)

where

C.= sup sup max IIuhIIHs
T<To,h<hg s€[0,2] 1<n<N

is bounded as a result of (2.7). Under this induction assumption, the quadratic term in (4.5) satisfies the
following estimate (in view of the second result in Corollary 4.3):

,m=1,2 -1,¢)2
Il < CAlep™ M7 +lep I3:) forl<n<kandl<ms<q. (4.7)
We shall prove that
ley Il < 1+2C., (4.8)
lep s < 7°7° + h*~*. (4.9)

Then, by mathematical induction on g, (4.8) implies that
||e"”"||H; <1+2C, forallosmc<e. (4.10)

As aresult, fort < 1andall 1 < n < k, there holds

n+1,0 N4 1 R4 1
ley Nl = llup® —up™ e < ey lm + lup —up* lu;
ST2‘5+h2‘S+21r£1r?1<)]<VIIuZIIH; <1+2C,. (4.11)

Since (4.6) implies (4.10), it follows from (4.9) and (4.11) that
ley™ ™Iy <1+2C, foralll<n<kandO<m<e. (4.12)

By mathematical induction, from (4.9) and (4.12), we can conclude that (4.6) holds for k = N and g = L.
It remains to prove (4.8)—(4.9) to complete the mathematical induction.
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The difference between (4.5) and (2.2) yields

n,m n-1,¢ n,m n-1,¢
ey — ey ey teé, _ n en
I—, vy ) (V—F——,VVy —_(gh;Vh)h"‘( h;Vh)h, (4-13)
T 2
with
- en,m + en—1,€
,m-1,2 -1,12\ "h h
gp = fUlup™ 1%, lu1%)
un,m—l n-1,¢
7 - - h h - -
+orf(u™ 12, |l 1’elz)fz Re(a>"1el™)
un,m—l n-1,¢
Fa - - h h —n- -
+02f (™7, Juy ) 5 2 Re(ap “fep ).

By using the operator P;, introduced in Lemma 4.5, equation (4.13) can be rewritten as

n,m _ ,n-1,¢ n,m n-1,¢
ieh eh eh +eh

T h 2

= —Ppgp + Ppeh- (4.14)

Under induction assumption (4.6), we have ||u”””‘1||H; < Cand IIu"‘L“fIIHf1 <Cforl<ns<kandl<mc<gq,
and therefore, the following result holds (the first result of Corollary 4.3):

IP;grlns < Clllep™lns + llep “llus) forl<n<kandl<m<gq. (4.15)
We rewrite (4.14) as
el™ = Mpel ¢ — 7By P; g} + TByP}EN, (4.16)
with the operators
M —<i+TA )71(1—% ) and B —(i+TA )71
R\ 27" PR T

Since the CN method has mass conservation and M, commutes with (-Ap)?, it follows that My, preserves the
Hfl-norm, ie.,
IMnvillgs = IMr(=An)2villLz = I(=Br)2ValL2 = Ivhllg;  forall vi € Sp.

Similarly, | Byl B < Vallag for all vy € Sp. Using these properties and taking the H} norm in (4.16), we
obtain, for1 <n<kand1<m<gq,

£

s -1,¢
lej ™l < lef ™l + TIP;g i + TIP;ER s
-1,¢ , ,m-12 -1,¢2
< (1+ COllep ™y + CThel™ iy + Crllep™ M1 + e ™ 1%,

where we have used (4.7) and (4.15) in the last inequality. Using induction assumption (4.6), the inequality
above further implies

lep™lgs < (1+Cr)llef "“lgs + Ctlep™ Mz forl<n<kandl<m<gq.
h

Then, denoting A" ! = (1 + CT)IIeﬁ‘l’ell HS and iterating the above inequality form =1, ..., g, we obtain

n,q -1 n,g-1,2
ley "Ny < A" + Crlley™ "l

— _ ,q—2,22
< A"+ CT22AMTP + (CT) 22 e T2
h

2 2 2 2 — 3
< Anfl +CtT 22|An71|2 + (CT)1+222+2 IAnfllz + (CT)1+2+2 22+2 ”e:,q 3"%13
h

' g m-2 5j m-1 5j -1 q-1 5j q-1 5j
< An—l + Z (CT)Zf:O 21221.:0 leAn—llzm " (CT)Zj:O 2 2Zi:0 2 "92’0”%;5
h

m=2

q

_ m-1_ m_ _ m-1 q_ q_ q

= A Y ()2 AT (o) 2 e Ol
m=2
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q
_ An-1 202" A2 L 20T)2 L e 02
+ ) @Cr" o R e [

m=2
q
= A (12 Y @eTa L) o el
m=2 "
< (L+ Cim)A™! + 2C1)* e Ol
< (L+ Comlley i + CT)* el

where we have substituted the expression A1 = (1 + CT)lIeZ‘l’ell s into the last inequality. To further esti-
mate, we use the triangle inequality

,0 — -1, -1,¢ -1 -1
lep®la; = luy™ " = uplms < lup>" —up ™ g + luy ™ — uplas .
Then induction assumption (4.6) implies that lu}~>¢ — uj ™| u: < T, while the interpolation between (2.6)

and (2.7) yields ||e;l"1 - eZIIH;l < C(1 + h)?75. Therefore,

n-1 n-1

Iy = upllgs < " = ulgs + ey ! - efllgs < CT+ C(T%7° + h*7).
Substituting the two estimates above into (4.17), we have

lefOllg: < C(T>™ + h>7). (4.17)
Then, substituting (4.17) into the estimate of e} ? 5, we obtain

ley Tla: < (1+ Cam)lef Mg + C3T(C3)* 2(1275 + h275)*. (4.18)

For sufficiently small 7 (independent of k and g), the above inequality and (4.6) imply IIeZ’qII m < 1. This
proves (4.8). Hence, choosing q = £ in (4.18) yields

leXClgs < (1+ Coanllef el + C3T(C3m)2 (x5 + h29)%
Then, applying Gronwall’s inequality, we obtain
le g < C(C3T)272(r27 + h27)%, (4.19)

If £ > 1, for sufficiently small 7 (independent of k and q), the inequality above implies ||e2’e las < 7275 4 h?7S,
This proves (4.9) and therefore completes the mathematical induction on (4.6), as explained in (4.8)—(4.12).
Hence, (4.6) holds for k = N and g = ¢, and correspondingly, (4.19) holds for all 1 < k < N. This completes
the proof of Theorem 2.1 (ii).

5 Numerical Tests

In this section, we present numerical results to illustrate the temporal and spatial convergence of the Newton
iterative Crank—Nicolson method for the NLS equation.
To test the order of convergence, we consider the following initial-boundary value problem of the NLS
equation with T = 1:
i% + Au+ |ul®u = %(sin(nx))3(sin(ﬂy))3e‘2"2“, (x,y) € [0,1]1x[0,1], tel0,T],
u=0, (x,y) € 00, telO,T],
2
Ule=0 = 3 sin(7x) sin(my), (x,y) €[0,1] x [0, 1].
The exact solution of this problem is known to be

2 .
ux,y, t) = z sin(7rx) sin(my)e 2"t
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h  lu(-,D-u}lz order
: 1.8054e-1

&= 4.6441e-2  1.96

5 1.1726e-2  1.99
1

[ 2.9031e-3  2.00  paple 1: Spatial discretization errors of the numerical method, with 7 = TG
t Ju(-,D-ull,2 order
& 1.7987e-1

& 4.8676e-2  1.89
1

? 1.2149e-2 2.00

3.0153e-3 2.01  aple 2: Temporal discretization errors of the numerical method, with h = 61—4.
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Figure 1: Evolution of Newton iteration errors form = 1, 2, 3, with h = 61—4 and 7 =0.01.
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Figure 2: Evolution of mass and energy form = 1, 2, 3, with h = & and 7 =0.01.

We solve the problem by the Newton iterative Crank-Nicolson method (2.2) with different spatial mesh sizes
and temporal step sizes, and present the errors of the numerical solutions in Tables 1-2, where the Newton
iterations stop when the tolerance error reaches 10710, From the tables, we see second-order convergence in
both space and time by neglecting the Newton iteration errors.

The evolution of the Newton iteration errors are presented in Figure 1 for m = 1, 2, 3 (number of itera-
tions). This super-exponential convergence with respect to the number of iterations is consistent with the
theoretical result proved in Theorem 2.1.

The evolution of mass and energy of the numerical solution is presented in Figure 2, which shows that
the mass and energy are conserved with similar accuracy as the Newton iteration errors, and therefore can
be neglected in comparison with the errors of the numerical solutions in Tables 1-2. These numerical results
also agree with the theoretical analysis in Theorem 2.1.
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6 Conclusion

We have proved that the Newton iteration for the nonlinearly implicit CN method for the NLS equation has
double exponential convergence with respect to the number of iterations uniformly for all time levels, with
limited regularity of the solution. We have also obtained an optimal-order error estimate for a practically
implementable algorithm of implicit CN-FEM for the NLS equation, with incomplete Newton iterations and
a simple quadrature for assembling the matrix from the cubic nonlinear term. The theoretical justification
of such double exponential convergence of Newton iterations uniformly for all time levels is important for
the justification of the effectiveness of the nonlinearly implicit structure-preserving algorithms for physical
nonlinear evolution PDEs.

Appendix: Proof of Lemma 4.1

(i) By using the definition in (4.1) and Ho6lder’s inequality, we have

] 3
IValles = 1(=Ar)2VhlL2 = (;KVh, ¢j)|2‘s/1f|(Vh, ¢j)|s>

J T J 2-s s 1-$ s
(Zl(wu ¢>;)lz) <2Af|(vh, ¢,~)|2> = 1vnlg3 I8nvalEy = vl 1Vl -
j=1

j=1

IA

(ii) By the definition of the discrete Laplacian operator, we have

|(Anun, V)| = [(Anun, Prv)| = |(Vun, VPrv)| < ClIVunrlr2[IVPrVI L2
< Ch™?|unllp2IPavllz> < Ch™?|lupliz2 vl forallv e L*(Q),
where the second to last inequality is the standard inverse inequality for finite element functions. Since the

inequality above holds for all v € L?(Q), it follows that | Apunlz2 < Ch~2|lupllz2. By using this estimate and
the interpolation inequality proved in Lemma 4.1 (i), we have

s 2-s s 2-s s B
I(=An)2vhllLz = Ivallms < lvall ||Vh||;1ﬁ = [val;2 1ARvallf, < CR™5[lvaliL2.

$2-51

Since (—Ah)STth = (-Ap) "2 (—A;,)ST1 vh, the inequality above implies that

I(=An) Z valle < CR= S50 (=AR) F vallp2.

This proves the second result of Lemma 4.1. O
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